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ADVERTISEMENT. 


X  BB  work  of  Lacroix,  of  which  a  Translation  is  no^r 
presented  to  the  iPuhlic,  forms  one  of  a  series  of  Elemen-. 
tary  Treatises^  by  that  distinguished  Author,  on  the  dif* 
ferent  branches  of  the  Pure  Mathematics*  It  may  be  con- 
sidered as  an  abridgement  of  his  great  work  on  the  Dif- 
ferential and  Integral  Calculus,  although  in  the  demonstra* 
tion  of  the  first  principles,  he  haa  substituted  the  me- 
thod of  linuts  of  D^Alembert,  in  the  place  of  the  more 
correct  and  natural  method  of  Lagrange,  which  was 
adopted  in  the  former.  The  first  part  of  this  Treatise, 
which  is  devoted  to  the  exposition  of 'the  principles  of  the 
Dlfierential  Calculus,  was  translated  by  Mr.  Babbage.  The 
translation  of  the  second  part,  which  treats  of  the  Integral 
Calculus,  was  executed  by  Mr.  G.  Peacock,  of  Trinity 
College,  and  by  Mr.  Herschel,  of  St.  John's  College,  in 
nearly  equal  proportions.  The  Appendix  of  Lacroix,  on  the 
Calculus  of  Differences  and  Series,  has  been  replaced  by 
an  original  Treatise,  by  Mr.  Herschel,  in  which  many  im- 
portant subjects  are  included,  which  had  been  either  entirely 
omitted,  or  very  imperfectly  considered  in  the  other. 


IT  AOyERTISBMENT. 

The  first  twelve  of  the  Notes  were  written  by  Mr* 
Peacock,  and  were  principally  designed  to  enable  the  Stu- 
dent to  make  use  of  the  principle  of  Lagrange,  adopting 
those  statements  and  examples  of  our  author,  which  do  not 
involve  the  theory  of  limits.  The  others  were  written  by 
Mr.  Herschel. 

It  is  intended  to  publish  a  sequel  to  thih  Work,  am^- 
taining  a  collection  of  examples  and  results  connected  with 
the  different  subjects  considered  in  it,  omitting  the  entire 
operations  by  which  they  are  deduced,  and  merely  indi- 
cating 9uch  steps  in  the  processes  as  cannot  be  expected  t0 
be  discovered  by  an  ordinary  student.  The  woifc  is  already 
begun,  and  it  is  expected  to  be  ready  for  publicatim  ill 
the  course  of  a  few  months.  * 


Candnidgef 
Dec.  12, 1816. 
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PART   L 

DIFFERENTIAL    CALCULUS. 


Preliminffn/  Notions,  and^the  Principleif  of  the 
Differentiation    of  Functions  of  one   Fari- 

1.  Xhe  subject  pf  this  branch  of  Analysis  is  the 
passage  of  one  or  more  quantities  through  different  states 
of  magnitude^  and  the  changes  which  consequently  take 
phce  in  other  quantities^  whose  value  depends  on  diat  of 
these  first. 

2.  Id  order  to  indicate  that  a  quantity  depends  on  one 
or  several  others^  .eidier  by  operations  of  any  kind,  or  by 
other  relations,  which  it  is  impossible  to  assign  algebraically, 
but  whose  existence  \s  determined  by^  certain  conditions, 
we  call  the  first  quantity  a  Junction  of  the  others.  The 
use  of  this  word  will  best  illustrate  its  signification. 

3*  Any  quantity  which  is  considered  as  changing  its 
value,  or  as  being  capable  of  changing  it,  is  called  Variable^ 
The  name  of  Consfafit  is  applied  to  any  quantity  which  is 
supposed  always  to  preserve  the  same  value  throughout  the 
course  of  the  calculation.  From  this  it  is  evident,  that  it 
is  the  nature  of  the  question  which  is  proposed  that  deter- 
mines what  quantities  ought  to  be  considered  as  variable, 
and  what  as  constant. 

4.  To  illustrate  this,  we  will  subjoin  a  few  examples; 
suppose  ussafff  a  being  considered  as  constant:  #/  is  a 

A 
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function  of  x  of  the  simplest  kind,  since  it  is  a  quandty 
proportionable  to  that  variable.  If  we  suppose  that  «r  be^- 
comes  x-^hf  and  if  we  represent  by  u*  the  new  value  of  u^ 
we  shall  have  u=:ax'i'ak,  from  which  u'-^ussah;  and  by 
dividing  both  sides  of  the  equation  by  A,  it  becomes 

"J--  as  a ;  that  is  to  say,  the  ratio  of  the  increment  of  the 
n 

function  to  that  of  the  variable,  is  independent  of  tlieir 

particular  values^ 

Let  us  take   a  function  a  little  more  complicated, 

u  zzax^i  putting  ;c + ^  for  ^^^  it  becomes  ussa{x*  +  2A* + A*), 

and  subtracting  the  first  equation  from  the  second,  we 

have  u—uss2axh+ah*:  if  we  then  divide  both  sides  by  hp 

it  becomes  --j—  ss^ax-^-ah.  Here  the  ratio  of  the  in- 
crement of  the  function  to  that  of  the  variable  is  composed 
of  two  parts ;  one  of  these  i*  independent  of  the  parriculs^r 
value  of  the  quantity  h  by  which  x  is  increased,  the  other 
not  so.  If  we  conceive  diis  quantity  continually  to  dimi- 
nish, the  result  will  continually  approach  to  2aXf'  and  will 
only  become  equal  to  it  by  supposing  A =0;  so.that20» 

is  the  limit  of  the  ratio    ■  ,  ■  ,  or  it  is,  the  value  towards 

which  this  ratio  tends  in  proportion  as  the  quantity  h  dimi'- 
nishes,  and  to  wftich  it  may  approach  as  near  as  we  choose  to 
make  it. 

It  is  easy  to  perceive,  that  the  difference  «'*-  u  is  al- 
ways equal  to  nothing  at  the  same  time  with  hj  inasmuch 
as  it  is  to  this  latter  quantity  only  that  the  former  owes  its 
existence ;  their  ratio  however  is  not  annihilated  :  it  is  one 
of  that  species  of  quantities  mentioned  in  N°  70.  of  the 
Elements  of  Algebra.* 


*  '^The  Author  here  refers  to  his  Elemens  d*  A]gebre» 
which  form  a  part  of  his  Elemeatary  System  of  Analysis.'' 
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AgaoBf  makiaguzza^j  we  have  by  the  substitution  of 
»+A  instead  of  X, 

subtracting  the  first  equation  from  the  second,   we  fii)d 

and  t^ing  the  ratio  of  the  increments, 

h 
We  here  also  find  a  term  independent  of  the  particular 
value  of  the  increments,  and  towards  which  their  ratio  con- 
tinually tends  while  h  diminidies  \   so  that  this  ratio  has 
also  a  limit. 

This  firdt  term,  or  tins  limit,  is  not  peculiar  to  the 
functions  we  haye  just  examined.  It  will  be  met  with  in 
ererjr  function. 

The  respective  increments  of  a  Junction  and  its  variable 
preserve  In  vanishing  the  same  ratio  to  which  they  have  gra^ 
dually  approximated  ;  and  there  exists  between  this  latter  and 
tie  Junction  from  which  it  is  derived  a  mutual  dependanee^  which 
determines  one  Jrom  the  other ^  and  redproccdly.  These  asser« 
tions  will  be  illustrated  and  confirmed  in  a  yery  satisfactory 
manner  by  the  consideration  of  curves,  as  we  shall  see 
hereafter  (61,  62.)* 

5.  We  shall  first  make  known  the  sigps,  by  which  wo. 
express  the  ;iew  relations  which  the  preceding  notions 
establish  among  magnitudes.  To  explain  the  principles 
upon  which  they  are  assumed,  let  us  resume  the  function 
wn  ai^,  already  considered  in  N^  4.  > 

In  substituting  in  it  x+A  for  jt,  and  subtracting  ax^, 
from  the  result;  we  have  obtained  in  the  expression 

u'-u  =  3flx^A  +  .3fl;»A*+tfA% 
the  developement  of  the  difference  of  the  two  states  of  the 
function  u,  arranged  according  to  the  powers  of  the  quantity 


*  Sec  Note  A. 
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i^*  bjr  which  we  have  supposed  the  variable  x  to  be  in- 
creased ;  and  the  limit  of  the  ratio  of  the  ihciemmt  tt^r-  u 
and  k  only  depends  oa  the  fitst  term  of  this  diff^ence  (4.) 
This  first  term,  whidi  is*  only  a  part  of  Ihe  difiehsice»  is 
called  the  D^trential,  and  is  dtooted  by  du^  using  the  letter 
1/  as  a  characteristic ;  we  have  therefore^  in  the  iekanlple 
proposed,  i/ci=^a;^*ii. 

To  pass  from  this  to  %ax\  which  is  the  limit  required, 

we  must  diviie  by  X,  and  we  shall  thus  get  — -  ±.iax^\ 

H 

but  when  we  consider  a  dimple  varisd)le  k  oaiy^  is  this 
quantity  is  changed  into  x'^izx-^h^  we  have  x  ^kmh ;  die 
difference  and  the  differential  are  here  the  same  thing: 
consequently  we  replace  the  quantity  h  by  dx^  in  order  to 
preserve  uniformity  in  our  calculations^  and  there  arises 

du:=:Sax'dx,     ~=:Sax^i 

.  dx  t 

Uie  fiist  expression  will  be  the  differentiil  of  u,  or  of  ax\ 
and  the  secbnd|  which  exptesies  the  lunit  of  the  ratio^f  the 
simultaneous  ch^i^es  of  the  function  and  its  variaUey  will 
take  the  name  of  the  DSfierehtial  CotfficieHt  i  because  ihexjinm* 
dty  which  it  expresses  is  nothing  else  than  the  multiplier 
of  the  diiFerential  dx^  in  the  expresdon  for  du.  From 
hence  it  follows,  that  the  limit  of  the  ratio  of  the  increments, 
or  ihe  differ enAed  coefficient^  vnli  he  obtained,  bjf  dividing  the 
d^ereniial  rf  the  function  btf  that  of  ihe  variable  3  and  rec^no- 
cally,  nx>e  shali  obtain  the  differential^  by  muUrpfying  the  Mtmt 
of  the  ratio  of  the  incremehts,  or  the  ^erential  co^jicieiity  hy  the 
differential  of  the  variable. 

This  remaric  is  important,  because  there  are  some 
functions  whose  difi^renttal  coefficients  can  be  found  more 
readily  than  their .  differentials.  In  fact,  to  arrive  imme- 
diately at  this  last,  nue  must  write  x+dx  instead  of  x  in  the 
proposed  function,  develope  the  result  according  to  the  powers  of 
'  d  X,  stopping  at  the  term  affected  by  the  first  power  of  itf  *  and 
then  subtract  from  the  result  the  primitive  expression.    It  is 
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<ibfk>«s>  dtet  this  method  mi^pdtos  that  we  are  acqtiatnted 
frith  some  means  of  teqpanding  the  proposed  fnnctton ;  this 
mkf  povMj  tHfoire  «ome  fbx«ign  aid^  with  whidh  the  con-* 
jfriiQratbn  of  Ibilks  most  frequently  dispenses. 

AcacoidiAg  to  these  various  considerations,  th  djfisntnimi 
adatkis  is  tktfindifi^  tki  iMi  cf^  r4aw  rf  the  ntnubanotu 
i$§erememis  ofmfmcHmj  Wid  rf  th  mariaHe  on  wUch  it  dqffnds. 

6.  We  must  take  care  not  to  cotifbilnd  die  dif- 
ftrsnttal  with  the  diflference  i^- 1/.  In  the  eiample  N^  4. 
^  one  is  9<li%  and  the  other 

tmt  wh6n  ^he  qu^tit^  h  is  very  smallj  the  difibremial 
Sax*h  forms  the  most  considerable  part  of  the  difference 
u'—Uf  and  the  di£ferential  approaches  more  and  more 
nearly  to  the  difference  in  pnojportion  as  h  diminishes.  In 
general,  the  error  arising  from  taking  the  differential  instead 
of  the  difference^  nvill  be  so  much  the  lessy  the  smaller  toe  suppose 
Hie  increment  of  the  variaUe  to  be.  The  saine  consequence 
may  also  be  draWn  fVom  die  consideration  of  limits  $  fof  ff 
the^  ratio  of  the  siitittltaneoui  iticrmients  u'  -^  u  yd  h  has 
for  its  limit  a  ftltnctton  p,  it  will  continually  approach  to- 

wards  it ;   and  the  equation     T^-    ss  p  will  be  so  much 

h 

more  exact  as  the  htcrement  h  is  smaller,  and  on  this  hy- 
pcrdiesis  u—u^sph.  • 

It  is  proper  to  remark,  that  ^hen  the  result  of  the  sub- 
stitution jr+^  is  expat^ded  according  td  the  p6tirers  of  h  in 
the  form 

C7'  +  /?A  +  i^A*  +  8ic. 
the  first  tfirm  U  h  Ae  primiti'«  vahie  of  the  proposed 
function,  since  it  is  to  this  term,  that  the  above  eipression 


*  It  fsb6  thu  principle^  tirat  Leibnitz  fdAlded  tbsDiffereo- 
tial  Cakuhs,  constderiiig  differentials  as  infiaitely  sriiall  dif- 
ferences. 
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is  reduced,  when  we  make  AsO,  which  is  nodung  more 
than  supposing  that  x  has  not  changed. 

7.  It  is  easy  to  perceive,  that  two  equal  functions  hare 
equal  diiFerentials.;  for  whilst  two  functions  are  equaly 
whatever  may  be  the  value  of  the  variable,  on  which  they 
depend,  it  must  necessarily  happeii,  that  the  respective 
changes  which  they  receive  in  consequence  of  that  which 
is  attributed  to  this  variable,  must  als6  be  equal.  If  for 
example,  u  and  v  are  two  functions,  such  that  »  s=  v  what- 
ever may  be  the  value  of  x,  and  that  when  «  becomes 
^+^x,  u  is  changed  into  «',  and  v  into  v\  we  shall  have 
ussv':  subtracting  the  former  equation  from  this,  these 
will  result   . 

tt'  —  «  =  v'  —  V ; 
then  dividing  by  dx^  we  shall  get 

dx     "^     dx     * 
li  then  p  and  q  denote  the  limits  of  these  ratios,  we  have 
p^qj  from  which  we  may  conclude  that  pdxzz.qdx^  and 
dussdv,  by  observing  that  according  to  N^  B.pdx  and  qdx 
are  the  omerendals  of  the  functions  u  and  v. 

The  inverse  of  this  proposition  is  not  generally  true, 
and  we  should  be  wrong  in  affirming,  that  two  equal  diffe- 
rentials belong  to  equal  functions.  In  fact,  if  we  had 
a-k-bx^  aitd  should  substitute  jr+i/jr  for  x,  we  should  obtain 
a-^'bx^bdx ;  subtracting  a-^-bx  from  this,  we  should  find 
bdx\  a  result  in  which  there  is  no  trace  of  the  constant 
quantity  a.  The  differential  bdx  belongs  then  equally  to 
a-^bx^  and  to  bx-^  and  in  general  it  belongs  to  all  the  dif- 
ferent values  presented  by  the  function  ii  +  ix,  which  arise 
from  assigning  to  a. every  possible  value  :  from  hence  it  may 
be  seen,  that  in  differentiating  any  function  whatever,  all  the 
constant  quantities  combined  with  it  either  by  addition  or 
by  subtraction  disappear.  With  respect  to  those  which  are 
connected  with  it  either  by  multiplication  or  division,  they 
always  remain  as  coefficients  or  divisors. 
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8.  Before  we  proceed  to  find  the  differentials  of  quan- 
tities by  means  of  their  HmitSf  it  must  be  remarked,  Ist. 
thai  the  litrnt  tf  the  product  of  tvoo  quantitits  which  vary  to^ 
gether  is  the  product  of  their  corresponding  limits ;  Sdly,  that 
tie  limit  cfthe  quotient  of  the  same  quantities  is  also  the  quotient 
of  their  limits. 

Let  P  and  Q  be  the  two  quantities  proposed,  and  p 
and  q  their  corresponding  limits ;  the  former  of  these  when 
considered  in  their  general  state  may  be  represented  by 
p+fit  and  q  4-  0,  azndg  denoting  quantities  which  vanish 
at  the  same  time  after  having  passed  through  every  stage 
of  successive  diminution  (4) :  we  have  then  in  general, 

-P(2  =  0  +  *^)(?  +*)  =/??  +/^e  +  y»  +  «e 

the  second  member  of  this  equation  is  reduced  to  pq,  when 
in  order  to  take  the  limits  we  make  a=sO,  fi=sO.  It  may 
also  be  observed,  that  by  assigning  to  »  and  B  proper 
values  we  may  reduce  to  as  snSall  a  quantity  as  we  please 
the  difference 

PQ  -'pq  s/>B  +  ^«  +  a0. 

The  quotient  -.  =  SJL^ 

Q      9  +  ff 

being  put  under  the  form 

becomes,  by  the  reduction  of  the  two  last  fractions  to  the 
same  denominator, 

Q      q      ^(?  +  ^)' 
The  numerator  of  the  last  fraction  of  this  result  vanishes 
when  a  and  0  become  nothings  after  passing  through  every 
degree  of  diminution,  whilst  the  denominator  constantly 

approaches  to  j^.    Thus  the  limit  of  -^  is  reduced  to^ , 


8  mFF£RBMriAI<  dMCVWh 

and  fhe  differtHQe 

may  be  rendered  ae  small  as  we  please* 

9.  By  means  of  the  preceding^  remarks^  we  may  obtain 
the  differential  coefficient  of  a  function  with  respeet  to  a 
variable  on  which  it  doee  not  Immediately  depend.  If  for 
example,  three  quantities  v,  i/,  x^  whieh  are  such  that  the 
first  is  a  funption  of  the  seeend,  and  this  also  is  a  function 
of  the  thirds  pass  simuhaaeously  to  the  new  states  of 
magnitude  represented  by  v\  t/y  «',  or  take  the  respective 
increments 

the  ratios  of  these  increments  being 
V  —  V      ii  -"U 

and  dienr  limits 

dv  du 

it  may  be  concluded  from  the  first  of  the  preceding  re- 
marks, that  the  limit  of 

-; —  X or  «f     •: 

is  p  q,    and  that  conseqi^Qtly 

dv  dv        4^ 

When  the  increment  u  '-ui%  successiyely  compared  t^ 
x'-^x^  andtot;'  — v,  and  instead  of  the  ratios 

we  have  the  limi^ 

du  du 


we  may  condode  from  the  seeonA  waaak,  Aat  the  limit  of. 


is  -f  s    and  consequently^  that 

du 

dx  """^  ""  rf« 
dv 

When  two  quantities  u  and  s  are  connected  together 
by  a  mutual  dependance^  we  may  indifierently  call  u  a 
function  of  jTf  or  «  a  function  of  tf,  according  as  tr  is  coO'* 
sidered  as  determined  by  «,  or  «  by  u.  The  differential 
coefficient  may  abo  be  presented  under  each  of  these  difl«r'* 

ent  points  of  yiew.    If  in  the  first  case  we  have  ^^^p* 

dx       1 
it  is  evident  that  we  ought  in  the  second  to  have  7-  as  -  • 

^  du      p 

10.  Let  us  now  apply  what  has  preceded,  to  the  finding 
of  the  difierentials  of  those  functions  which  occur  in  the 
Elements  of  Algebra,  such  as  die  sums,  diflerences,  pro* 
ducts,  quotients,  powers  and  roots  of  algebraic  quantities. 
In  the  first  place,  when  several  quantities  dependent  on  «, 
whose  <UferentiaIs  we  know  how  to  find,  are  joined  to^. 
gether  by  addition  or  subtraction,  as  in  this  example 
m  <f  V— w,  if  the  substitution  <^  x  +  dx^  instead  pf  x 
would  change  u  into  v  +  «#  v  into  v  -f  0>  .and  nv  into 
w  -I-  r>  ^  expression  u  4-  v— w  will  become 

u  4-  V  —  w  +  a  +  ^  —  y .  ' 
Hie  change  which  it  l^s  undergone,  conning  of  the 
tenns  •  +  i?  -  r »  when  compared  with  the  increment  dx 
uf  the  variable  x^  gives 

•    .     ^       y 
Tx  *  dH^JH' 
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a  quantity  whose  limit  wi&.ive 

P  -^  q  -  r, 
denoting  hjp,  q  and  r  the  limits  of  the  respecttve  ratios 

~i  — -  ,  and  2.  ;  and  multiplying  by  i/x  the  quantity 

JP  +  9  -  r,  the  result  ispdv  +  qdx  -  rdx^  which  will 
be  the  differential  of  the  proposed  function:  hutpdxf 
qdx,  znd  rdx  are  respectively  the  differentials  of  the 
functions  u,  v,  and  fv,  and  denoting  them  by  dujdv^  and 
d  w,  we  find 

d{u  -{-  V  -^  nu)  :sidu  +  da  —  dw  f 
that  is  to  say^  tke  diffenntud  of  a  function  ^  x^  composed  of 
Sfverd  ttrtns  nunf  hs  obkmd  by  taking  the.d^fiermtinl  rf  oach 
term  nvith  the  sign  vfhich  belongs  to  thai  term.* 

11.  Secondly,  if  in  the  product  of  two  functions 
u  and  v,  » is  changed  into  «  4*  «»  and  v  into  v  +  /?,  this 
product  becomes 

and  its  increment  . 

being  compared  with  dx^  gives  the  etpression  > 

dx       ax       dx 
Denoting,  as  before^  the  respective  limits  of  the  ratio 
-^,  and  -T~  byj9and^;  and  observing  that  the  incre- 

dx  d  X 

ment  /?  vanishes  at  the  same  time  with  dx^  oi  which  the 

quantities  u  and  t;  are  in  other  respects  independent;  it  is 

obvious  that  the  limit  of  the  term  -^  6  is  equal  to  no- 

dx 

thing  (8),  whilst  that  of  the  two  other  terms  is 

uq  -{-  vp. 

From  this  we  may  conclude,  that  the  differential  of .  «  v  i| 

uqdx  4-  vpdx; 
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t 
bot  q  dx  and  pdszte  equivalent  to  d  v-an4  du,:  therefore 
d .uv  ss  udv  +  vdu(*),    ^ 

From  this  formuh  we  learn,  that  to  obtain  the  Sfferenttal 
^f  the  product  of  ^ two  functions^  we  must  mubipli/  each  one  tg 
the  i^erential  ^^  the  4ther  afi4  add  together  tie  tm  r^u&s* 
If  we  cUyide  each  side  of  the  equation^ 

d .uvss  udv '^  vdu-  I    ^  "f 

by  the  original  function  u  v,,  we^l^ye        ... 
d,uv  ^  du       dy ^ 
u  v"  "*^.."  u"       V  ^ 
This  easily  leads  to  the  expression  for  the  diSerential  of  a 
product  Qoii^io«ed  of  any  nunaber  of  factors^    For  $ii|h- 
fosev  in  ti  f  there  results 

.    -^^  d^     \  i:tj  _dr'  Jj  '    "^^ '•  •*  ■  '   '• 

V    '^     ti     "    t         rTv'     ^. "      '\'  •    •     , 
and  consequently/  ... 

d.ut^        du         dt        dj^  ^ 

uts         ~  '        /         ~ 
and  in  die  same  manner  we  should  find 
d.utjr....  tic,     ,     du    ^    dt       dj        dr   ^    ^ 


f#//r . ..,  tSlc.  u  t  s  r 

If  we  take  away  the  detAmia^tois.  firpm^he  equation 

d.t^ts   ^du  ^  ^^t.     ds 
— —  ^        4.  _  , 

uti  u        r        / 

we  Bndd.uts  s  tidu  +f^/dr/  +  tti^j;andwe  shall  easily 
seCy  that  whatever  ma^le  thenumber  ofthefoctore^  the  differential 
of  the  product  will  alwatfs  he  equal  to  the  sum  ef  the  products 
of  tie  differential  of  each  multiplied  ly  all  the  others. 


*  When  a  point  is  placed  after  the  characteristic  d  it  signi- 
fies, that  the  operation  is  to  be  performed  on  all  that  imme- 
diately follows  it ;  thus  d.uv  is  the  same  thing  as  dijuv) ,  and 
d.^t"  the  same  as  d  («*}. 
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12.    The  difierendal  of  -  may  be  obtained  by  .making 

-  sst',{orussvt,  and  from  what  precedeS|i/cixsW/+/</v; 
eliminatbg  tibe  value  of  dt^  and  substituting  ihstead  of  t 
the  fraction  if,  we  ahaU  h*ve  i//«^-?i^,   or  le- 

dttcing  the  fractions  to  the  same  denominator 

j^       %idti  "  udv 
dtzz 1 ; 

hence  this  rule :  Ufind  the  J&ferentid  of  afraetkn^  mub'^fy 
lh§  denomnahr  bjf  the  ^erential  rf  the  numtraimr^  s^Atratt 
from  tins  product  that  of  the  numerator  multiplied  if  the 
differential  of  the  denominator^  and  divide  the  whole  hf  the 
square  of  the  denominator. 

When  the  numerator  of  the  proposed  fraction  h,  con- 
stant, u  being  independent  of  »^  has  no  differential ;  that  is 
to  say,  Jii  8  0 ;  and  there  remains  only 

V 

IS.  The  function  «*  denoting,  when  n  is  a  whole  post- 
tiye  number,  the  product  of  a  number  (»)  of  factors,  each 
tequal  to  »^  we  may  deduce  from  No.  1 1. 
d^n   _  d.xxx ... 
e^     "■     XXX... 

^   dx       dx    .    rfjf   .    o, 
=    —  +  —   +  —  +8u:. 

X  X  X 

the  number  of  factors  on  the  first  side  of  the  equation 

being  /i,  the  second  wlU  be  composed  of  an  equal  number 

dx 
of  terms,  each  equal  to  —  ;  we  have  therefore 

X 


</.«• 
«» 

{ro«i  which 

we  get 

</.«• 

=  n^*d*. 
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If  tlie  Bumber  n  be  fractional^  let  it  be  repseseatfd  by 

-  ,    and  make  «  "^  =r  v,  whence  Jf  =s  ti's    tbeii    putting 

successively  i^  s  jf ,    and  if  e  ty'y 

tbe  numbers  r  and  j  bemg  supposed  integfal  and  pbdtivei 

we  have  from  Ac  preceding, 

y^  =  ra^',  and  -p  =  /v-*; 
"from  which  we  find,  by  No.  9. 


dv 

^    i 

r*^' 

dx 

sx* 

and  by  reduction. 

dv 

dx 

-1 

> 

and  consequently. 

dv 

r 

-I 

J*, 

s 

which  is  in  fact  the  same  as  J.  j:*  =:  iix»~Vj*,  «  being 
equal  to  -• 


If  the  number  n  be  negative,  we  have  st^  zz   --^  from 
which  we  find  by  the  principle  in  No.  12. 

and  nnce  we  have  juflit  proved  that  d.^  zz  mT'^  dJt,inM 
cases  where  n  is  positive,  we  have 

.    -       —  «  «*"*  d  X  a  1  -r 


Vi  DIFFEft£NnAt  CALCULUS. 

«Fn>m  this'  emimeration  we  may  conclude,  that  in  order  U 
^erer^tiate  any  power  whatever  of  a  variable  quantity^  noe 
must  miiltiph/  it  hf  its  exponent ^  diminish  the  exponent  by  unity 
and  multiply  the  result  hy  the  differential  of  the  variable,* 

14.'  The  rales  delivered  in  Nos.  10,  1 1,  19,  ld>  -are 
sufficient  for  difierentiating  all  functions  in  which  the  yr^ 
riable  is  only  involyed  by  addition^  subtraction,  multipli- 
cation, division,  or  by  powers  whose  indices  are  integral 
or  fractional,  positive  or  negative.  Functions  which  re- 
sult from  algebraical  operations  are  from  that  circum- 
stance called  algebraical  functions.  We  shall  differentiate 
a  few  such,  as  exemplifications  of  these  rules. 

In  the  first  place,  let  i/  s=  tf  +  h^x  ^  ^;  taking  the 

X 

difierendal  of  each  term  of  this  function  separately,  the 
first  disappears,  because  it  is  constant  (7);  the  second  put 

under  the  form  ^  jr  ,  gives,  JM^by  the  application  of  the 
rule  in  No.  18,  i6«»  *  dx,  or  ^    .j;  thethitdor  — ^, 

C  d  Sf 

leads  to  -f  -^  (13):  collecting  together  these  results, 
we  find 

du  ss  I  — 7=   +  -1  idxf  and  r-  =  =—3=-  +  ^i. 

Secondly,  let 

II  SB  a  4-  -7^:!='  —  -   ^>i  4-  A:   if  we  put  this  function 
*    ^J^  x^       A 


*  This  role  might  have  been  immediately  deduced  from  the 
deveJopemeoi  of  the  binomial  (x  +  d  x)",  since  that  develope- 
jnent  being  2^-f-iiJ^^<(.4r-f  &c.  if  we  snbtract  x*»  the  first 
term  of  the  difference  will  be  nof^^dx;  but  it  is  more  con« 
venient  not  to  pre-suppose  the  demonstration  of  the  formula  for 
the  binomial,  becaose  the  diSerential  eakulus  furnishes  a  very 
general  and  a  very  simple  one. 


into  the  IbrA •  .,:..    S     •  :<    '  n'>  -  •'.%'/.• 

die  application  of  the  tide  iii  Ko.  13,  ^  gh«     -      ^ 

which  becomet.  i 

^  **     8#^7»    3**^r      *' 

]i».  The  ex^ples  in  the  preceding  No.  consist  of 
collections  of  single  terms;  but  there  are  many  functions 
vhich  cannot^  without  a  previous  de^lopemenr,  tie  re- 
duced to  this  form;  siidi  is  the  function  u  s  {a'^biT^. 
In  this  case  put  a  +  ^  «*  =  2}  from  which  we  have  u  =rse*; 
and  observing  that       d  .z""  ^n  z""^  d  z  (13),  .. 

.„    ^        du       du  ^^dt  _|^i  d  z 

we  shall  get       — -=--ir-p-  =  /i  2^*  -— -1 
*  dx       dz       ds  dm^   , 

but  dz  ^  d(a  -¥  b x"^)  ^  d .b)i^  ^mbiT^^dxi 

th^ore  il  =  « (tf  +  *-ry-i  X  mbx^^ , 

ajr 

and  du=:nmbx'^^dx(a  +  ijT)*-*. 

It  is  proper  to  remark,  that  this  method  is  nothing 
more  than  Jir/i  differentiating  the  expression  for  u  relative  to 
z,  and  then  substituting  the  values  of  z  and  d  z,  in  terms  of 
X  and  d  X. 

If  we  had  u  s  ^a  +  **  +  r  a*,  we  should  consider 
the  trinomial  a  '^  bx  -frA%  as  a  particular  function  z^ 

and  the  differential  of  v/«  or  of  z^  being  |  »"^  </  «,   or' 

5 — 7= ,  there  would  result 

,     _  rf:(tf  -t-  bx  +  ex*)  _     ^</x  +  Q^rxdx 
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As  we  have  frequent  oocanon  to  difierentfaite  nuUcab 
of  the  second  d^^ee^  k  is  well  to  notice  thatj  according 

to  the  formula  ■  ■  *u  »  /Ar  Mienniial  i>f  a  radical  rfth 


leemd  Jiigtee  it  Atainei  hy  UvUing  that  rf  the  qmuOitjf 
tained  wider  the  sign  by  doMe  the  radical  iUelf. 

16.  The  rule  given  (1 1)  for  difierentiating  products, 
being  applied  to  the  function 

u  =  jr(fl*  +  «*)  v/ «•  -  «*,  leads  to 

duw^dxip^^x")  y/a^^x^  ^  $c  y/ a^  -  »\  d.ja^^o^) 

+  *(«•  +  **)i.\/fl*-**- 

The  two  last  terms  of  this  eipression  include  operations 
which  are  only  indicated^  but  which  may  be  easily  ef- 
fected^  by  observing  that 

did"  +  m*)  «  i/.jr*  s  2»i/x» 

and  we  thus  find 

du-  {(fl*-h»*)\/fl*-**  +  exV^*"^^ 

or,  b]r  redacing  all  d>e  terms  to  the  tame  denominator, 
du  =  '^ ' 

The  rule  for  the  difleientiation  of  fractions  being  ap- 
plied to  the  function  «  ^ -—-^-I^fL-  gives  imme- 
diately, 

J..-  (^•»flV'i'**)rf.(ii*-<r*)-(tf*-0  d.  (fl*4.<,V+;,*) 
(4»  +  «V+aY  ' 
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whence  we  deduce 

We  shall  terminate  these  examples  with  the  function 

which  inToIves  several  algebraical  operations  to  be  effected 
successively.     To  facilitate  the  differentiation,  we  may 

put     —  =:  >,        ^(c*  -  9cy  =  z,   Aen 

wbicht  by  No.  13,  gives 

Jy  ^^^a-y+  zy^^J.{a  -  y  +  a) 

"  S  dtf  -^  Sdz\ 

we  also  have 

J  ,     *  .  rf.\/Jp        '^  bdx 

dz^d.{c*  -  J?)*  =  |(c*  -*«)*-y(c»-*») 

and  substituting  these  values  and  also  those  of  y  and  z  in 
the  expression  for  rft/,  we  shall  find 


du 


*  See  note  (B.) 
c 
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On  succexiUve  Diferentiationsm 

17«  Th«  diff^entaidl  coefficient  being  a  qew  function 
of  x^  may  itself  }>e  difFerentiatod,  and  wf  may  find  from  d&e 
limit  of  the  ratio  of  its  increpneiit  to  that  of  die  variable  x^ 
iKa  ow«  di^r^ntial  coefficient,  which  will  also  be  a  function 
of  jr.  By  cpnfujuing  these  diffiMrenti^tion?  one  after  an- 
other,  we  deduce  from  the  proposed  function  a  series  of 
limits  or  of  di^er^ptisd  CQe$cients^  i^ch  ar^  diftinguisbod 
into  orders,  according  to  the  number  of  differentiations 
which  have  taken  place  in  qider  to  obtft^a  them.  * 

If  we  make      j^  «  />,     ^f  *  f»     jj  *  *"*  5^<^- 

p  will  represent  tbe  dMerential  coeftcieiit  of  ^e  irst  order . 
of  the  proposed  function ;  jt  represents  that  of  p^  or  it  is 
the  differential  coefficient  of  the  second  of der  of  the  pro- 
posed function;  r  is  that  of  q,  or  the  coefficient  of 
the  third  order  of  the  proposed  function,  &c. ;  and  it 
should  be  observed,  that  the  coefficients  q^  r,  &c.  are  de- 
duced from  the  successive  diffisrentials  of  du^  taken  on 
the  hypothesis  of  the  inerement  dx  being  constant*  These 
differentials  are  thus  written : 

d{du)zzidu:=id*u^      d(d^u)a,d^u,  8lC. 
the  exponent  which  accompanies  the  characteristic  d  indi- 
cates the  repetition  of  an  eperalion,  and  not  a  power  of 
the  letter  dy  which  is  never  considered  as  a  quandty,  but 
meiely  as  a  sign.    This  b^g  supposed,  tbe  equations 
du  dp  ^^  o 

dx  dx       *        dx 

will  give 

du  ^pdxj    dpzz  qdx^    dq  =;  rdx^  kc. 
diilerentbting  again  the  first  of  these  without  supposing 
dx  variable^  it  becomes  d'u  ^  dpdx^  and  putting  for 
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wKence  q  iz  — - .   ^Ditforentiating  tlie  equation  d^u  cs  jdjif^ 
again,  ir«  fai^  iPii  ss  iff  if i'y  ahd  slMft  iq  :^  r J/r,  there 

results  d^u  ssrdx^^  or  r  =  -j-3 :    we  find  therefore  that 

a  r 

du  d^u  J^u      a. 

18.  If,  for  example,  the  proposed  function  was  « iv"» 
we  should  &aAd.ax^  ^  naoT'^  dx{\S)\  the  factors /la 
and  dx  bong  Considered  as  constant  in' the  first  differential 
nai^^dxy  it  is'su^cient  (7)  in  order  to  obtain  fhe  second 
diflh'entiali  to  differentiate  4*^^  ^nd  to  multiply  the  result 
by  0a  dx\  but  d.  J^^  =  («  —  1)  x^*  dx\  we  have  there- 
fore ^  .a*^  ss  «  («  —  1)  flj  x*~V^*. 

In  a  similar  manner  we  should  find 

&c.  &c. 
and  the  ditfereiitial  c6efficienYs  ^onld  have  the  following 
values : 

d.na^ 


dx 


=  wfljr-* 


tie.    8ic. 


—  ■—  ''-* 


(t  remember  tbat  the  expressions dx^,  di^ ,  •,  &q. 
are  eqaivaleot  to  {dx)\  {i  x/,  &c.  and  not  to  if .  x\  4 .  x*,  &c. 

li  11  N 


*  We  most 
t  equivalent  t 
(Sec  note,  page  IJ.) 
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It  isob.nott$;  that  when  the  expoaent n  1$  &*whole  t)08i* 
tive  number,  the  function  a  ;r"  has  only  a  limited  number 
of  diflFerehtiak,  the  highest  of  which  is 

<^ .  tf  «*  a  If  (if  -^  1)  («  -  2)  « •  *  2  •  1  •  ad^' 
Tht8  expression  is  no  longer  capable,  of  difierentiation, 
since  it  no  longer  involves  a  variable  quantity:  we  have 
then  for  the  last  differential  coeflident 

-— — -  =  IT  (ii  -  1)  (n  —  2)  . . .  2  . 1  .  tfy 
a  JT 

"which  is  a  constant  quantity. 

.  '    19.    This  remark  furnishes  a  very  simple  method  of 

developing  in  a  series  arranged  according  to   the  whole 

positive  powers  of  or,  any  function  u  of  that  variable^  pro^ 

vided  the  developement  can  be  effected.    If  we  assume  the 

equation 

»  =  ^  +  S  jT  4-  C**  +  D**  +  Ex*  +  &c. 

by  differentiating,  we  find 

4^sJ?+2C*+       8Djr»+       4jB«'  +  &c- 

dx 

^«       1.2C  +  2.3Djr     +   S.4£**+&c. 

^=  1.2.8D  +  2.S.4£j?+&c. 

dx^ 

&c. 

And  if  we  also  have  expressions  in  terms  of  s,  for  the 

following  quantities 

du         d*u         fiu      « 

""'       die'      lit'      dl}'  *'^- 
then  denoting  by  U,   t/',  IT*^  IT'\  &c.  their  values  when 
IT  =:  0,  we  shall  deduce  from  the  preceding  equations  by 
making  in  them  also  x  s  0,   * 

whence 
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«0.    If  we  take  »  =  (tf  +  *>»,  we  ihiU  hare 

^  *  «  («- i)  («  - 2)  (a + *)*-»,  &c. 
and  maluAg  x  ss  0,  we  find 

IT"  =  «  («- 1)  (« -2)  «"-»,  &c. 
from  whence  we  have 

(«+x)-  =  «-  +  2  a-»  ,  +  til:L})^-*x* 

The  principles  of  differentiation  having  been  deduced 
^thout  assuming  the  developement  of  (a  +  x)*,  we  may 
consider  this  developement  as  proved  for  all  casesy  whether 
the  exponent  be  integral  or  fractional,  positive  or  negative. 

SI.  The  same  method  leads  us  to  express,  by  means  of ' 
the  differential  coefficients,  the  value  which  any  function  u 
assumes  when  we  substitute  jr  +  A  instead  of  x.  In 
this  case  the  function  u  when  it  is  changed  into  u  by  this 
substitutionj  may  be  considered  as  a  function  of  h^  and 
we  shall  have,  from  what  has  preceded, 

if  U,         U,  U%  U%  &c. 

denote  the  values  of 

when  we  make  A  s  0.       * 

It  is  evident,  that  u'  becomes  i/,  when  A  as  0,  and  co&> 
sequently,  that  U^u\   but,  moreover,  the  differential 
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coefficients  fermid  ^7  eooiideriiig  1I  m  vtrfaUc^  imd  «  as 
constant,  are  the  $ame  as  those  which  would  be  fouhd  by 
treating  x  as  variable,  and  h  as  constant.  In  order  to  prove 
this,  let  x-^-hzzx'^  the  function  u  will  be  composed  of  x\ 
just  in  the  same  manner  as  i#  is  of  4r :  we  have  therefore 
dt/  zsp'  dx\p'  being  a  function  of  x'^  and  Jo/  a  J(jr^A)* 
If  we  suppose  h  alone  to  vary,  we  shall  have 

dx'  =.dh,      du'^p'dhmA  ^  Tzjf. 

an  ' 

If  X  alone  be  supposed  to  vary,  we  obtain 

dx'  =  dx,    du  :=,p*  dx  and   j—  =  »': 

dx       * 

therefore  -|.  =  ~_ .  Again,  the  function  p'  being  itjelf 
a  function  of  «*,  we  have  also 

Md  generally  .         »     . 

dlr   ■"  </a-*  ' 

Hkis  being  premised*  when  A  ::i  o,  i^  is  changed  tnti> 
ii;  aitd  th^e  results  •  - 

V  =  p-,     V^pt,      1^'  =  ^,  &c. 

49f  dpt^  ax* 

,«/-y  ^rf«rA^rf'tt    A*     ,   rf»«         ^'     \.  o. 

^  dx  I       dx^   l.tf       rf«*      1.2.S 

This  formula  is  called  T^&r  j  Theorm^  from  the 
name  of  the  English  geometer,  by  whom  it  was  first 
discovered.* 


*  I  shall  add  in  this  place  another  deinonstratioD  of  this 
ibmular.    Havii^  proved  as  above,  that 

4^ 


It  eonlaiaa  ixapMAf  the  doiMopOiiaiit  of  die  bbosiialy 
for  if  we  suppose  u  ^^^  ii  will  become  (x+A)r,  and  we 
shall  have 

22.  The  fonnula  of  Taylor  shews,  that  the  various 
diflferential  coefficients  possess  the  remarkable  property  of 
forming,  when  they  are  respectively  divided  by  die  products 

\%^    l.S,       I. a. 3,    ftX. 
the  coefficients  of  the  powers  of  the  increment  K  ia  the 
complete  devdop^ment  of  the  difference 


d^       du'       ^  ^ 

and  if  we  suppose  the  cotfficitals  A,  B,  C,  &c.  nol  to  co«<^» 
h,  they  depend  only  on  th«  variaUe  ^,  and  on  the  constant 
qoandties  which  ent^r  into  the  prpposed  fnnctron;  wehay« 
therefore 

~  =  B  +  2Cil.+  3DA*  +  &c. 
and  equating  qa^h  t^np  of  these  two  results,  we  find 

^-^'      ^  =  571'     ^  =  55T'^^- 

but  if  t?  ir,  therefore 

This  demonstration  was  presented  to  me  at  a  public  examination 
at  one  of  the  principal  seminaries  in  Paris. 
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Tlus  developementy  vAen  we  make  A.  =  Jjt,  becomes 
(17) 

Hiis  18  a  very  simple  formttla,  and  shows  clearly  in 
what  manner  the  difierence  of  u  corresponding  to  any  in* 
crement  diti  is  composed  of  the  difierentials  of  various 
orders  relative  to  the  same  increment*. 


On  the  Differintiation  of  TranseendenUJ  Functions. 

23.  Those  functions  which  are  not  comprehended  in 
the  enumeration  made  in  No.  H,  are  called  transcendents. 
The  exponential  function  ly  =s  o*  is  the  most  simple  of  this 
sort.  When  we  substitute  x^^dx  instead  of  x^  the  differ- 
encebecomes 

«'+*- «'=/*•(«*- 1)5 

and  in  order  to  express  it  according  to  the  powers  of  dx^ 
we  make  «  =  i  +  ^»  when  it  becomes 

Whence 

1.8.3  j* 

and  arranging  this  according  to  the  powers  of  dM^ 

+  &c. 

♦  See  note  (C.) 
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replacing  i  by  its  value  a  -  I,  there  results  (S)  '    '  ^ 

and  making 

K  »  -^  ^_    +    __         sec. 

we  hare  if.  o*  s  i^i/ 4?.        - 

This  is  the  form  of  the  differential  of  the  proposed 
fvncdoni  and  we  shall  soon  find  a  new  expression  for  the 
constant  quantity  i. 

24.  It  is  evident^  that 


and  dierefore 

When  «  ss  Oy  the  function  v  and  its  differential  coefficients 
become 

Umh       If  z^k,       U"  =*%        If''  =  *»,  &c. 
We  have,  therefore,  ( 19) 

25.  The  developement  of  the  function  if,  just  found, 
ivill  be  of  use  in  discovering  from  what  quantity  the  se- 
ties  represented  by  k  derives  its  origin. 

Jf  we.  suppose  4P  =  1,  we  find 

tlas  series  not  being  convenient  for  discovering  a  by  means 
o(  i,  let  us  enquire  into  the  value  of  a,  when  Ar  =  1>  and 
denoting  it  by  e^  we  shall  find    • 
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Adding  togodier  Ibe  ten  £ur9t  termsy  we  have 

#  =  (,7189818. 
Thii  being  prencuMd,  since  Aie  yaloe  of  e  ODrresponds  to 
that  of  A  =:  ],  it  follows,  that 

and  similarly y 


and  eonMquentlyt  /  ^  «•    If  we  take  the  logarUlmia  on 
both  sides,  we  have 

ilog.f  =:log.fl,  ori  =  ^8l^, 
we  have,  ttierefore, 

log.  e 
26.  We  may  now  arrive  at  the  difierential  of  a  logfirith* 
mic  function.  If  we  call  o  the  base  of  the  systeiAi  y  the 
number,  and  x  the  logarithm,  we  have,  from  the  principles 
of  Algebra,  the  equation  ^  ss  ^i  considering  j:  ^s  a  func- 
tion of  gf  and  taking  the  differentials  of  each  member,  Wf 
find  dg  ^ifkdJff  whence  we  deduce  (9) 

or  replacing  a*  and  i  by  their  values  v  and  .         ,   nnce  a 

Jog.  # 

is  the  base  of  the  proposed  system  of  logarithms,  we.  have 
//.  log.y  zMlog.  r.  "    ••• 

27.  The  number  e  frequently  occurs  in  analytical  en- 
quiries; it  is  taken  for  the  base  of  a  system  of  logarithms, 
which  we  shall  call  Naperian,  from  the  name  of  Nap^ 
their  inventor;*  and  which  we  shall  at  present  deQOt^  by 

*  These  logarithms  were  known  under  the  very  imt>roper 
name  of  natural  or  hyperbolic  logarithms. 
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the  €faaractfri«tte  log/;  we  biTt  thea  log^.  r  db  i,  islog/  a> 
and  the  results  in  the  preceding  articles  become 

i.^^ifdm  kg.' «  (80),   tf .  log.>  s  ^  (fl6). 

In  order  to  pass  from  the  system  whose  base  is  t  to  that 
whole  base  is  a,  we  hafe»  (denoting  these  systms  by  the 
characteristics  log.  and  log.') 

log.j^zilog. /.log/j(. 
And  since  all  systems  of  logarithms  are  compared  with  the 
Naperian  system,  the  number  log.  /,  by  which  we  multiply 
a  Naperian  logarithm  in  order  to  pass  to  the  corresponding 
logarithm  of  another  system,  is  called  the  modulus  of  that 
system. 

The  logafitimc  differential  being  of  considprable  use, 
we  must  keep  in  mindj  that  the  Jifferential  of  a  logarithm  is 
§qual  to  the  product  of  the  modulus  of  the  system^  and  the  dxffer^ 
tntiat  of  the  quamitgy  divided  hf  thi  quantity  itse^. 

28.    If  from  this  we  would  derive  the  derelopement  of 
K  in  terms  of  ^»  or  of  the  logarithm  in  terms  of  the  num- 
ber and  its  powers,  we  should  find,  that  the  quantities 
dx       d'x    . 

'•    d^'   s?**""* 

become  infinite,  when  ^  ss  0,  and  we  may  dience  conclude, 
that  the  logarithm  cannot  bedereloped  ill  the  form  of 
jL  ^   ^  +By  +  Cy^  +  D/  +  &c. 

It  would  ha^e  been  easy  to  have  shewn  this,  afriori^  by 
observing  that  the  function  x  becomes  infinite,  when^  sO 
(Alg-  ^o])y  which  does  not  tale  place  In  the  formula  just 
mentioned,  which  then  reduces  itself  tox  zs  A, 

Our  result  would  be  different,  had  we  madey  &s  1  4.  ii* 
for  then  we  should  find,  taking  the  Naperian  logarithms. 
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^d  making  c/  =;  0>  we  find 


g- -o+.rs ^ -«ci +»)■*.  «u:. 


«■  _  t^    *♦ 


log.'(l+«)  =  «  -  ^  +  ^  _  ^+  &c. 

3S  9  4 

and  for  any  ba^e  a^  (denoting  the  logarithm  of  e^  to  that 
base^  by  ilf)  we  have 

■<*•<'+•)=■«{•-? +  r-'i*T-«"j*- 

29.  This  series  is  not  sufficiently  convergent  to  be 
employed  for  the  calculation  of  logarithms,  except  when 
fi  is  a  fraction ;  but  means  have  been  discovered  for  trans- 
forming it  into  others  which  are  applicable  with  greater  or 
less  advantage  to  difierent  cases.  It  was  first  observed, 
that  by  changing  u  into  ~  c#,  there  would  result 

and  subtracting  this  equation  from  the  preceding 
log.(l+«)-log.(l-«)=log.(Jij)=«iIf[^+^+^+8u:.i 

making  ■       *^  =  1  +  5 ,  whichgives  u  =  — -? —  ,  and 
1  —  «  n  £a  +  z 

observing  that 

log.  (l  +5)  =  log-C*-^)  =  log.Cn  +  z)  •-  log.  in) 

^^^^— ^■■^— — ^ '        "         f  ■  ■  I.  .1      ,,. 

*  It  will  undoubtedly  have  been  remarked,  that  the  equa- 

loff.  (I 

tioa  k  s  r-^^  in  No.  25,  combined  with  the  equation  in  No. 
23,  which  is 


._(«-!)      (g-)y  ,  (a-l)»        . 

*-"r~ — 2~  +  1 — *^- 


leads  to 


log.a=:Iog.^  J-j J-   +\— -Z-.&C.J 

and  putting  a  =  1  -f  tc,  we  shall  obtain  the  developement  which 
is  found  abore. 
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tbere  arises 


whence 


This  series,  which  afibrds  the  logarithm  of  n+z,  when 
we  are  acquainted  with  that  of  n,  gives^  by  supposing 


rince  log.  1  s  0.  This  series  is  already  very  convergenty 
and  it  becomes  still  more  so  for  larger  numbers*  If  we 
take  JIf  =  I,  we  find  log/  2  s  0.6931472. 

The  modulus  if  maybe  obtained  by  calculating  the 
logarithm  of  the  same  number  in  the  system  we  wish  to 
adopt,  and  also  in  the  Naperian  system,  and  by  taking  the 
ratio  of  the  two  results  (27).  We  may  find  the  modulus 
of  common  logarithms  very  readily,  by  calculating  the 
Naperian  logarithm  of  5  by  means  of  that  of  4,  (which 
may  be  deduced  from  that  of  2,  since  log.  4  z:  2  log.  2); 
then  knowing  log.'  5  aiid  log.'  9,  we  have  log.^  lOsslog.'  5 
•f  log.'  2,  and  dividing  unity  which  is  the  common  loga* 
rithm  of  10  by  this  latter  quantity,  we  obtain  the  requbed 
modulus:  we  thus  find 

if  «  0.434294482. 

This  is  the  number  by  which  we  must  multiply  Naperian 
logarithms  to  obtain  common  logarithms,  or  thoie  of 
Briggs. 

Reciprocally,  to  return  to  Naperian  logarithms,  we  must 
divide  common  logarithms  by  this  number,  or  multipfy 
them  by  * 

I 


0.434294482 


2.302585093. 


ao 
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SO.  We  will  now  give  some  examples  of  the  sippfidi- 
tipn  of  the  rules  for  the  differenliation  of  logarithmic 
functions;  but  for  the  sakeof  simplicity  we  shall  at yvays  sup- 
pose them  Naperian  logarithmsi  unless  the  contrary  be  paiw 
ticulafly  mentioned:  we  shall  assume  hereafter^  in  all  cases» 
1  as  the  characteristic  of  these  logarithms. 

Ist.  Leti/==l(-j:^«5),  making      .  .^     .  =s  as, 
we  have  du  zi  ^^\  but 


in^ 


rf«\A*  +  *• 


Vr 


therefore,  rf«  = 


(fl*  +  O^ 


24.Let«=l5i^L±4±J^*J;    make 

%A+x  +  s/i^ zzjff    and  i/l+jr  —  \/l  - x  =:  «, 
which  gives 


but  we  find 


diivi, 


dx  ^dx      (    - ) 


2V7^=P* 
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whence  we  obtain 

iy      dz  _  %dx  ydx — (y^^-g*)  d» 

iod  obMr?ifig  that 

we  find  at  last 

This  example  is  remarkable,  from  the  redudtiQns  which 
the  (tiSerential  uiidergoesi  and  from  its  sfanpHcfty,  consi- 
dering the  functions  from  which  it  is  derived  ;  the  followt- 
ing  examples,  whose  results  only  we  shiU  state,  will  present 
no  difficulty. 

3d.  «  =5l   j#+  •FT**!*       ^''^  i/X  V 

4th.  « =s  1  ^  [x^rzi-^^rrz?] ,  iu  s  :^^^. 
5th.  ««i5^;^±.4^  ^"'^vfe. 

6th.  If  we  had  f/  s  (  1  jr)%  making  1  «  =  z,  we 
should  find 

( 1  x)P  ==  «•,  dnV^  zz  nx      azi 

and  replacipg  z  and  if  s  by  their  respective  values,  there 
would  result 

7th.  Let  n  C8  K 1 «,  that  is  to  say,  the  logarithm  of  the 
logarithm  ff  ^  i  putting  as  above  1 «  ss  s,  we  have 
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whence  we  deduce 

du  ss 


xlx 


31.  The  consideration  of  logarithms  facilitates  very 
much  the  difierentiation  of  exponentials,  when  they  are 
much  complicated. 

1st.  Let,  for  example,  irssz'',  %  and  ^  being  any  two 
functions  of  x  \  taking  the  logarithms  of  each  member,  we 
have  1  fi  =  ^  1  s,  and  then  difierentiating,  we  find 

du 

"^-^S  U  +  3fi  12(11,27},  or 

du  .    ._  dz 

^  ^   dylz+  sf  — 

and  thence 

duszu^dylz  +y  —J,zndd.7^^z'(d3f  1  z  +  ^— )• 

jt 
2d.  Lettf=tf^;  make^=^,  and  we  find 

u=:a^,  du^  e^  dff\a{V!)\ 
but  dy  :s^  d.f-ydx  \b: 

then  du^Jb^dx\a\b. 

5d.  Let  tf  zz' ,  z,  /  and  /  being  functions  of  ^^  make 
I'sy;  then  . 

uzz]^^  du^z^  ydy  Iz  4-  ^ — ) ; 

d3f^f(di  It  +~^)5 
and  consequently 

dunz^^i^  J  /  1  /  1  2  + + — ). 

By  means  of  diese  formulae,  it  will  be  easy  to  find  the 
difierential  of  any  exponential  function  nfhatever. 


5d.  Sines,  obdnet,  tangents,  and  other  frigonometrical 
lines,  considered  wHb  respect  to  the  att  of  the  citcle  on 
which  thejr  depend,  are  also  transcendental  functions;  they 
are  commonly  called  circular  functions  r  '' 

Tor  the  sake  of  simplicity,  we  shall  always  suppose 
the  radius  equal  to  nnhy; 

Substituting  jp  +  ^•r,  lor  x,  in  the  function  sin  !>,  tt 
becomes 

an(jr  +  d*)  s  imatco^dx  +cos«  An  d x  ; 
from  which  we  find  the  difference, 

sin  («  +  Jj)  —  sin  or  ss 
sin  jr  cos  J  J?  +  cos  xsxndx  ^  sin  x^i 
sin  J*  (cos  Jj7—  1)  +  cos  f  sin  dx. 

We  might  now  develope  the  sec<md  meaAer  of  this 
equation  according  to  the  powers  of  the  inon^ment //jp; 
but  we  may,  without  this,  obtain  the  limit  of  the  ratio  of 
t&e  increment  of  the  function  to  that  of  the  variable  in 
the  following  manner.  Taking  the  ratio  of  the  increments^ 
we  find 

sin(jr-frfj)-sinj  _^  ^(  cos  </j-1)  sin dx 

dx  dx  dx     ' 

If  we  observe  that 
(sin  Jjr)*=:l-(coerf*>=:(l+cosrfi')  (1  -  cos  Jx) 

and  that,  consequently, 

(sinrfjr)* 
1+C08  dx' 

we  hare 

»n(jr+rf*)— sin  jr  .^        sin  rfjr      iindx    ,  sindx 

— ■  ■     ■  =  -sin*.-— --. — - — -i-cos'-— - — 

dx  l+cosi/x      dx  dx 

(skii/j?      .  \  sin  dx 

-.  am  j^  r—- T-.  +  cos  x)^    .^-  . 
l  +  cosJ*  /    dx 

We  may  pass  to  the  limits  of  these  quantities  by  find* 
log  what  the  two  factors  of  the  second  member  become 
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when  the  mcrement  dx  Tani8heft(8).  In  this  CMe,  sin  JxwbO, 
cos  dxislf  and  the  first  factor  is  reduced  to  cos  4r. 

The  factor  constantly  t^nds  towards  unity:  for, 

d  X 

from  the  expression  tan  ^  s  ,,  we  deduce -. 

cos  A  .  19X1 A 

zzcosAi  and  since  cos  ^  =1,  when  A^O,  unity  will  be 

the  limit  of  the  ratio  of  the  sine  and  the  tangent^  when  the 

arc  vanishes  i  but  since  the  arc  is  less  than  the  tangent^ 

and  greater  than  the  sine,  it  follows,  ajiriiori,  that  its  ratio 

to  the  sine  wiU  constantly  approximate  to  unity. 

We  find  then,  from  these  remarks, 

*  *■["  ^  scos X,  or  d.sinxss  dx  cos  ^r. 
d*x 

SS.    Having  obtained  this  difierential,  the  others  may 
easily  be  deduced  from  it ;  for  we  have 

1st.    Cos  Afss  sin  (^^  —  ')  >  ^*  CO*  •**=  ^*  «**  Cs  ""  ')  ^ 

but  from  the  preceding  article, 

^.,in(|-.)=^(;-x)co,(|-,) 

=  -Jxcos  (g-*)* 
and  since  cos  ^^  -  «'\  =  sin  *,  we  have 

d,  cos  «  =  "  dx  sin  ^r. 
£d.  Since  vers  xs^l  —cos  x,  we  have 
d,  vers  xzz—d.  cos Xssdx  sin  x. 

^  -     -,  sin  * 

3d.   Tan  1^5= 

cos  X 

cos  X d.  sin x  —  sin  x  d,  coax   ,->,v 
d.  tan  x« ^^—^ (12) 

_  \  (cosxy+   (sinjr)*  \  dx. 
(cos  xf 
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hnt  (cot  xy+  (ttn  iv)*=  1 ;  dierefere 

dx 


d.  tan  ors . 


(  cos  sY  * 

4th,   Cot  jr  B  — L^ , 
tanx 

A  cot^"       d.tmx  _  ^dx dx 

*"  (tanx)*""(  tanx)»  (cos  xf^      (sinj:)* 
putdng  for  tan  jr  its  value. 

5th.  Sec  X  s  — —  , 
cosx 

J  J*  cos  X      dx  sin  j: ,  ^  .  ^  ^  «^  ^ 

d.secjr=:-- ?»=-; ---=tfj:tanx  sec  x, 

(cos  X  )        (cos  j:)* 

sin «       ^  ,1 

since         ■■    r:  tan  xy  and.  .     .  =:  sec  or* 
cos  X  cos  X 

6th.  Cosec  jr  =  -: — » 
sin  JT 

J  d,  sin  *  i/  jr  cos  * j  ^  ^^.  ^  ^^«^^  ^ 

i/.  cosec  jr=:  — r^  =  —  -7-: — --= -tf*cot  op  cosec*, 

(sin  *)*  (suijr)* 

34.  By  the  aid  of  these  formulsi  we  rhzj  find  the  dif- 
ferential of  any  expression  involving  sines,  cosines,  tan- 
gents, &€.  It  iJ^U  be  necessary,  however,  first  to  consider 
these  quantities  as  simple  and  uncompounded }  and  after 
the  differential  of  the  expression  is  found  upon  this  suppo- 
sition, to  substitute  for  their  differentials  the  results  above 
written.    We  shall  give  but  one  example. 

Let  |y=:(cos4r)    .        Make  cos  *=  z«  sin  xs^yi 
then  u  :=  z%  and 

dtr=:d.z^z=iz*(^dylx+  I^)(S1) 

=^«  (cos  X  )""'     J  cos  X  1  cos  X  -  (j^ILfl^  .' 
<  cos  .r  9 

S6.  Having  discussed  the  sine,  cosine,  &c.  regarded  as 
functions  of  the  arc,  it  will  now  be  proper  to  consider  in 
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its  turn  the  arc,  as  a  functKHi  ^  the  Aoe,  C0ttn6,  fcc.  sac^ 
cessively,  and  to  determine  its  difierential  under  these  dif- 
ferent points  of  Yiev.  For  this  purpose,  let  x  be  the  function 
proposed,  and  u  the  variable,  on  which  that  function  de- 
pends. 1st.  The  equation  d.  sin  «  ss  ds  cos  x,  gives,  (in 
consequence  of  the  equations  sin  x=i^,  and  cos  x  ss  v'l  — «*) 

dn  1Z  dx  Vi—  «*,  and  consequently  </x  =  -^^sssss. 

This  is  the  value  of  the  differential  of  the  arc  expressed  in 
terms  of  the  sin  x,  and  its  differential. 

If  we  would  express  the  differential  of  the  ate  by  means 
of  its  cosine,  we  must  begin  from  the  equation 

J.  cos  X  =s  —  i/«  sin  X, 

which  gives,  making  cos  x  =  cr , 

^ -i/ii 

du  =  dx  Vi-tf*,  or  dx  =    /        ,  • 

In  order  to  pass  from  this  to  the  versed  sine,    make 
«=:l— y,  sincecosjrssl— versx,  and  we  consequently  shaM 

have  d u  ^dy%  and  dx  -^  — _  '^ 

dx 

2d.    Let  tan  X  s tf  i  the  equation  d.  tan  x  «   ^^   v    ^vc» 

du^  ^ — ^^-Ti,  and  Jjr=:  <?«  (cos  x)*.    But  smce 
(cos.  jr)* 

sin  X  «         •  « 

— ^ — =  tan  X.  we  have  sin  x  =:  cos  x  tan  ;i?,.ana 
cos.x 

(sin  x)*=  (  cos  x)^  (tan  x)^ ; 
and  substituting  1—  (cos  x)%  for  (sin  xf,  it  becomes 
1  =  (cos  x)*+  (cos  X  )*  (tan  ir)*=  (cos  x)*  (1  +  tan  x)»; 
we  have,  therefore, 

(cosx)'=  i^J,„^y=i~:7*, 

and  substituting  this  value  in  that  of  dx,  there  resuka 
rfx  zz =; 
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^rbence  we  oondode,  that  th  ^l^eretHM  vf  t\§  arc  if 
equal  to  that  of  the  tangent  divided  ly  the  square  of  tie  sectutt ; 
for  vT+I?  expresses  the  secant  when  the  tangent  is  repyc- 
sented  by  u. 

We  shall  conclude  tlus  article  by  the  fbUowtng  enm^ 

pie:  ,  

Let «  be  an  arc,  having  for  its  sine  the  function  9u^i  ^^^ 

make  8  u\/i^u^  as  s  j 

then  dx  =  >  . ; 

But 

Jz  =  lilit^^,  and  >v/f3?=  1  -2«*; 

therefore 

36.  By  the  help  of  the  difFerential  expressions  just  ob- 
tained, we  may  derive  the  developement  of  the  principal 
circular  functions. 

1st.  For  sin  x^  We  have 

du  d^u  i?u  d^u  o 

--  =:cos»>  — -  =  —  smx,---y=r— cosj^,  -r---  =s  smr.&c. 
dx  d^  aa'  a** 

and  making  xzz,^^  it  follows,  from  No.  19,  that 

17«0,     U'sl,     ir'=0,     17"'=:- 1,     I/^'ssO,  &C. 

whence  we  conclude,  that 

*         *^      .         **  « 

sin  X  ss  ^  —    I         4-      ■  —  &c« 

1       1.2.8       1.2,3. 4.6 
2d.    We  find  for  cos  * 
du  d^u  d^u 

j-j  ss  cos  Xf  &c. 
and  making  ap  r:  0,  we  shall  gee 
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whkh  gives 

These  two  formulae,  whos^  law  is  both  evident  and  sim- 
ple, present  the  most  expeditious  method  of  calculating  the 
sine  and  cosine,  corresponding  to  any  given  arc,  particularly 
when  this  arc  is  of  sniail  magnitude.  We  shall  find  ana- 
logous formulae  for  the  tangent,  and  for  other  trigonome- 
trical lines ;  but  their  law  is  not  so  simple  as  that  of  die 
preceding ;  and  they  are  much  less  convenient  in  their  ap- 
plication than  those  relations  which  are  given  by  the  expres- 
sions for  the  tangent  and  secant,  in  terms  of  the  sine  ' 
and  cosine.  For  this  reason  we  shall  not  stop  to  consider 
them.* 

S7.  If  we  represent  by  ^  the  arc  of  a  circle,  whose  sine 
is  X,  we  have  (S5J 

,  dx 

an  equation  which  wiU  lead  to  the  developement  of  the 
arc,  according  to  the  powers  of  the  sine ;  for,  from  this 
equation  we  deduce 

^=(,-^-»- 

^  =  3.  S  *  (1  -Jr»)~^  +  S.  5  «»  (1  -A»)-« 

&c.         f—     ■'' 

•  See  Note  (D). 
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Making  jrrsO,  aad  obaerving  that,  upon  this  supposition, 
tbe  arc^  Tanishes,  we  find 

«•  3.  S4P* 

^  =  '+1-5:5  + 1X870  + *''• 
Let  us  now  inquire  into  the  value  of  the  arc  expressed 
m  temu  of  its  tangent ;  we  have  (35) 

dy  =  ,  ^  VI  whence 

j!^  =  -8(1  +*»T  +  8  ««  (I  +*•)*  * 
^  =  a4*(l  +*V  48*»  (1  +  o"* 


'!|  =  a*  (1  +«»)"'  -  S88  ^^  (I  +x^'^+  384  a*  (I+ip^)"* 


&c. 
and  making  jt^O,  we  find 

3  0 
The  law  here  manifests  itself  in  the  first  few  terms;  this 
is  not  th^'case  with  respect  to  the  preceding  series }  but 
since  the  successive  differentials  of  ^become  more  and  more 
complicafed,  on  account  of  their  denominators,  the  me- 
thod above  employed  is  not  the  most  proper  to  lead  to  the 
devdopement  required.  The  integral  calculus  will  furnish 
more  convenient  methods* 

The  latter  of  these  develbpements  furnishes  a  remark- 
able expression  for  the  arc  -,  whose  tangent  is  equal  to  unity ; 

for,  if  we  make  «=  1/  it  gives 


4       1       8       5      7 
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'this  setiei  18  not  MiflMimly  con^er^cnt  to  be  employed ; 
but  we  may  calculate  the  same  avCj  by  cfividing  it  intd 
several  parts ;  ^d  the  tangent  of  ^ich  being  less  than 
unity,  we  shall  have  converging  seines  for  each.     The 

Eflf^iih  Geometer,  MacUn,  found  tint  the  src  ^  is  equal 

.  4 
to  four  times  the  arc,  whose  tangent  is  {,  minus  the  arc, 

whose  tangent  is  -— 
lows :    Let  tan  «  =  J, 


whose  tangent  is  -—  ,  which  may  be  easily  proved  as  fol- 


^     ^  9  tan  fl  5 

tan  2  n  =s  -^ 


tan  4tf  = 


l-(tani»)*        ia* 
2  tan  2  /7  120 


l-(tan«iO  lift 

This  last  number  is  but  a  little  greater  than  unity,  or 
the  tangent  of  - ,  which  shows  that  4  «  >  -  ^  making 

4 
the  difference 

4  a  -  J,  or  A^Bj  has  for  its  tangent 

_   ,.     „.      ,     ,        tan^—  tanjB         l 

tan{J-  B)ss  tan*  as ^ ^ ■_  = , 

^  ^  1  +  tan^.tanB      239 


and 


since  Bss:A-{A-B\  it  fUIows  diat  ^  sz  4  a  -  *$ 

4 

But  taking  successively  «  =s  ^,  *  ac  — - ,  we  find 
«39   ~  3.(239)'       5.(2S9)»      "T^SSS)'     ^ 


whence 


-*     )-(-! 1      +-J_-&c.)C 

L      \1.2S9  3.(«S9)»         5.(289/  ^  J 
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On   the  Differentiation  of  Equations  of  two 
Fariables. 

Hitherto  we  haye  only  difierentiated  equationsi  in  which 
the  Tariablee  are  separated  ;  that  is  to  say,  in  which  the 
function  itself  occurs  on  one  side,  and  the  Tariable  on  the 
other;  such  are  all  equations  of  the  form  X-=.T^  Y  being  a 
function  of  ^,  and  JTa  function  of  x.  But  the  greater  num« 
ber  of  equations  which  occur  in  analytical  enquiries  do  not 
present  themselves  under  this  form  :  the  variable  and  the 
function  are  frequently  mixed  or  combined  together. 

When  we  have  an  equation  F=iO,  between  x  and  y, 
such  an  equation  determines  x  in  terms  of  ^^  or  ^  in  terms 
of  ;r;  so  that  one  of  these  quantities  is  a  function  of  the 
other. 

If  we  conceive  jr  to  be  determined  in  terms  of  j>  and  if 
we  substitute  the  value  of  y  in  the  quantity  F^  this  neces* 
sarily  reduces  itself  to  an  expression,  consisting  of  func- 
tions of  X  alone ;  but  it  will  be  composed  of  terms  which 
destroy  each,  other,  independently  of  any  particular  value 
of  J,  since  x  must  continue  indeterminate.  It  follows, 
therefore,  that  when  x  receives  any  increment  whatever,  A, 
the  change  which  ^  undergoes,  must  be  such  that  the  func- 
tion F  shall  remain  equal  to  zero,  as  it  was  before.  If, 
then,  we  denote  by  ^'what  the  expression  f^  apparently  be- 
comes, we  must  have  ^=0,  whence  we  coiiclude,  that 

.  r'-r=0,  and  ^^IlT^O; 

whatever  may  be  the  increment  A ;  and  consequently,  if  the 

^'—  F 
expression  — ^ —  is  susceptible  of  a  limit  P,  we  ought  to 
A 

have  P=0  * 

*  In  order  to  coaceive  this  cleat f}',  it  is  sufficient  to  consi- 
der in  general,  that  if,  in  the  expression  V,  we  sobstittite  *+k^ 

p  instead 
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But  since  F  is  composed  of  x,  and  of  y  considered  as 
a  function  of  x,  this  lisiit  jnaybe  obtained  by  differen- 
tiating F,  taking  care  to  make  jf  and  x  vary,  according  to 
the  rules  of  Nos.  -10,  11,  12,  IS,  15 ;  and,  observing  that 
Pdx  ss  d  F,  ^e  may  conclude  from  what  -has  been  said, 
that  the  equation  F^  0,  necessarily  leads  to  the  equation 

the  first  deternsiining  the  value  of  y,  and  the  second  that 
of  dy. 


instead  of  x,  and  y+k,  instead  of  y,  ihe  result  may  lie  deve* 
loped  in  the  form 

T+«f  A+N*+PA»+8Avt+(R4»+fiAH  &c.  «  0, 

M,  N,  Py  Q,  'R,  S^  &c.  being  quantities  iadep^ndeot  of  k 
and  k. 

This  eqoatbn,  on  accmmt  of  the  given  one^  ^ssQ#  T^juces 
teelfto 

and  assigns  a  *  r^btioo  bel  we^a  ^  and  k. 

If  we  now  make  kzzrh,  it  acquires  A  iactor  k  in  all  its  Uxm$i 
which  being  suppressed*  the  equation  becoqacs 

Though  the  ratio  ir  changes  as  h  dtviaishes^  it  does  not  vanish 
with  that  quantity;  and  we  shall  have,  for  determining  irpn  lh« 
hypothesis  of  A:rO«  the  equation 

The  value  of  ir,  whieh^ results  from  this,  will  be  the  limit  of 
all  the  values  which  that  quantity  can  assume  in  consequence  of 
the  change  of  A ;  it  is,  therefore,  evident,  that  if  we  denote 
this  limit  by  />,  the  equation 

M^NpnO 
will  be  rigorously  exact. 

It  appears  from  ihe  process  just  gone  ihroug(ij  that  the  ex* 
pression  M+Np,  is  the  differential  coefficient  of  the  function 
Vy  taken  on  the  hypothesis  of^  being  a  function  of  tV. 


The  following  example  will  illustrate  ttSti.  Let  the? « 
be  the  equation 

The  eipf  6ssicm  V  Is,  iii  this  tase,  y*— 2^  m  ±  y  +  x* — d' ; 
and  if  wc^  di#er^tiate  it,  tfp^ft  the  gopposiiien  that  y  is  a 
function  of  jr,  and  make  the  result  equal  to  zero>  we  shall 
find 

%rfy  —  2iw  xrfy  —  2mtfdx  +  2jr</x  =  0, 
or,  y  rfy  -  mxdy<^  mydx  +  x^f  x  =s  0        (I), 

if  we  suppress  the  common  factor  2 ;  and  making  Jy=:p  i/x, 
we  have 

(y-  m  x) J?.- my  +  X  =  0,  *^ 

whence 

iw  y  —X 
If-  mx 
To  obtain  /7  in  terms  of  x  alone,  we  must  subsitute  in 
this  expression  the  value  of  y^  deduced  from  the  proposed 
equation,  which  is 

y  =  mx  rfc  i/flV-iw^  +  x*; 
this  gives 

-XJ^m^x±ni^a'^-x'-\-m^x*' 
^  ±Vfl*-x*+«*x* 

*^  X.«tr.  iP*  y 

i=  iw  ±  V'fla-x^  +  mV, 
the  same  result  that  would  have  been  deduced  from  the 
original  equation,  Which  would  haf^  become 

y=  «x  ±  VflTIF+^V^, 
Had  the  variables  first  been  separated* 

89,  The  equation 

('y-inx)/7-»iy  +  x  — 0, 
being  differentiated,  considering  y  znip  as  functions  of  Xj 
leads  tb  die  equation 

(i/y-iwi/x)^  +  (y—  iifx)d/7— i«rfy+rfxz:0. 
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and  if  we  make 

we  find 

an  equation  which  expresses  the  relation  which  the  dif- 
ferential coefficient  of  the  second  order  g,  or  ^-^  (17)>  has 

to  that  of  the  first  order  p.  or  -y^,  and  the  Yariables  x 
/  ■*  ax   * 

and  y. 

"Bj  continuing  to  diflFerentiate  in  the  same  manner,  we 
may  form  the  equation  on  which  the  differential  coefficient 
of  the  third  order  depends  \  and  so  on  for  others. 

d*v 
40.  If  we  take  notice  that  q=^  — \^  and  d^  y  ^  d  {djj)^ 

d  X 

we  shall  perceive  that  the  equation 

(/?-!»);?+  {y^tnx)q^mp+  1=0^ 
is  immediately  deducible  from  the  equation 

ydy-^mxdy^mydx-^xdxzzO         (1), 
by  differentiating  it,  (supposing  dy  to  vdry  as  being  a  func- 
tion of  x),  and  then  dividing  the  whole  by  d  x^.    In  fact, 
by  the  first  operadon,  we  have 

dy  -^-y d^ y-2  m d X d y  -^  m  xd^y^dx^ssO    (2)  ; 
and  by  the  second 

which  equation,  if  we  change  «^  into  p,  and  jJL  into  q, 

d  X  d  X* 

agrees  with  that  before  found  for  the  determination  of  q. 

In  general,  when  we  make  the  quantities  p,  q,  &c/ 

vary,  as  functions  of  x,  we  do  nothing  more  than  take  the 

differentials  of  the  equivalent  expressions  ^,    ^--f ,  8ic« 
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which  diflFerentials  are  respectively  represented  by  — ^  t 
— :^,  &c.     It  iS|  in  short,  the  same  thing  as  considering 

the  quantities  dy,  J^y^  &c.  as  functions  of  x. 

Hie  equation  (1)  id  the  jirst  dtffirential  of  the  proposed 
equation ;  the  equation  (2)  is  the  second  d^erential  oi  itj  &c. 
and  from  the  preceding  remark  it  appears,  that  the  succes" 
stve  differentials  of  any  proposed  primitive  equation  may  be 
deduced  one  from  another  by  successive  differentiation^  regarding 
y,  d  y,  d*  y,  5tfr.  as  functions  of  x. 

We  may  derive  the  equations  which  determine  the  dif- 
ferential coefficients,  either  by  observing  that  these  coeffi- 
cients are  represented  by 

^^      ^^    &c 

or  by  making  dy  =:  pd  x,         d*y  ss  qd  x*,  &c. 

By  these  last  substitutions,  the  differentials  disappear, 
and  there  remain  in  the  results  only  the  functions  /?,  q^  &c. 
absolutely  independent  of  the  value  of  the  increment  d  x. 

41.    The  equation 

/-  2  mxy'¥  *'-  «*=  0,  (1). 

being  of  the  second  degree,  affords  two  values  of  ^,  in  con- 
sequence of  which  the  equation 

(y-'mx)dy-(my^x)d  X  ss  0         (1), 


dy   _  my-x 
or  J      —    ■       .    f 

ax        y-mx 


dx 


idves  for  the  differential  coefficient  ^ ,  two  values  corres- 

^  d  X 

ponding  to  those  of  the  function  y. 

IS,  instead  of  resolving  the  proposed  equation  to  deter- 
mine the  value  of  y,  we  eliminate  that  variable  betweoi 
the  two  equations 


^•j» 
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/- 2»i*y  +  *»--  fl»  =  0, 
(^•'m»)d^'^(my  -  *)rfT=0    (1), 
ftom  the  seeond  ot  tfa«oe  ^ore  fiitd, 

^  dy  —  mdx    * 

iiid  ^BsStutihg  ttds  hi  the  firft,  and  maklAg  the  ptoper 
reductions,  w^  find 
(^•-.fl*-  ,»♦  J*)  d/-{2m  i*-2fif  d*-  ftm*  X*)  rfx  rf>, 
+  (  x»  -  m*  X*  -  fl*  i«»)  rfi*  =  0. 

The  values  o£  d  y  deduced  from  this  equation  are 
the  same  as  those  which  would  be  deduced  bv  diiFeren* 
tiating  those  of  ^ :  dividing  this  equation  by  di^,  we  may 
immediately  deduce  the  values  of  the  differential  coefEcient. 
We  thus  find 

(^•-fl»-.m*  a») 4^  -  ( 2m  x»  -2«  d'-2m^  a»)  ^ , 
dJT  dx 

+  (  x»-  w*  x*-  tf*  i»i»  )  =  0; 

ind  disengaging  tha  second  power  of  the  diflerentbl  co- 
dBcient  from  its  multiplier,  we  have 

ds^  dx  x^—nrJe^-a* 

4^^  It  is  easy  to  apply  the  preceding  method  to  much 
more  complicated  examples,  or  to  those  in  which  the  van* 
ables  rise  to  a  higher  degree. 

Take,  for  instance,  the  equation 

^-3  tf  xy  +  1*  =  0; 
from  which,  by  differentiation,  we  obtain 

%fdy-t  nxdif^Sagdx  +  S  x^  Jjf  !i;  0, 
or  suppressing  the  common  factor  3, 

yrfjr  -*  axd^-ayix  +  x*rfx3=0,        (1), 

iBtA  ddflseqwitcly 

dx        jf'  ^  a  X 


of  an  equation  of  the  third  dejgree^  ought  to  have  three 
values;  and  by  suVstitttting  t];iem  succe^siyely  in  the  ex- 

pression  for  -^ ,  w^  9|i9|iU  9htm  W  Ofiuiiiii^ljber  cf  T3l? 

lues  for  this  differential  coefficient.  We  may  o^senrey  19 
general,  that  this  coefficient  will  hasre  as  many  different 
values,  as  the  function  y  has  in  the  original  equation ;  apd 
the  same  holds  g0Q4  with  regard  to  the  differential  itself. 

If  we  eliminate^  between  the  two  equations 

i/^  dy  -^  a  X  d  If  ^  ay  d  X  -^  r*  d  X  :=:  0.        (1), 

the  result  would  be  an  equation  of  the  third  degree,  with 
respect  to  dy ;  and  it  would  contain^  as  its  roots,  the  three 
values  of  which  that  differential  is  susceptible. 

Having  found  die  ei^pression  for  dy,  or  that  erf  --^ 

d  x* 

d*  X 
we  may  obtain  those  of  d^y,  or  — ^ ,  by  differentiatiagthe 

first  differential  of  the  proposed  equation 

y*  dy-a  X  d y  —  ayd  X  +  r^rfx  =  0,        (1). 
with  respect  to  dy,  y  and  x,  according  to  the  rule  esta* 
blished  in  No.  40.  « 

Perforn^ing  these  operations^,  we  have 
y^d'^y—axd^y  +  Zydy^^adydx—  adxdy+2x4x*ss.O; 
which,  by  reduction,  becomes 
{y'-ax)d  y-ir^y  dy^-  ^adxdy-k-  2  x  dx^  «  0.    (-a). 

This  is  the  second,di^erential  of  the  proposed  equation  ; 
and  if  we  combine  it  with  the  first  differential,  we  can  eli- 
minate dy^  and  the  result  will  give  the  expression  of  J^, 
in  terms  of  x^  dx,  and  y.  ^  From  this  the  function  y  may 
be  eliminated,  if  required,  .by-  means  of*  the  prpppsed 
equation. 
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Dividing  the  eqtiktbn  (9)  by  dx  %  it  takes  the  form 

and  only  contams  the  differential  coefficients  -rA:  and  ,^ . 
^  dx""         dx 

Putting,  instead  of  -J^,  its  value  ^f^^^^ — .deduced  from 
dx  y^'-ax 

equation  (1),  we  have 

and,  reducing  a  common  denominator  * 

(j/'^axy  ^  +  2xy-  6  tfiy+  2aV  +  2^xy  =  0; 

but  the  quantity 

2  x^—  6  a  x*^+  2  a*^, 
is  the  same  with 

^^(y-Stfor^  +  i*), 
which  is  equal  to  zero^  by  the  original  equation,  and  con- 
sequently we  have 

d^y    _  _     2a^  xy 

By  differentiating  equation  (2),  relative  to  d^g^  (fy,  y 

V     and  x,  we  might  derive  the  third  differential  of  the  proposed 

Y  equation,  and  by  eliminating  d'^y  and  dy^  by  means  of  the 

equations  ( 1}  and  (2),  we  might  deduce  the  value  of  dhf\ 

dividing  this  result  by  d  x^,  we  should  have  die  eipression 

for  the  coefficient  -j-^  •     By  continuing  this  process^  wo 

should  arrive  at  the  di£Ferential  coefficients  of  any  order 
whatever. 

43.  The  observation  in  No.  7  J  respecting  the  constants 
which  disappear  by  the  differentiation  of  functions,   is 
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tquatiy  apipKcable  to  equ«t»ons.  If  we  had^  for  eitanatple, 
the  equation  t/^^a  x-Vb,  its  differential  2^  dy^a  d  x,  being 
independent  of  t,  would  equally  belong  to  all  those 
equations,  which  result  from  giving  to  ^  all  possible  yaluet 
in  the  proposed  equation. 

But  we  might  alsoj  in  the  present  case,  arrive  at  an 
equation  independent  of  a^  although  the  differentiation  has 
not  made  this  constant  disappear ;  for  this  purpose  it  is 
sufficient  to  eliminate  a  between  the  two  equations 

y^rzax +6,  znd  ^ydy=adx, 
and  we  should  find 

,y  rf  X  s=  2  xydyt  +  i  d  X. 

Although  this  latter  equation  is  not  die  direct  differen- 
tial of  the  proposed  one ;  it  is,  however,  derived  from  it  in 
such  a  manner,  that,  being  divided  by  dx,  it  expresses  the 
relation  which  ought  to  subsist  between  the  variable  x,  the 

function  tf,  and  the  differential  coefficient  -J^ ,  whatever 

d  X 

be  the  value  of  a. 

If  the  constant  which  we  eliminate /is  above  the  first 
degree  in  the  given  equation,  the  result  at  which  we  arrive 
will  contain  higher  powers  than  the  first  of  dy  atid  di^. 
As  an  example^  let  us  take  the  equation 
y  -  2  a  If  +  x»  =  d*. 
By  differentiating,  we  have 

ydjf  -"  ady  +  xdx  :*0; 
whence 

_ydv  +  xdx 
dy 
and  substituting  this  in  the  proposed  equation,  after  having 
arranged  the  result,  according  to  powers  of  dy,  and  having 
divided  the  whole  by  dx\  we  shall  obtain 

ax'  ax 

G 
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Such  is  the  relation  which  exists  between  the  variable  x, 

the  function  y^  and  its  differential  coefficient  -^  ,    indc- 

o  r 

pendently  of  any  particular  value  of  the  .constant  a. 
By  solving  the  equation 

j^^-2/ij^  +  x^  =  ^% 
with  respect  to  a^  we  deduce 

fl  =  —  ^  ±  V2y*  +  1% 

and  the  quantity  a  being  now,  disengaged  from  the  variables 
X  and  y^  differentiation  alone  will  be  sufficient  to  make  it 
disappear.    Thus  we  arrive  at  , 

By  clearing  this  equation  from  the  radical,  we  may 
convince  ourselves  that  it  is  the  same  as  that  which  results 
from  elimination. 

44.  Any  number  of  constants  may  be  made  to  disap- 
pear by  differentiating  as  many  times  as  there  are  constants 
in  the  equation.    Let 

we  have 

ydy  =  -  m  X  d x\ 

differentiating  again,  we  find, 

yd^y  ^r  dy''  r^  -  tn  d  a\ 

and  substituting  for  m  its  value  —-^y  ^,  derived  from  the 

X  a  X 

preceding  equation,  it  becomes 

dty  dy^  d^y        ^ 

a  result  independent  of  the  constants  a  and  m. 

45.  Differentiation,  combined  with  elimination,  affords 
a  means  of  making  irrational  functions  disappear  from  an 
equation :  take,  for  example, 
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PV=  Q, 

P  and  Q  being  any  functions  of  x  and  y ;  taking  the  difie- 
Tendal  of  this  equation,  there  arises 

nP^'dPzzdQ,  whence  nP'dP^  P d Q, 

and  substituting  for  P*-  its  ralue^  we  obtain 

n^dPz^PdQ, 

in  which  equation  the  quantity  P  is  freed  from  the  expo- 
nent 0. 

We  should  have  arrived  at  the  same  result  by  taking 
the  logarithms  of  each  side  of  the  proposed  equation,  by 
which  means  we  obtain  successively 

nlP^lQ,     and«^=:^(27), 

and  consequently  n  Q  d  P  ss  Pd  Q. 

This  remark  will  assist  us  in  developing,  according  to 
Ae  powers  of  jr,  the  function 

( fl  +  ^  X  +  r  A*  +  ^  a'  +  8u:.)% 
whatever  may  be  the  exponent  n.     For  this  purpose,  let 

(a  +  ^^  +  r  X*  +  &c.  )*  = 
^  +  B  x  +  C  **  +  JD  a'  +  &c. 

and  taking  the  logarithms,  we  have 

« 1  (  tf  +  ^  jf  +  r  «»  +  i/x^  +  f  4*  +  &cO 
=  1(^  +  Bjt  +  Ca*  +  Dx^  +  Ex*  +  &c.) 
By  differentiation,  we  obtain 

n(b  +  2cx  -^  Sdx^  •{•  4i  e  x^  +  Sic.)  d  x 
a  +  *  J?  +  ^  «*  +  i/a'  +  r  a?*  +  &c. 

_  (B4-2CAf-h3i?j*  +  4^Ar^  +  8cc.)  d  x 
A  +  Bx  +  Cx'  +  Da?'  +  £a*  +  &c. 

which,  by  omitting  the  common  factor  dx,  taking  away 
the  denominator,  and  arranging  the  terms  according  to  th^ 
powers  of  x,  becomes 


nbA'^9.ncJx-\'SndAM^^^neAo?  +  &c. 
+  Wi  Bfe  -^2  nc  Bsi*  +  Smd  Bi^  +  8tc- 


B 


+   n  hCx* 

■k-  2  ncCx* 

+  &c. 

+    «  *X>«» 

+.  &c. 

+  2aCx    +   SaDa* 

+    4  a£  x' 

+  &c. 

+      *  J5x   +  23  Ci» 

+   SiJD** 

+  8tc. 

J^      c    B  3^ 

+    «rC*» 

+  &c. 

+     d  B   X* 

+  &c. 

;!^ 


But  since  x  ought  to  remain  incieterminate,  the  two  mem* 
b^8  of  this  equation  must  be  identical*  by  meaiis  of  their 
coe^cientf ;  that  is  to  say,  the  coefficients  of  each  power 
of  X  must  be  respectively  equal  in  each  member*  This 
consideration  already  employed  in  No.  193.  of  the  Elements 
of  Algebra,  furnishes  the  following  equations  : 

nbJ  =:  a  B 

2ncA  -^  nbB  ^^  ^  a  C  ^  h  B 

SndA  +  2ncB  -k-  nbCsz  SaD  +2  6C  -¥  ^  S 
&c. 
whence  the  values  of  the  coefficients  B,  C,  D,  &c.  may  be 
deduced:  the  coefficient^ apparently  remains  indeterminate; 
it  may,  however,  be  found  by  making  ;cs=0,  in  the  equation 

(  fl  +  to  +  r  x^+  &c.  )*  =^  -rf  +  -B  *  +  Cat*  .+  &c. 
which  in  thi^  case  is  reduced  to 
d"  -=.  A. 

Substituting  this  expression  in  the  preceding  equations,  we 
have  , 

B-1a^'b 
1 

J  • « 

1.1  1  •  «•  3 

&c. 


whence,    (fl  +  *x  +  i-«='  +  rf«^+ &«•)*  = 
1  C  1.3  J 

+    &c. 

46.  The  tnm9cc»ideM6  winch  occur  ia  ttn  eqoitioo^ 
may  also  be  made  to  disappear  by  combining  it  with  its  dif*> 
ferentlals.     One  of  the  most  rimple  of  tltese  functions  is 

If  we  represent  its  developement  by 

A  +  Bx+Cx^  -^-Di^ +  iic. 

and  difierentiate  the  equation 

l{a  -{•  Bx^c  x"  -{•  &c.)  =  A  +  Bx  +  C«*  +  &c. 
we  shall  obtain 

a  +  bx-^cx^+da^  +  &c. 

and  we  may  detennine  the  coefficients  Jl,  B^  C,  &c.  in  the 
usual  manner. 

As  another  example,  take 

sin  (a-^b  x+f  a*  +  &cO=-rf  +  C  *+Cx*+  &c. 
and  for  the  sake  of  breyityp  putting 

a+hx-^cx*  +  rf*^+  &c.  =  », 
^+Bx+  C«^+  I>a»  4-  &c.  zzy, 
we  havey=sin  u ;  and,  by  differentiation,  it1>ecomes  di/ws 
d  u  cos  u.  We  may  eliminate  cos  u  by  means  of  the  equa- 
ticMi,  cos  u  =  ^^l  —(sin  «)*»  which  gives  cos  i/  =  V^l— jy*, 
and  we  should  then  have  dy  =  du  \^i  «1  «*»  ^^^  ^'^^  radical 
must  be  made  to  disappear  from  this  equation.  To  avoid 
this  inconvenience,  we  must  differentiate  the  equation  ^^=: 
d  u  cos  2/,  a  second  time ;  and  observing  that  m  is  a  Atnctioa 
of  or,  as  well  as  of  y,  we  have 
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i^y  s  J^u  COS  u  --  i^  iixku^ 

and  putting  for  sin  u  and  cos  u^  their  values  y  and^  ,  we 

have 

d^yz^^d^u  -^  ydu^i  ox  d  u  d*y-  dyd^u-^-ydi^ssO^ 
d  u 

Nothing  now  remains^  but  to  substitute  for  j^^  dy^  d^y^ 
d  «,  d^Ui  and  di^^  their  respective  values ;  but  the  equa- 
tion   . 

gives 

d'-y-{2  C  +  2.3  Dx  +  &c.)rfa*. 

To  avoid  the  trouble  of  very  complicated  calculations, 
let  the  function  be  reduced  to  An  (a-\-bx-\'C  x\  by  making 
d,  e^  &c.  =  0.     In  this  particular  case^ 

duz^{b'{'2cx)dx, 

d*uzz  2cdk^^ 

By  substituting  these  values^  the  equation 

du  i^y-'dy  d^u+ydu^  =  0, 

becomes  divisible  by  dx^,  and  arranging  it  according  to  the 

powers  of  x,  it  takes  the  following  form : 

SiC+6*D«+12*-Bjr^+&c. 

+4icCx+l2cDx^+&c. 

+  S^A  +S  b^  cA  x+\2  b  c'A  «H&c.      >  =  0. 

+y^  C  «»+&c. 
-  2rJ5-4rCj:-6^D**-  &c. 
and  making  the  coefficient  of  each  power  of  x  equal  to  zero^ 
we  have  equations  for  determining  C,  D^  E,  &c«  With 
regard  to  the  values  of  A  and  B,  we  must  recur  to  the 
equations 

^ssin  u^  and  --^  =  cos  u, 
du 

When  jpzrO,  we  have 

u:i:a^  yzzAf  duzzbdx,  dy  zz  B  d  x  \ 
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and  from  these  ralues  we  get 

^=8in  ff,         jB=*  cos  a.* 


On  the  Investigation  of  the  Maxima  and  Minima 
of  Functions  of  one  yariahle. 

47.  The  investigadon  of  the  greatest  and  least  values 
of  which  a  given  fanction  admits,  forms  one  of  the  most 
important  analytical  applications  of  the  DiiFerential  Calcu* 
lus.  It  rests  on  the  following  principles. 

When  the  variable  on  which  any  proposed  function 
depends,  passes  successively  through  all  degrees  of  magni- 
tude^ the  different  values  of  this  function  may  form,  at 
first,  an  increasing,  and  then  a  decreasing  series.  In  this 
case  one  of  these  values  must  be  greater  than  any  of  the 
others.  If,  on  the  contrary,  the  values  of  the  proposed 
function  form,  at  first,  a  decreasing,  and  ^ftenvards  an  in- 
creasing series,  there  must  necessarily  occur  one  which  is 
less  than  any  of  the  others.  That  value  at  which  the  in- 
crease of  the  function  ends,  is  called  the  Maximum^  and 
that  at  which  the  diminution  ends,  and  the  increase  begins^ 
is  called  the  Minimum, 

Take,  for  example,  the  function^  =  *  —  ( jr—  a)'.  In 
this  equation,  when  jr=0,  we  have^=6  -  0%  and  the  quan- 
tity {x  —  of  decreasing  as  x  increases,  y  is  also  increased 
until  we  have  xzz  a^  when  ^s=  ^,  which  is  a  maximum  va* 
lue ;  but  beyond  this  term,  although  x  be  increased,  y  di- 
minishes, and  becomes  nothing,  when  {x—ay=zb.  The 
progress  of  the  proposed  function  is  easily  traced,  and  it 
may  readily  be  shewn,  that  the  greatest  value  of  ^  corres- 
ponds tox  zsa\  by  substituting  successively  a+  i  and  a-i^ 
instead  of  dr,  we  find,  in  both  cases,  y=.b^^,  or  always 
less  than  t. 

*  See  Note  E. 
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Again,  let  y  =:  ^+(x  -  a)\  In  this  example,  if  x  he  equal 
to  nothing,  then  ^:;:A-f  «^;  afterwards,  whilst  x  increases, 
the  quantity  (x— ^)^  diminishes,  as  well  as  ^,  until  «r  =  0  ; 
after  this  {x  ^  a)^  increases,  and  also  ^,  whose  minimum 
value  consequently  corresponds  to  the  supposition  x=x«. 
This  may  be  easily  verified  by  substituting  a+^  and  ^  —  >, 
instead  of  i*:  since  we  find  in  both  cases  ^a3-f  ^,  which 
ig  always  greater  than  b. 

Every  functioa  which  increases  or  decreases  continually, 
whilat  the  variaUe  on  which  it  depends  increases,  admits 
neither  of  a  maximum  nor  a  minimum^  since  each  succeed* 
ing  value  is  always  greater  or  less  than  the  preceding. 

Jiu  issentuU  characUr  of  0  maximum  sotuisU  in  ks  being 
jgreaUr  tham  both  the  valms  faUch  immediaU^  precede  and 
fUlev^  it  I  iJwt  of  a  minimiim,  on  the  contrary^  eomists  in  its 
being  lees  than  both  these  values^. 

It  ia  necessary  to  sty  immediateAf^  because  it  frequently 
happens,  that  a  function  admits  of  values  whidi  surpass 
ks  maximum,  or  which  are  less  than  its  minimum,  or  that 
k  admits  of  several  maxima,  or  several  mimnui»  of  unequal 
magnitudes :  and  this  is  not  very  difficult  to  conceive ;  for 
if,  for  example,  the  function,  after  having  increased  and 
then  diminished,  should  again  increase  indefinitely,  it  would 
at  length  exceed  the  maximum^  which  it  had  before  at- 
tained. 

[f  this  second  increase,  instead  of  being  indefinite, 
should  cease  at  a  certain  point,  a  new  maximum  would 
arise,  which  nright  be  different  from  the  former.  It  is  easy 
to  perceive  what  would  take  place  were  these  changes  re^ 
peated,  and  varied,  in  their  respective  extent. 

We  will  now  proceed  to  state  the  method* of  discover- 
ing the  maxima  and  minima  of  functions  of  one  variable. 

48.  Let;^  be  any  function  whatever  of  jt,  in  which  this 
variable  has  attained  that  value  which  makes  it  a  maximum, 
or  a  minimum :  from  what  has  been  already  observed,  it  . 
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follows,  that  if  V9  ei^amine  tbe.  values  of  y  corresponding 
to  4P— A,  and  «+A,  we  ought,  (however  small  the  quantity 
h  may  be),  to  obtsiin  results  less  dian  the  maximum^  or 
greater  than  the  minimum.  Denoting,  by  ,^  the  value  of  y, 
'  which  corresponds  to  x—h,  and  byy  that  which  corres- 
ponds to  x-l-A,  we  shall  have,  by  TayWs  theorem  (£1) 

The  powers  of  a  quantity  less  than  unity,  becoming  so  - 
nodi  the  smaller  as  the  exponent  is  increased,  it  is  easy  to 
perceive  that  it  is  always  possible  to  assume  h  so  small, 

that  the  term  ~  A  m^y  exceed  the  stim   of  all  those 
d  X 

which  foHow  it ;  and  since  this  term  enters  into  the  values 

of  ,y  and  y,  with  different  signs,  it  follows  that  one  of 

these  quantities  must  be  greater  than  y,  and  the  other  less  i 

consequently  the  .proposed  function  cannot  be  a  maximum 

or  a  minimum,  unless  j^  be  equal  to  nothing.*    But  if  this 
ax 

coefficient  vanishes,  we  must  have,  in  that  case, 


*  If  there  is  any  doubt  concerning  this  assertion,  it  will  be 
sufficient,  for  the  purpose  of  showing  its  accuracy,  to  observe, 
that  a  series  of  the  form 

may  be  pot  into  this  form  : 

and  that  the  part 

vanishes  when  /<=0;  it  may  consequently  become  less  than  the 
quantity  A,  whose  value  remains  the  same,  whatever  be  the 
value  of  L 
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,y  and  y  are  both  greater,  or  both  less,  than  y,  according 

d^y  . 
as  the  value  of  the  coefficient  -j^  is  positive  or  negative : 

in  the  first  case  y  is  a  minimum,  and  in  the  second  a  OTATf* 

mum.    From  this  it  follows,  that  the ,  voAwf  of  x,  tMch  is 

necessary  tdf  make  a  function  y  a  maximum,  or  a  infaiudlum, 

(for  they  are  both  given  by  the  same  equation),  is  that 

d  V 
Vilnch  Hohen  substituted  in  the  differential  coefficient  j-^,  vtiU 

make  it  equal  to  nothing. 

In  the  example  y^b-^  {xr-df^  considered  adx>ve,  we 

have  -J(-  =  —  2  (x-ii);  and  equating  this  to  «ero,  we 
dx 

have  X  zza.    To  discover  whether  this  value  relates  to  a 

maximum  or  a  minimum^  we  must  examine  the  value  .of 

d^u 

-  ^•^;  and  since  this  i$  reduced  to  —2,  a  negative  quantity, 

we  may  conclude  that  the  value  x  -n  a  gives  a  maximum 
value  of  y. 

Treating  the  function 

y=*  +  (x-tf)% 

in  the  same  manner,  we  find  x  tsa\  but  in  this  case  -3-^ 

a  XT 

will  be  a  positive  quantity:    this  value  of  r,  therefore^ 
must,  in  the  case  before  us,  correspond  to  a  minimum. 

49.  We  must  not,  however,  conclude,  because  --^=0, 

d  X 

in  the  case  of  a  maximum  or  a  minimum^  that  the  one  o 

the  other  must  necessarily  take  place,  whenever  this  condi> 

tion  is  fulfilled.     In  fact,  if  the  value  of  or,  which  makea 
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■^-  equal  to  zero,  cause*,  at  die  same  time,  -p^  to  vanish, 
•  X  ax 

and  not  J^  ,  «mce,  in  that  case,  we  should  have 

and  since,  by  assigning  a  suitable  value  to  A,  the  term 
.-^  -..^;i —  may  be  made  to  surpass  all  those  which  fol- 

\om  it»  there  will  no  longer  exist  between  the  quandties 
iSy  y*  y>  ^^  arrangement  of  magnitudes  which  agrees  with 
a  maximum  or  a  minimum ;  the  middle  term  being  greater 
than  one  of  the  extremes,  and  less  than  the  other :  as  we 
may  observe  in  the  function  y  =  ^  +  (x  -  of. 

Bat  if  the  same  yalue'of  x  causes  — —  to  Tonish.  we 

d  x^ 

hare 

^       -^  ^   i/:t*  I.2.3.*   ^ 

in  which  the  conditions  relative  to  the  maximum  and  mini-' 
mum  would  be  again  fulfilled;  and  we  may  discover  from  the 

sign  of  ~JL  which  of  the  two  takes  place.    In  this  man* 

ner  we  shall  find  that  the  value  x^a  gives  a  maximum  for  ' 
the  function  ^  r:  *  —  («- ar)*,  and  a  minimum  fory  =  *  + 
[a  -  xy. 

Without  carrying  these  considerations  any  farther,  we 
may  readily  perceive,  that  a  maximum  or  a  minimum  can 
only  take  place  when  the  first  of  the  difierential  coefficients, 
which  does  not  vanish,  is  of  an  even  order,  this  coefficient 
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being  negative  in  the  case  of  a  maximum,  and  positiTt  ift 
the  case  of  a  minimum. 

As  we  shall  have  occasion  to  return  to  this  subject,  when 
we  consider  the  theory  of  curves,  a  few  applications  will  bfc 
sufficient  for  the  present. 

50.  Suppose  that  It  was  required  to  divide  a  quafgtiiy 
into  two  such  parts i  that  the  mth  pvwer  efthe  one  multiplied  hf 
the  vdh  poiver  tf  the  otker^  may  he  greater  than  any  other 
similar  product  formed  of  the  parts  of  the  same  quantity.    . 

If  j:  be  one  of  the  parts  of  the  quantity  4,  the  oth^ 
will  he  a^Xf  and  the  product,  whose  maximum  we  seek» 
being  represented  by  y,  we  shall  have  jf  s  x"*  (0 — •r)^,  whenot 
we  deduce 

d  X 
:=:  [th  a  -  m  X  —  n  x']  i^"*  (  a  —  «)«"* ; 
and  making  each  of  these  factors  equal  to  zero,  we  shall  find . 

ma        '       ^ 

X  =         ■       ,    X  as  0|    X  =  /I. 

m+  n 

The  first  of  these  values  corresponds  to  a  maximum  i 

for  when  we  substitute  it  in  the  general  expression  for 

d*  y 

-j-^,  it  gives  the  negative  quantity 

the  two  others  correspond  to  minima,  when  m  and  n  are 
even,  as  we  may  readily  see,  if  we  examine  the  difierential 
coefficients ;  or  more  simply,  if  we  make  x  ^  ±Lh  and 
X  =/i  ±  h.  We  shall  constantly  find  a  positive  result  in 
'  both  cases,  whatever  be  the  sign  of  the  quantity  h .-  this 
shews  that  the  proposed  function,  after  having  decreased 
to  zero,  does  not  then  become  negative,  but  immediately 
begins  to  increase. 
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51;   Let  us  conaider  tfaa.fiuictioii  xienoted  by  ^  in  the 
equation 

whose  diflFerential  is 

(jr  -  mj?)£/y-(«y  -  *)d*  ss  0,    (88) 
whence  ^ 

dx      ^—  mx 
from  which  we  have 

mtf  -  jr  =  0. 

In  order  to  obtain  the  value  of  x^  we  must  combine 
this  equation  with  the  one  proposed ;  by  this  means  we 
get 

m      nr 
from  which  there  results  • 

ma  a  ,  * 

We  must  now  examine  the  value  of  the'differential  co- 
eficient  --4.  The  second  differential  of  the  proposed 
equation  gives  the  follonving  one  : 

and  if  we  make  -Jf  ss  0,  it  becomes 
dx 

(y-mx)  j^i  +  1«0, 
whence  we  deduce,  by  putting  £ar  jr  its  value,  in  terms  of  x, 

dx"        x{\^m*y 
we  must  now  substitute  the  value  of  Xj  and  we  have 
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^« 


1 


this  result  being  s^Bgative^  shows  tb»t  the  yalue  of  ^»  which 
has  just  been  determined,  is  »  maximum. 


Of  the  Values  of  DifferevUial  Coefficients  in  cer^ 
tcdn  Circumstances,  and  of  Expressions  which 
become  |  . 
52.  If  we  enquire  iato  the  value  of  the  ptajcimam  or  the 

minimum  of  the  function  ay-zz.  ^d^  x^  -  a%  we  easily  de- 

d  y        fl*x  —  2x^  1       1.  ^.« 

duce  tf  — ^  =:  ~  $  and  making  x  =0.  it  becomes 

With  a  little  attention^  howererj  we  may  perceive  that 
the  numerator  and  denominator  of  the  fraction  — =s=s=. 

vanish  at  the  same  time,  only  because  they  are  multiplied 
by  the  common  factor  x.    If  we  free  them  from  this  fac- 
tor, we  shall  have  a  r~  =        ■         ,  and  consequently 
dx         V^fl«-r» 

iS^as *db  1,  when  X  =  O, 
ax 

Cenerally,  when  we  make  xsa,  in  an  expression  of  the 

form  ^^  ^^,1  it  becomes  I-  i  nevertheless  its  real  value 

h  either  nothing,  or  finite,  or  infinite,  according  as  m>  ft, 
mesH,  or  m  <ii;  for  by  suppressing  the  factors  common 

P(x-flr-* 


to  the  numerator  and  denominator,  we  .have- 

P  P 

in  the  first  case  j  --^  in  the  second,  and 


c 


in  the  third  ;  it  being  understood,  that  the  quantities  Pand 
Q  neither  become  evanescent  nor  infinite  by  the  supposition 
efxsza. 
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Wltenerer^  therefore,  an  expression  presents  itself 
vm^tr  the  form  I,  we  most,  in  order  to  discover. its  real 
Talue,  <tisengage  it  from  the  factors  which  are  common  to 
its  numerator  and  Nominator;  diflerentiation  will  furnish 
us  with  the  means  by  which  this  may  be  effected. 

The  difierential  of  die  expression  P  (  x  -  a ),  in  which 
P  denotes  any  function  of  x  which  does  not  involve  the  fac- 
tor X  — fl,  being 

(  x-a)dP'{'Pdx, 

will  not  vanish  when  X:=:a. 

'  If  we  differentiate  twice  in  succession  the  function 
P  {x  —  a)%  we  should  find 

( x^df  dP  +  2{x^a)Pdx, 

and  sinc^  P  does  not  contain  x^^a,  the  second  differendal 
is  reduced  to  its  last  term.  By  pursuing  this  method,  we 
may  easily  prove  that  all  the  differentials  of  an  expression 
of  the  form  of  P(  x—a  )"•  as  far  as  the  order  «—  1  inclu- 
sively, vanish  on  the  supposition  of  xsa,  whenever  in  is 
a  whole  number,  and  that  the  inth  differential  will  ^be  re- 
duced to  1. 2.  3  ...  m  PdxT :  the  factor  (x  —  /i)^  would 
disappear  therefore,  on  this  hypothesis,  after  m  differen- 
tiations. 

It  is  not  necessary  that  we  should  know  the  value  of 
the  exponent  to;  neither  is  it  necessary  that  the  factor 
(:p— a)r  should  be  apparent,  in  order  to  know  when  the 
expression  P(  x- «  )*  is  freed  frdnl  it;  it  is  sufficient  to 
try  after  each  differentiation,  whether  the  result  vanishes 
or  not,  when  a  is  put  for  x :.  in  the  latter  case  the  opera- 
.tion  is  completed,  and  the  result  we  have  found  represents 
the  quantity  1.2  •••  m  Pdx^.  For  example,  take  the 
function  x'  -  ^  j*-  a*  j:  +«',  which  vanishes  by  the  suppo- 
sidon  of  xzna;  its  first  differencial  vanishes  on  the  same 
hypothesis,  but  its  second  differential,  which  is  (6  x  —  9,a)dx^ 
does  not  vanish*    It  is,  therefore,  freed  from  the  factor 
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(  jtv-a)';  tnd  dnce  two  differenttaticms  wevQ  necessary  for 
that  purpose^  we  conclude,  th^t  il  is  of  t)ie  form  PQx-  a)% 
which  ma^be  easily  ascerfiaihed  by  other  means ;  for 

This  being  premised,  if  i{i  the  case  of  m  =  fiwe  dif- 
ferentiate both  the  numerator  and  denominator  of  the  frac- 
tion -^ — ^^^^^— f  t  ^  times  successively,  they  will  be  disen- 

gaged  from  the  factor  x—  a  $  for  we  have,   when  x  =  a 
d'^.P(x-aT   _    1.2.8  ...  mPdx^   _   P 
rf-Q(x-tfr         1.2.3  ...wQJx*     ""g* 

If  it  is  the  numerator  which  first  affords  a  result  which 
does  not  vanish,  it  is  a  proof  that  the  factor  r-^ais  raised 
to  a  higher  power  in  the  denominatdr;  and  consequently 
tbaX  the  proposed  f)raction  is  infinite ;  if,  on  the  contrary^ 
the  denominator  first  affords  a  result,  which  does  not  va- 
nish* tji^e  proposed  fraction  is  nothings  The  rule  may, 
therefore,  be  tlius  enunciated.  To  ohtain  the  true  value  of  a 
function  which  become^  -f,  when  we  assign  to  x  some  f articular 
yalue^  we  must  differentiate  the  numerator  and  the  denominatorp 
until  we  find  for  one  or  for  the  other  a.  result  which  does  net 
vanish :  the  proposed  fttnctian  will  be  irfimte  in  the  first  case^ 
and  zero  in  the  second  ;  and  ifwefind^  at  the  same  time^  two 
results  which  do  not  vanish^  it  will  have  a  finite  value, 

A  few  examples  will  render  this  sufficiently  clear. 

J*  — 1 
53.  Ist.  The  formula  -  ■  ■  ■    which  expresses  the  sun^ 

of  the  n  first  terms  of  the  geometrical  series  1,  r,  x*,  x*,  &c. 
becomes  |,  when  x  =  1 ;  the  sum,  however,  of  the  series, 
in  this  case,  has  a  determinate  value,  and  is  equal  to  m,  as 
we  shall  •  also  find  from  the  preceding  rule.  In  fact,  by  dif- 
ferentiating the  numerator  and  denominator  of  the  expres« 

^on  -i ^  we  find -; ,  and  putting  unity  for  x, 

X  — 1  «x 

it  becomes  equal  to  n. 


DIFFERENTIAL  CALCULUS.  65 


flX*— 2  acx'^a  c^ 


2d.  The  real  value  of  ,  ,''',  ^^,  ^,  in  the  case 
of  xssr^  can  only  be  obtained  after  two  difierentiations ;  for 
the  first  gives    — ^^4~>  *  result  which  becomes  -f,  when 

x^c\  but  by  difierentiating  again,  it  becomes  ^  . 

o 

3d.  If  we  enquire  mto  the  value  of j j 1 

nrfien  x=tf|  we  shall  find,  after  one  differentiation  of  the 
numerator  and  the  denominator,  that  the  former  alone  be- 
comes equal  to  nothing,  when  we  put  a  in  the  place  of  x ; 
from  which  we  learn,  that  the  value  of  the  proposed  func* 
tibn  is  zero.    The  contrary  would  be  the  case,  for  the 

function 

fl  x-x* ■ 

fl*-2fl*x+2flx'-a*' 
4th.   Although  we  do  not  immediately  see  how  it  is 

tal  function     n.-  .  which  becomes  I ,   when  x  s  0,  we 

X 

may  nevertheless  apply  the  rule  to  it,  and  after  having 
differentiated  its  numerator  and  denominator,  we  find 
tf\a  --Iflb:  and  putting  0  for  x,  we  have  1^  —  1^, 
which  is  its  true  value. 

This  result  might  be  immediately  obtained  by  substi- 
tuting the  developement  of  the  functions  ef  and  ¥:  for, 
there  thence  arises 

X  1,2. 

«ad  the  supposition  of  x=:0  reduces  the  second  member  of 
the  equation  to  its  first  term.  We  may  remark  in  this 
opentioDf  that  tiie  factor  x  has  disappeared  by  division* 
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SA.  The  iFunction  ^'-'^^T'*"^^'^    is  educed  to  5, 

when  the  arc  js  ^;  hut  hy  applying  the  rule  to  ft,  we 

shall  find,  that  its  true  value  is  in  that  case  K 

6th.  The  reader  may  exercise  himself  on  the  functions 

the  foitner  becomes  -f,  when  xzza,  and  the  latter  when 
xzil:  their  real  vflltfes  are  respectively  —1  and  ~2. 

54.  The  rule  in  No.  52.  would  not  be  applicable  to  those 
cases,  where  the  factors  are  raised  to  fractional  powers ;  for 
since  the  successive  differentiations  only  abstract  units 
from  the  exponent  iw  of  the  factor  x  -  tf,  they  can  never 
exhaust  that  exponent  when  it  is  a  fraction :  it  will  only 
become  negative  when  die  number  of  differentiations  sur- 
passes the  greatest  whole  number  which  it  contains  (IS). 

fa*— fl*)!- 
If  we  had,  for  example,  ^ r/  ,    although   the  true 

(x— «)« 

value  of  this  fraction,  when  x=:a,  is  (  2  «)^,  we  should  ne- 
ver arrive  at  it  by  diferentiation :  we  should  find,  succes- 
sively, 

3x(a:*-g*)^ 

the  first  of  tnese  results  becomes  -3,  when  x:na,  and  Ae 
same  supposition  renders  infinite  the  numerators  and  deno- 
minators of  all  those  which  follow.  If  we  make  the  nega- 
tive exponents  disappear  by  transferring  into  the  denomi- 
nator those  which  appear  in  the  numerator,  and  vice  vers&^ 
the  new  egressions  which  result  from  this  change  will  aU 
reduce  themselves  to  | . 


M^  This  diflkuHi  ff^ults  from  Uie  differential  not 
bttiig  of  tbe  form  f4  Xf  in  the  case  m  w)iich  a  particular 
Talue  of  or  causes  an  lyratioaal  murt  of  the  function  to  dis- 
appear.  

If  we  had,  for  e^aniple,  gzzb  +  x/x—a,  and  if  we 
wished,  when  x:=ia,  to  find  the  consecutive  value  of  ^,  we 
must  put  a  +  J  JTi  in  the  place  of  x,  and  there  arises 

and  the  difference  will  be 

It  is  reduced  to  the  single  term  dx^,  which  is  consequently, 
the  differential  relative  to  this  case :  from  this  we  deduce 

dx  dx  dx^^ 

an  expression  whose  denominator  alone  vanishes  when 
if  x:=0,  and  from  which  it  results,  that  the  differential  co- 
efficient -j^  is  infinite  for  the  particular  value  of  xs^. 

In  the  sequel  the  consideratioq  of  curves  will  explain 
«ore  clearly  this  species  of  paradox.* 

S6.  The  following  method  is  general,  exceedingly  sim- 
ple, smd  comprehends  also  the  rule  in  No.  52.  It  was 
only  reserved  for  this  place,  because  the  preceding  coorf- 
derations  seemed  better  calculated  to  explain  the  nature 
and  diflkulties  of  the  subject. 

Let  -she  a  function  whose  numerator  and  denbmina- 

tor  become  evanescent,  when  x^^ay  substituting  0 + A  for 
Sf  the  functions  JTand  JT'  oasy  be  developed  in  ascen£ng 
series  of  the  form 

that  is  to  say,  in  which  the  exponents  fp,  0,  &c.  coqtiune 
*  See  Kote  (F). 
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increasing,  and  are  positive ;  since  these  ^ries  ought  to 
vanish  on  the  hypothesis  of  A  =:  0,  which  corresponds  t» 
that  oixssa:  we  shall  have,  therefore,  - 

^A*-!-  J  A^-f  &c. 

^^•'+^A^  +  &c. 

instead  of  the  proposed  fraction.  If,  in  this. result,  we 
suppose  AssO,  we  ought  to  have  the  value  which  the  func- 

tion  —  assumes,  when  we  change  x  into  a ;  and  although 

it  appears  at  first,  that  it  would,  in  that  case,  reduce  itself 
to  I ,  we  shall  presently  see  that  it  has  always  a  determi- 
nate value. 

Distinguishing  the  three  cases  of  a  >  » ,  «  s  »',  and 
a  <  » ,  we  may,  in  the  two  first  cases,  write  the  expression 
tlius: 

^'+  B'a'^'"''*'  +  &c. 

Under  this  form  it  is  easy  to  perceive,  that  as  long  as 
a  is  greater  than  a,  the  supposition  of  hszO  will  make  the 
fraction  equal  to  nothing,  and  that  it  will  be  reduced  to 

-^, ,  when  a=a'.     In  the  third  case,  on  the  contrary,  when 

a  <  » ,  we  have 

A+  Bh^^""  +  &c, 


Ah^^'^^Vh'^''''  +  &c. 

and  this  result  becomes  infinite,  by  die  supposition  of 
Ar=0.  In  all  cases,  the  true  value  depends  on  the  first 
term  alone  of  each  series. 

The  following  rule  extends  to  all  functions  which  can 
present  themselves  under  the  indeterminate  form  \  .  Taii 
the  first  term  of  each  of  the  series  ivhich  express  the  develepemen0 
of  the  numerator  and  denominator^  when  xzza  +  h ;  reduce  the 
restating  fraction  to  its  most  single  form,  and  then  mah  h^o : 
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1^  result  thus  dtained  mil  be  the  value  of  the  proposed  frae^ 

tion,  when  xssa.  '. 

I  a 

The  fraction  i£-ZLfi-  ,   whose  value  we  could  not 

find  by  differentiation,  when  xs:  a{54i),  becomes  by  this 
method 

(2^A+£F=(2a+A)-, 
when  X  is  changed  into  x  +  h;  making  A  as  0,  we  obtain  its 

3 

true  value  {2  a}^  , 

The  same  method  will  be  sometimes  more  convenient 
thad  differentiation,  even  when  that  process  is  applicable. 
For  example,  it  requires  four  successive  differentiations  of 
the  numerator  and  denominator  of  the  fraction 

x*'^4fax^  +  7a*x-2a^-2a*V2aX''a*^ 

to  arrive  at  its  true  value,  in  the  case  of  xzza. 

Writing  /i +A,  instead  of  j:,  as  the  rule  directs^  it 
becomes  ' 

-2fl'  +  A*  +  2fl>v/fl*  -  h' 
and  reducing  the  radicals  into  series,  we  shall  have 


h^      .     A^  5A* 

i 


Va^^^ah=a^h^^  +    5T*   ""  t^  "*■  *''• 


The  substitution  of  these  two  series  in  the  preceding  fraction 
will  give  —  5  fl  for  the  true  value  required. 

67.  A  function  may  present  itself  under  several  inde- 
terminate forms,  apparently  different  from  that  of  | :  it  i» 
proper  to  be  acquainted  with  these  forms,  whidi  will  be 
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founds  upoa  esamina^cioa^  to  be  ideotiGal  widi  <he  atm 

preceding. 

ir 
l8t.  The  numenitor  and  denotnimitor  of  the  fraction  -- 

may  become  infinite  at  the  eame  time  i  but  this  fraction  being 
written  thus :  *]p  >  is  reduced  to  the  form  |»    when  X 

and  JT  are  infinite. 

fid.  We  may  sometimes  meet  with  a  product  composed 
of  two  factors^  one  infinite,  and  the  other  nothing.  Let 
P  Q  be  a  product  of  this  kind,  in  which  the  supposition  of 

z 

xzza  gires  P  =  0,  Q  =:  -  }  we  may  write  it  thus :  F  Q 
^  1  y  and  since  ^  =:  0,  we  have 


PQ=%*' 


*  The  method  of  No.  56.  presents  some  difficultie«»  when  it 
is  required  to  apply  it  to  dificrential  coffficients^  given  by  an 
equation,  in  which  the  Tariabies  x  and  y  are  raized.  We  must 
bare  recourse  to  particular  artifices  for  deducing  from  the  pro- 
posed primitiTe  equation,  a  yaloe  of  jr,  developed  and  arrasged 
according  to  the  powers  of  A.  (See  the  larger  Treatise  on  the 
Differential  and  Integral  Calculus.) 

When,  however,  the  equation  is  finea  from  radicals,  we  may 

arrire  at  the  true  value  of  ^^  ^  by  the  ccmsiderafions  indicated 

in  the  note  at  pa^  41. 

In  fiw:t,  the  equation  ifcf +i^p=0,  grvingpa:  —  -- ,  leads  to 

p  as  |,  when  the  quantities  JIf  and  N  vaaii^  together  s  but  in 
this  case,  the  complete  developetteat,  from  which  the  eqaaftiaa 
isditdocad^ie 
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Ix 
M.  IF  we  wish  to  obtain  the  niM  of  Ae  fimctioii— » 

jr 

when  X  is  infinite^  or,  what  amounts  to  the  same  thing,  to 
obtain  its  limit,  we  shaU  not  be  able  to  obtain  it  by  any  of 
the  methods  we  have  just  employed,  on  account  of  die 
impossibility  of  reducing  a:  to  a  sieries  of  die  required  form ; 
we  musty  therefore,  have  recourse  to  some  consideraliona 
peculiar  to  the  nature  of  the  proposed  function  1  x» 

Changii^  x  into  n,  and  s  into  X|  in  the  deTek|»emeiXt 
of  «*  (24)5  we  find 

whence  we  conclude  that 

I  „  1  i? 

1  1.2  l.«.S 


\x  \.2  1.«.8 


Mh+Nw  h  +PA»+a  IT  h^+R  irV**+S  A»  +  &c.=0; 
which,  in  this  case,  becomes 

P  A*+fi  ir  h*+R  *»  A»+S  hl^+kc.  =  0, 
and  is  divisible  by  A»:^  by  taking  the  limits,  making  ^=0,  and 
changing  ir  into  p,  we  have 

P+ftp  +  fip^=0; 
and,  in  this  case,  we  find  two  values  of />. 

If  the  values  of  jr  and  ^,  which  make  the  quantities  M  and  N 
disappear,'  likewise  annihilate  the  quantities  P,  fi,  Rj  we  most 
have  Yecourse  to  those  tei*ms,  in  Which  the  increment  h  rises  to 
the  third -power,  in  order  to  obtain  jp,  which  will  then  have 
three  values.  We  shall  afterwards  have  occasion  to  observe, 
in  what  manner  the  quantities  P, »,  R,  &c.  which  we  may  calcu- 
late, a  prion,  by  making  the  substitution  indicated  in  the  note, 
page  41,  may  also  be  formed  by  differentiation. 
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a  quantity  which  approximates  towards  zero,  in  propor- 
tion as  X  augments,  unless  n  is  incomparably  smaller  than 

59.     An  equation  FzzO,  which  his  n  equal  roots,  is  of 
die  form 

r=P(x-fl)«=0, 
the  factor  P  containing  the  unequal  roots;  and  it  follows, 
from  what  has  been  said,  in  No.  52,  that  all  the  difieren- 

tial  coefficients  -—  ,   -— ,  as  far  as-;-— — r-   inclusively. 
ax     J  x'^  rfa*""*  ' 

vanish  by  the  supposition  of  x  =  a,  smce  they  all  contain 
the  factor  x— n.     The  equations 

*-_ o.  ^  _o,  -^_  .  0, ...  — —^ _o, 

Moll,  therefore,  all  hold  good  at  the  same  time ;  and  if  we 
seek  the  factor  common  to  the  first  and  second  equations, 
which  are  respectively 

P(x-fl)-=0,       ^(x-«)»  +  ni»(x-tf)— 1=0, 

*  OX 

it  is  evident  that  we  shall  find  (  t  -  a  )*  -  ^ 

We  may  easily  recognise  the  equations   — -    =  0, 

dx 

-j-^  =  0,  &c.  as  precisely  the  same  with  those  denoted  by 

(^,  (B),  &c.  in  No.  205.  of  the  Elements  of  Algebra. 

These  considerations  may  be  easily  applied  to  the  case 
in  which  the  proposed  equation  contains  several  sets  of 
equal  roots ;  that  is  to  say,  when  it  is  of  the  form 

for  by  differentiating  the  first  member,  according  to  the  rul« 
of  No^  11,  we  find 
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{x-aT  {x-iy^+nX(,x-i,r-Hx-ty{ 
ax 

^pX{x^aY{x^hy 

a  quantity  which  vanishes  when  x  ^  a^  and  x  =  i;    and 
which  has,  with  the  given  equation,  the  common  divisor 
{x-aY-^{x^by-K 
We  may  operate  in  the  same  manner,  whatever  be  the 
number  of  factors  (x— fl)%  (js-i)',  (x— tf)%  &c.  and  wo 
shall  always  find,  thai  tJu  diius§r  common  U  the  iquatktts  V  ^0, 

dV 
and  — -  =  0,  HJoUt  contain  tie  equal  factors,  each  raised  to  a 

fomnr  leu  bg  uniiy^  than  the  same  foetus  in  thepropoied  eqtup* 


On  the  Application  of  the  Differtatial  C(Uculu&  tur 

the  Theory  of  Curves.^ 

60.  It  was  in  the  course  of  enquiries  relative  to  curve 
lines  that  Geometers  first  arrived  at  the  Differential  Calculus, 
which  has  since  been  exhibited  under  so  many  different  points 
of  view  \  but  whatever  may  be  the  origin  we  assign  to  thi« 
calculus,  it  will  always  depend  on  an  analytical  fact  ante- 
cedent to  any  hypothesis,  as  the  phsenomenon  of  the  fall  of 
heavy  bodies  to  the  surface  of  the  earth,  is  antecedent  to 
all  explanations  that  have  been  given  of  it ;  and  this  fact  is 
precisely  that  property  which  all  functions  possess,  *  of  ad« 
xnitting  a  limit  in  the  ratio  between  their  increments  and 
iSttA  of  the  variable  on  which  they  depend.  This  limit, 
which  is  different  for  different  functions ;  but  constandy 
the  same  for  the  same  function,  and  which  is  always  inde* 
pendentof  the  absolute  Values  of  the  increments  them* 
selves,  characterises,  in  a  peculiar  manner,  the  course  of 
the  function  in  the  different  stages  through  which  it  may 
pass.     In  fact,  the  smaller  the  limits  of  the  independent 

■  ■ 
*  See  Note  (GO 
X 
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Taiiabl^)  the  more  nearly  the  successire  values  of  the  func« 
tton  approximate  to  each  other ;  the  more  does  the  func- 
tion also  approximate  to  coincidence  with  the  law  of 
continuity;  and  the  more  nearly  does  the  ratio  of  its  changes 
to  that  of  the  independent  variable  approximate  to  the  limit 
assigned  by  the  calculus.  By  the  law  of  continuity  is 
meant  that  which  is  observed  in  the  description  of  lines  by 
motion,  and  according  to  which  the  consecutive  points  of 
the  same  line,  succeed  each  other  without  any  interval.  The 
method  of  considering  magnitude  in  analysis  does  not  ap- 
pear to  admit  of  this  law»  since  we  always  suppose  an  in- 
terval between  two  consecutive  values  of  the  same  quan- 
tity; but  the  smaller  this  interval  is,  the  more  nearly  we 
approach  to  the  law  of  continuity,  with  which  the  limit 
accurately. agrees :  it  is  also  in  virtue  of  this  law  that  the 
increments,  although  evanescent,  still  preserve  the  ratio  to 
which  they  have  gradually  approached,  before  they  vanish. 
The  preceding  statement  appears  to  involve  the  true 
and  philosophical  explanation  of  the  nature  and  properties 
of  the  Differential  and  Integral  Calculus,  when  viewed  in  its 
application  to  questions  connected  with  curve  lines,  and 
the  theory  of  motion.  The  difficulty,  in  both  cases,  arises 
from  the  existence  of  a  continuity,  in  the  changes  of  lines  * 
and  of  velocities  ;  and  the  consideration  of  limits  (or  any 
other  equivalent  to  it),  furnishes  the  means  of  establishing 
this  continuity  in  the  Calculus. 

61.  Geometrical  considerations  show  very  clearly  that 
the  ratio  of  the  increments  of  a  function  and  its  variable, 
isj  generally,  susceptible  of  limits. 

Every  function  of  one  variable  may  be  represented  by 
the  ordinate  of  a  curve^  whose  abscissa  is  the  variable  itselif 
(Trig.  77)*;  and  the  ratio  of  the  ordinate  of  a  curve  to  its 

*  "  Our  author  here  refers  to  his  Trait6  £l6mentaire  de 
«'  Trigooom^trie  Rectiligne  et  Spherique»  et  d'Application 
««  d'Alg^bre  i  laGeomatrie,  which  forms  a  part  of  hisElemen* 
"  tary  System  of  Analysis." 
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ral>tangent»  corresponds  to  the  diflFerential  coefficient  of 
that  function.  In  fact,  if  in  any  curve  whatever^  CD, 
fig.  i,  we  draw  through  two  points  M  and  Af,  a  secant  Fig.  1. 
Jf  Jif,  winch  is  prolonged  until  it  meets  the  axis  of  the 
abscissae  jtB,  in  the  point  S ;  and  if  we  also  draw  the  two 
ordinates  P  M^P  M\  and  the  right  line  M  Qt  parallel  to 
AB,  we  have^  from  the  similar  triangles  Jif  QlJf  and 

JIf  P  S,  the  ratio  ^^,  equal  to  the  ratio  —^ :   but  if 

we  conceive  the  point  Af  to  approach  continually  to  the 

point  M,  the  point  S  will  also  approach  towards  the  point 

Ti  and  consequently  the  line  P  S  will  constantly  tend  to 

P  M. 
become  equal  to  the  subtangent  P  T\  the  rario  will, 

therefore^  approximate  to  the  ratio  ,  which  will  be 

its  limit ;  and  also  that  of  the  ratio  of  the  increments  M  Q^ 
and  M  (2>  which  the  abscissa  and  ordinate  simultaneously 
receive.  ^ 

From  this  it  foUows^  that  when  the  function  which  re- 
presents the  ordinate  is  known,  its  differential  coefficient 

P  Af 
will  give  the  expression  for  the  ratio  -^-^  ,  and»  recipro- 
cally, if  this  ratio  is  found  by  other  means,  it  will  furnish 
the  differential  coefficient  of  the  function  corresponding  to 
the  ordinate.* 

*  Although  there  can  scafrcely  exist  a  doubt  of  the  equality 
of  two  quantities  which  are  the  limit  of  the  same  variable  quan* 
tity>  yet  U,  has  been  usual  to  demonstrate  its  truth  in  the  fol- 
lowing manner: 

'  Let  A  and  B  be  the  two  first  quantities^  and  V  the  third.  If 
^  =  ,B  —  D,  and  if  V  be  always  less  than  A,  however 
near  it  may  be  to  that  magnitude,  the  difference  between  it  and 
J3  will  always  exceeds.  Korean  it  be  said  that  T  is  con* 
tained  between  A  and  B ;  for  it  would  then  differ  from  B  or 
from  A,  by  a  quantity  at  Ic0st  equal  to^D:  thus,  in  all  cases, 

V  cannot 
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€2.  When  we  amgn  sncceesive  vfltiesto  the  i 
die  ordinates  wHehoQn>eep(iiid!to,tbe6eTaluM  vill  deDer« 
mine  points,  in  the  cvive,  wUdh  »ay  be  regavded  as  being 
Muated  at  the  eagles  of  a  polygon  insi^bed  in  th»t  cvnre* 

If  we  take;  for  example,  on  the  axis  of  the  abscisMe 
Fig. 2.  die  points  F,  F,  P",  fig.  2,  distant  from  each  other  by  die 
constant  quantity  k^  vfe  shdl  have 

AP^x,  4  P'rix+A,  A  P"«x+2  *,  &c. 
and  if  we  draw  the  ordinates  PM,F  JIf ,  P"  M\  and  join 
the  points  M,  AT,  M\  &c.  by  the  chords  of  the  intercepted 
arcs,  we  shall  form  the  polygon  M^  M^  M",  &c.  which  wifl 
differ  so  much  the  less  from  die  proposed  curve,  the  nearer 
the  points  M%  My  M'  are  to  each  other.  But  at  the  same 
dme,  the  number  of  sides  will  be  increased,  since  the  distance 
P  F  will  be  contained  a  proportionally  greater  number  of 
times  in  the  given  abscissa  A  B.  The  curve  C  D  will  be 
^  evidently  the  limit  of  all  these  polygons ;  and  consequendy 
whatever  properties  can  be  proved  to  belong  to  this  limits 
must  belong  likewise  to  the  proposed  curve/ 

.«^--, ■  '  ■   ■ 

V  caanot  approaob  at  the  same  time,  as  near  as  we  please,  to 
the  two  quantities  ^and  B,  which  is  contrary  to  the  definition 
of  limits, 

*  Leibnitz  always  considered  (he  Differential  Calculus  under 
a  point  of  view  very  nearly  similar. 

**  Sentio  autem  et  hanc  et  alias  (methodos)  hactenus  adhibi- 
"  tas  omnes  deduci  pos^e  ex  general!  quodam  meo  dimetiendo* 
"  rum  curyilineonim  principio,  quod  \figura  curvilinea  censenda 
*'  sit  (Jtqmpollere  polygono  infinitorum  Uuerum ;  unde  sequitur« 
**  quicquid  de  tali  polygono  demonstrari  potest,  sive  ita,  ut 
"  nulhis,habeatur  ad  numerum  laterum  respectus,  sive  ita«  ut 
**  (ant6  magis  verificetur,  qaanto  msyor  sumitur  laterum  nume- 
**  rusy  ita^  ut  error  tandem  fiat  quovis  dato  minor;  id  d^curva 
*'  posse  pronuntiari/'   (Acta  ErudUorum  arm.  1684, /Wigc  585.) 

This  explanation  of  the  principles  of  the  Differential  Calculus 
i$  very  IvuninofiSj  ^nd  differs  from  that  above  given  in  one^  cir- 
cumstance 
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Tliii  being  prMiiled,  if  weikaw  Mqiud  If  QK  pvaU 
M to  ibi6  93M  J B^MQidahe-A^^itSmuctf^^ 
•ecudve  ordinates^  PJf  and  P'  M',  an4  Af'  Q"  that  oiF  tliife 
OTdinatesP'ArflndP''lf''.  Producing  ilieTigkt  line  AT  Jf 
to  iNT  J  we  shall  fonn  the  equal  triai^es  MJf  (2»  and 
-«f ' iV" e*  wWch  will  give  Jf '  e  =  JV'  C i  from  lliw  Awe 
results  y 

M"  N"^^N'Q^^  M;  e',  or  M"irz^  if'<2'--  W^l 

and  consequently  AT'  Q'  -  Af  g  =:  :?  -M"  iV'',  accordiqg 
^as  the  curve  is  concave  or  convex  towards  the  axis  of  the 
absdsss :  JUT'  N^  will,  therefore,  be  the  difference  of  the 
lines  Af  g  and  iM^'g'- 

The  Differential  Calculus  will  give  us  expressions  for 
these  different  lines ;  for  we  have  (21  }• 

PM  =y 

^      ax   I        dx*    1.2 

irom  whence  it  follows,  that  if  we  take  hmdxt  the  value 
-of  Jl*  Q  will  approach  nearer  and  nearer  to  the  first  dif- 
ferential dif ;  and  that  of  M"  N"  to  the  second  differential 

cuDistance  only,  that  the  limit  i»  here  considered  as  a  polygon 
of  an  infinite  number  of  infinitely  scuall  sides. 
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i/'y.  By  fiOBsidering  a  fourth  -poiat  in  die  polygoni  we 
ahould,  in  a  similar  manner,  find  a  line  corresponding  to 
die  third .  differential. 

63.  The  lines  PM.AfQ,  M'N',  have,  in  relation 
to  die  calculus  of  limits,    a  remarkable  subordination, 

.  indicated  by  the  exponents  with  which  the  increment  h  is 
affected  in  the  first  term  of  their  respective  expressions, 
which  exponent  is  the  same  as  that  of  the  order  of  the  dif- 
^erendal  to  which  they  correspond.  We  observe^  in  fact, 
that  the  ratio  of  JifQto  PM,  continually  diminishes,  and 
at  last  vanishes,  when  A=:0,  which  is  likewise  the  case  with 
the  ratio  ofM"  N"  to  M'  Q ;  but  if  we  compare  the  first  of 
these  with  the  square  of  the  second,  the  ratio  will  have  an 

assisnable  limit,  which  will  be  that  of  ~J[  to  -JL  (5S).* 

64.  We  may  observe,  from  what  precedes,  that  the 

differential  coefficient  of  the  first  oToet  ~ ,  which  ex- 

dx 

P  M 
FiG.l.  presses  the  ratio,  — —  ,  fig.  1,  gives  al^o  the  value  of  the 

trigonometrical  tangent  of  the  angle  MT  P^  which  the 
right  line,  touching  the  curve  in  the  point  My  makes  with 
A  Bi  the  axis  of  the  abscissas. 

Further,  if  we  observe,,  that  when  the  ordinate  is  posi* 

Fig.  2.  dve,  the  difference  M"  Q-M  Q^  fig.  5?,  is  negative  or  po* 

sitive,  according  as  the  curve  is  concave  or  convex  towards 

the  axis  of  the  abscissae ;  and  as  this  must  be  the  case, 

*  This  furnishes  a  very  simple  explanation  of  the  various  or- 
ders of  infinitesimals  admitted  by  Leibnitz.  He  considered  the 
first  differentia!  as  infinitely  small,  with  respect  to  the  ordinate; 
the  second  differential  as  infinitely  small,  with  respect  to  the 
first ;  and  so  on  successively.  Upon  this  principle,  he  neglected 
differentials  of  all  orders,  when  compared  with  those  preceding, 
which  is,  in  fact,  what  must  always  be  virtually  done  whenever 
we  woold  pass  to  the  consideration  of  the  limits. 
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Ibwerer  small  ve  rappote  the  difttances  of  the' points 
Pf  P',  P't  or  the  value  of  h^  to  be,  we  conclude  that 

the  first  term  -j^  ^%  in  the  expression  for  M"  QI'^M'Q^ 

which  may  be  rendcnred  greater  than  the  sum  of  all  those  whick 
succeed  it,  must  consequently  have  the  same  sign  as  the 
difference  M"  Q^  --  M  Q  itself;  but  the  quantity  h*  being 
essentially^  positive,  it  follows,  from  what  we  have  said, 

that  —jA^  is  negative  or  positive,  according  as  the  curve  is 

concave  or  convex  to  the  axis  of  the  abscissse. 

The  inspection  of  the  curves  c  m,  placed  ^below  the  axi» 

of  the  abscissae,  shows  that  the  signs  of  -j-^  ought  to  be 

a  X 

taken  in  an  inverse  order,  when  the  ordinate  is  negative  ; 

and  that  consequently,  a  curve  is  convex  or  concave  towards 

ihi  axis  of  the  abscissa^  according  as  the  ordinate  and  its  second 

differential  coefficient  are  of  the  same  or  different  signs. 

%B*    Since .  the  angle  M  T  P  becomes  known   by 

means  of  the  differential  coefficient  ^ ,  we  shall  find  qo 

dx    - 

difficulty  in  constructing  the  tangent  3fr,  fig.  1,  but  we  Fic.1. 

generally  make  use  of  the  subtangent  P  7,  which  may  be 

readily  calculated,  by  observing  that 

The  triangle  PJfT,  which  has  a  right  angle  at  7  gives 
the  tangent 

ultzzsIym  +pr  =  ^  \/  1+  ~4. 

The  consideration  of  the  similar  triangles  Pilf  7  and 
P  M  Rj  gives  the  subnormal 


80  nvtwismua^  camviw. 

:     The  triasgkPifiS,  whkh.  Im  a  n^  angfe  atf^ 

66^.    The  foltewing  are  a'fevreaiamplfes  of  the  appKca- 
tioh  of  Aese  foTmuhe. 
.  iThe  general  equatioa  of  lines  of  the  second  order  being 
y  =  wr  +  n  r*,     (Trig.  148.), 

from  which  we  deduce 


.ifr.,v^  =  s/™--(^^^^)' 


—  y  ^y     —  nH-Q,  n  x 


Wlxei*  fis=0,  th«  curve  becomes  a  parabola  (Trie.  114.)f 
in  which  case  we  have 

We  may  deduce  from  these  values,  the  results  and  con- 
jitrucdons  indicated  in  the  application  of  Algebra  to  Geo- 
metry, for  lines  of  the  second  order.        v 

In  the  curve  represented  by  the  equation 

we  have 

4x        tf^-^ax^ 
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and  we  shall  find 

p  J  -  i^Zlfili!  =  ?£££Zl£!  , 
ay^x*'  fly— jc* 

which  ralue  may  be  easily  constructed  when  we  have  as- 
signed the  value  *of  x,  and  determined  that  <Ay.  (Trig.  64.) 

67.  It  is- often  more  convement,  azid  besides  more 
elegant^  to  consider  the  tangent  and  the  normal,  by  means 
of  their  equation  (Trig.  148).  To  obtain  that  of  the  for- 
mer, let  us  examine  generally  what  relations  ought  to  exist 
so  diat  a^y  turo  lines  may  touch  each  other.  Considering 
these  lines  00,  at  £rst  having  two  points  Af  and  'h/l'^  fig.  1,  Fio.l. 
in  common,  it  is  evident  that  their  equations  ought  to  give 
the  same  values-;Of  the  ordinate  P  My  and  the  diflerence 
JfaT  Q^  corresponding  to  the  abscissa  A  P,  and  its  incr&* 
ment  P  P'.  i£  then  x  and  y  denote  the  co-ordinates  of  the 
point  M  of  the  proposed  curve,  and  if  we  denote  by  j/  and 
y  those  of  any  point  in  the  line  which  cuts  it  inM  and  3f« 
we  shall  have,  for  these  two  points 

y*tf,  ^A+  &c.  =  ^*  +  &c.    (62.) 

'  m  X  a  X 

The  second  equation  is  d|ivisible  by  h,  and  when  we 
take  the  limit,  and  suppose  ^=0,  it  is  reduced  to 

dx'  "  dx^ 
JBut  on  this  hypothesis,  the  two  points  of  intersection  are 
united  in  one,  which  becomes  a  point  of  contact  for  the 
proposed  lines  \  since  they  have  now  only  this  one  point 
in  common*  It  follows  from  this,  that  when  two  lines 
touch  each  other,  we  have,  for-their  point  of  contact. 

When  one  of  these  is  a  right  line,  whose  equatxonis'of 
die  fonu  gsiA  a/  +  JB,  (Trig.  SS),  and  which  gives  JL,  =s^. 
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we  have^  for  the  contact  of  this  line  with  the  Carre  ptO^ 
po8ed> 

ax 
wheace  we  conclude,  that 


ot 


•  »  • 


from  this  equatibn  we  dilute  Azi  of  die  ndmfal,  whieh  i» 
perpendtculat  to  the  tangent,  ^nd  which  ptsM^s  tiilMgh  itte 
point  Jf.*  this  win  be  ^ 

*'-y=-   ^^^'-'^        (Tng.86.) 
For  the  circle,  whose  eqnSitidtt  f s  *    "• 

we  have 

^  ~     I'         .    * 

and  the  equation  of  its  tangent  will  therefore  he  * 

or 

dnce  **  +  ^*=a*. 

The  «qwtipn  of  its  normal  becomes 

which  is  redttced  to 

this  proves  that  all  the  normals  of  die  circle  pass  through 
its  centre,  which  is  here  the  origin  of  the  co-ordinates 
(Tng*  M-)>  and  this  ought  «o  <be  i&e  c«se»  since  the 
mals  to  the  circle  are  nothing  more  than  its  radii. 
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The  Uogmt  of  th^  cuprr  gi?i^  b^  th^  equation 

M«  tor  Its  eqtttlKm 

''-*■' '#=JT  <'■-'"         ' 

wbeiMSe 

and  if  we  put  for  y  its  vaiue^  and  rediic^  the  equation^ 
we  obtain 

(y-flx)y+  (jr»-.tf^)/=flxy. 

68.  If  it  were  proposed  to  draw  from  a  point  without 
the  cunre,  whose  abscissa  is  «,  and  whose  ordinate  is  B,  a 
tangent  to  the  curve ;  it  is  evident  that  we  must  substitute 
«  for  x^f  and  $  tary  in  the  equation  of  the  tangent,  which 
will  then  become 

md  will  sfrve,  when  combined  with  the  equation  of  the 
oirvef  to  determine  the  co-ordinates  x  aod^  of  the  point 
<tf  contact. 

Jjet  m  tdke,  for  pur  first  e^amplej  the  circle,  the  equa- 
doQ  o£  whose  tangent  is 

5y+xx'=«*    (67), 
we  shaU  have 

This  equation^  combined  with  that  of  4ie  circle,  will 
determine  the  co-ordinates  x  and  y  of  the  poi^t^  of  con- 
tact; or^  which  amounts  to  the  same  thin|;i  i(  vi)l  deter- 
mine the  points  where  the  circle  meete  the  ri|;htj[ine, 
whose  ei|uatiofi  is 

By-^-axsaK         (Trig.  110.) 

In  the  curve  corresponding  to  the  equation 
a^-Sii«^+y*0, 
die  point  of  contact  will  be  found  by^determinii^  the  ip- 
tersectioQ  of  this  curve,  with  the  line  of  the  second  orderj 
which  results  from  the  equation 

0(y— flx)  +  «(x*-iijf)  =  axy. 
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69.  In  order  to  draw  a  liiie  to  touch  a  given  cnire, 
and  which  shall  also  be  parallel  to  a  given  straight  line,  or 
which  shall  make  with  the  axis  of  the  abscissa,  an  angle» 
whose  tangent  is  represented  hj^a,  it  is  sufficient  to  make 

^  s  a  (Trig.  85) ;  combining  this  equation  with  that  of 

the  proposed  curve,  we  may  determine  the  values  of  x  and 
y  at  the  point  of  contact. 

If  the  proposed  curve  be  the  common  parabola,  we  have 


which  gives 


ax        2y 


\  —  •   and  xzn  — - 


70.  In  all  that  precedes,  we  have  supposed  the  co- 
ordinates X  and  tf  to  be  perpendicular  to  each  other.  But 
it  is  easy  to  perceive,  that  when  they  are  inclined  at  any 
given  angle,  the  ratio  of  31  ^  Q  to  M  Q,  will  still  have  for 
its  limit  that  of  P  M  to  P  T:  the  equation  of  the  tangent 
will  also  preserve  the  same  form.  With  respect  to  M  Tf 
M  R,  and  P  R,  we  may  find  expressions  for  them  by 
means  of  the  triangle  MPT,  MTR,  and  M  P  1?,  in 
which  we  always  know  either  an  angle  and  two  sides,  or  a 
side  and  two  angles. 

By  examining  the  positions  which  the  tangent  of  any 
given  curve  assumes,  when  the  point  of  contact  is  more 
and  more  removed  from  the  origin  of  the  co-ordinates,  we 
may  discover  whether  this  curve  has,  like  the  hyperbola, 
any  right  lines  for  its  asymptotes  (Trig.  154.),  whose  posi- 
tion we  may  also  determine. 
Fig.  3,  We  observe,  that  in  the  curve  MJT,  fig,  3,  which  has 
an  asymptote  R  S,  whilst  the  point  flf  moves  further  and 
further  from  the  origin  of  the  abscissae,  the  tangent  M  T 
continually  approaches  to  the  asymptote ;  and  the  points 
7and  D  approach  the  points  iS  and  £;  so  that  ARund 
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A  £.are  the  limits  which  the  Tallies  of  ^  Tand  A  D  can- 
not exceed^  nor  even  attain ;  'bitt  to  which  they  may  ajp^ 
proximate  as  near  as  we  chnse.  From  this  it  follows,  that 
in  order  to  discover  whether  a  curve  has  any  asymptotes» 
we  must  find  whether  the  expressioqs  for  AT  said  AD, 
rdadve  to  this  cunre^  are  susceptible  of  limits :  if  that  be 
the  case^  and  these  limits  be  determined|  we  shall  know 
the  two  points  R  and  E  through  which  the  line  R  8  must 
be  drawnj  which  will  be  the  asymptote  reqwed.  . 

The  expressions  for  A  T  and  A  D  may  be  deduced 
from  that  of  P  J;  the  first  by  obsenring  that  A  T  ziAP^ 
P 7;  the  second  by  means  of  die  similar  triangles  ADT 
and  H  P  T:  they  may  also  be.  deduced  from  the  equation 
of  die  tangent,  by  making  successively  y  :=  0  and  sfm  Q^ 
(Trig.  83.) :  we  shall  find 

AT^x^yil.AD^y^xijL. 
ay  d» 

72.     If  we  apply  these  principles  to  die  equation 
if^zzm  Af  +  «  «r% 
we  shall  find 


m+2  nx       H'^'^nx 
war  +  S  nx*'  m  x 


«^  ^^mx+nx^' 

The  second  members  of  these  equations,  being  put  ua» 
der  the  form 

m  fn 

X  ^     X 

their  respective  limits,  when  x  becomes  infinite,  are  seen  to  be 
—  —  zz  A  Rm  and  rT^  n  A  E, 

If  11=0,  the  expressions  for  A  T  and  A  D  become  infi- 
nite at  the  same  time  with  x  i  and  the  curve  has  no  asymp- 
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totes;^  «or  will  It  ha^^  wy,  wben  ;r  u  aegatite;  because, 
in  that  case,  its  equatioa  wiU  not  admit  of  an  infimte 
valfie  of  X. 

In  the  cmnre  r^rcaehted  by  the  equation 

a^ "Sa  xy-^j^^z  0, 
useluiTe  '    ) 

in  order  to  find'  the  lioik  to  which  these  expreasiena'  ap^ 
yioach,  iriiilat  y  incseases,  we  mnst  aubathntt  fior^the 
limit  to  which  &  tcnda^  and  nmtt  consequently  know  the 
Talne  of  ^  in  terma  of  x ;  ye  acuy,  however,  in  the  present 
aostaace,  aupeiaede  the  necesdty  of  obtaining  this  value,  by 
a  ?«ry  simple  artifice.    If  we  make  or::/ jr,  die  prqpoaed 

equation  becomes  divisible  by  i/^ ;  and  we  have  y  = -|  \ 

it  is  readily  seen,  that  the  supposition  of  /  =  —  1,  will 
make  ^  infinite,  and  will  give  xss  -.^.  Changing  x  into— jf 
in  the  expressions  for  A  T  and  A  D,  and  then  taking  die 
limits,  we  shall  have 

FiG.4.  and  drawing  through  the  points  R  and  Ej  fig.  4,  de- 
termined by  means  of  the  preceding,  values^  the  line  J£  jE,  it 
will  be  the  asymptote  of  the  branches  A  Y  and  A  Z* 

73.  J£,  whilst  one  of  the  quanddes  ^  JS  or  ^  J?  re- 
mains finite,  the  other  should  become  infinite,  it  is  evident 
that  the  asymptote  will  be  parallel  to  the  axis,  on  which 
this  latter  is  measured. 

In  order,  therefore,  to  determine  all  the  asymptotes^ 
which  any  proposed  curve  ought  to  have,  we  must  succes- 
sively make  x  and  y  infinite,  and  afterwards  substitute,  in 
.  the  expressions  for  ^7  and  A  A  each  of  the  different  re- 
sults which  these  two  hypotheses  afford.  When  A  T  and 
ADzfe  always  infinite  at  the  same  time^  we  may  conclude 
that  the  proposed  curve  has  no  asymptote. 
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It  may  happen,  that  both  these  qailifMes  aretfinetoeiit:. 
in  this  case  the  eurye  vnil  hanre  ,fra,ai|  asyq^tpte  9  right 
line  passing  throng  Ae  orig;in  ef  ihe  co-ordinates^  but  as 
we  only  knOw'one  point  of  this.line,  we  must  ^^l  its  di- 
rection :  for  this  purpose,  we  must  tiJce  the  limit  of  the' 

expression  ^S ^  which  representsthe  tangent  of  the  angle 

MTP  (64),  ior  any  point  of  ^e  cunre,  and  we  shall  thus 
get  die  tangmt  of  the  aqgle  SRB. 

74.  It  is  generally  considered  as  a  proposition  nearly 
self-eYiden^  that  a  small  arc  cf  d  curve  may  he  iahh  fir'tts 
chords  or,  what  is  the  same  thing,  that  the  raiio  <f  an  arc, 
to  its  chord  has  unity  fir  its  Smit.  This  proposition,  which 
is  Tery  important,  ought  nevertheless  to  be  demonstrated, 
which  may  be  done  in  the  manner  following: 

The  right-angled  triangle  MIFQ,  fig.  5,  gives  '  Fiq«5« 

and  we  have  also  (6C.), 

This  developement  may  be  put  into  die  form 
by  aMikiiig  [ 

thos  we  obtain 

M J('« V k\+  {p+Phff^=  *  ^l  +  ip  +  PhT' 
Drawing  the  tangent  JIf  ^,  we  shall  find 

NQ  ssMQtangKMQ  =''^h=ph  (64). 

*PN=N  O-iM'  Q  =  -  ^  J^  -  &c.  =  -  PA'} 
^  .  a  x     1  •  z 
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aad  from  this  we  obtain 


v:W^h  f  s^tip-^Sj .  for,  i^8  lim^^ 

•-■-• ■^;-i.--  ••  ." 

But  the  arc  MO  M'  i$  always  comprii^ed  between  the 
chord  MAT  and  the  bent  line  M  N-^^'  it;  we  may, 

therefore, .  conclude,  a/prtiori,  that  the  ratio  hai 

unityfor  Its  limit.  .  . 

j.'.Ti^..  It  is  civident  that  the  arc  of  a  curve  is  a  function 
of  its  abscissa  4  and  in  order  to  obtain  the  differential  co- 
efficients of  that  funcdo^,  we  must  find,  the  limit  of  the 

.    MOM' 
rauo     pp.  J 

MOMf 


PP"  MM* 


Substituting  the  value  of  the  first  ratio  on  the  se- 

cond side  of  the  equation,  and  making  A  s  0,  in  order  to 
obtain  the  limit,  the  second  ratio  will  become  unity, 
and  we  shall  thus  get  (8.)  Vl  +  p\  If,  therefore,  we  call 
the  arc  C  JIf  ,  z,  we  shall  have 


dx 


r.^  \/'^%^'''^'''-'^^^^^d7^ 


The  circle  whose  equation  is 

giving 

xdx-k-f/djf  ss  0,  or  J^  = 1^^ 

%0 
diere  results 
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d^^s/d^^^^^ 


irhich  result  is  confonnable  to  tkit  of  No.  S5«  when  we 
suppose  tf si. 

76.  The  difierential  of  the  area  of  the  jf^fli^u^C  if  P 
of  any  cunre,  may  be  obtained,  by  observing  that  the  ratio 
of  die  rectangles  P  P'  QM  mA  P  F  AT  H^  %  6,  which  Fic.6. 

have  the  same  base^  is  equal  to  - — —  ,  and  that  its  limit  is 

<K>nsequently  unity.  It  follows  from  this^  that  the  curvili- 
near trapezium  P  P'  M  M^  which  is  always  comprised  be* 
tween  the  two  rectangles  just  ntentioned,  and  which  repre- 
sents the  increment  which  the  segment  AC  MP  received, 
when  the  abscissa  increases  by  P  P,  must  approximate  con- 
stantly to  equality  with  the  rectangle  PP QM,  or  that 
the  ratio 

PPM  M  ^  PP  WM  ^       1 


PPxPM  PP  PM 

must  have  unity  for  its  limit.     Calling  /  the  function  of  x, 

corresponding  to  the  area  ACM P,  we  %hail  have  for  the 

,  limit  (8). 

PPMM  _  ii 

PP  dx' 

and 

dx        y         '  . 

-Ift  die  circle 

di  =4^ X  vV-:r*; 
ihusy  though  we  cannot  assign  the  algebraic  expression  of 
a  circular  segment,  yet  we  may  arrive  at  that  of  its  difle- 
vential,  frpm  the  consideration  of  limits. 
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On  the  Dttermination  of  the  Nature  and  Posttiom 
of  remarkable  Points  in  Curve  Lines. 

Thoae  points  of  a  curve  which  are  distinguished  bf 
some  remarkable  circumstance,  are  sometimes  called  singu^ 
lar  points.  The  Differential  Calculus  fumiflibes  very  simple 
methods  of  discovering  their  existence^  and  of  determining 
their  position. 

When  the  differential  coefficient  ~^,  which  expresses 

dx  *^        • 

the  tangent  of  the  angle  MTP  (64),  becomes  evanescent, 
it  follows^  that  the  right  line  which  touches  the  curve^at  the 
point  M^  is  parallel  to  the  line  of  the  abscissae ;  and  also^ 
that  if  it  change  its  sign  after  this  point,  the  tangent  is  then 
inclined  towards  a  different  side  of  the  ordinate  to  what  it 
was  in  the  former  case.  An  examination  of  the  two 
Fig.  7  figures  7  and  8,  will  show  that,  in  this  case,  the  ordi* 
^  ^*  nate,  after  having  attained  a  certain  magnitude,  beginrto 
diminish  (fig.  7) ;  or  otherwise,  that  after  having  diminished 
to  a  certain  point,  it  begins  to  increase  (fig.  8). 

The  first  circumstance  evidently  corresponds  to  a  maxp* 
mum  value  of  the  ordinate,  and  the  second  to  ft  mimmum 
value.    When  either  of  these  takes  place,  we  have  equally 

zJL  s  0,  as  we  have  <also  shewn  from  analytical  consi^ 
dx 

derations  (48). 

78*     Geometrical  consideradons  also  prove,  that  this 

character  is  not  confined  to  those  points  alone,  where  the 

maximum  or  minimum  takes  place ;  but  that  it  may  also 

Jiold  good  in  other  circumstances^    Although  the  tangent 

FiG.9.  at  the  point  Af,  of  fig.  9,  is  parallel  to  the  line  of  the  ab» 

scissv,  tliis  point  does  not,  therefore,  correspond  to  a  maxi^ 

mum,  since  the  ordinate,  beyond  it,  still  continues  to  in« 

crease ;  but  we  must  remark  herej  that  the  concavity  of 
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thecuTte,  which  was  at  first  turned  towards  the  axis  of  the 
abscissx^  is  afterwards  turned  the  opposite  way.     This 
circumstance  is  what  is  called  an  inflexion^  and  the  point    . 
Jf  is  caOed  a  point  rf  inflexion,  or  of  contrary  JUxure.  It  may 
be  recognized  by  the  change  of  sign  which  the  coefficient 

-j^  undergoes^  before  and  after  the  point  M  (64).    It 

may  also  be  determined^  by  seeking  the  position  of  the 
curve  with  respect  to  its  tangent,  before  and  after  this 
pdnt. 

The  equation  of  the  tangent  being  in  general 

ax 
we  shall  bare,  making  x'ssx  +  h, 

for.  the  expression  of  P*  K,  fig.  10,  which  is  the  ordinate  Fig. 
of  the  tangent,  corresponding  to  the  point  P',  whose  ab-   ^* 
scissa  is  T + A ;  but  since  ^  is  a  function  of  x,  we  haTe  (21), 
for  P'jlf  this  series 

^  *  dxl*  dx*  l.i   *  dx*  1.2.3 
whence  we  deduce 

dx^  1.2       dx^   I.  «.  3 
Again,  taking  a  point  P,  y  upon  the  axis  of  the  abscissacf 
behind  the  point  P,  and  whose  abscissa  is  x  —  A,  we  should, 
in  like  manner,  find 

P,M-P,N,-  _.  .j-^      -^   j-g-j.  +  KC. 

Now  it  is  evident,  that  if  ^  =  0,  the  two  differences 

dx* 
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4/d:*   1.S.S 

P,  if -P,  N.  =  -  ^  1^    +  «W. 

will  have  cpntrarjr  signs^  at  least  when  h  is  taken  sb  small, 
^lat  die  first  term  of  the  series  shall  be  greater  than  the 
sum  of  all  the  rest  (48) ;  and  thus  the  proposed  conre»  after 
having  been  situated  in  the  former  part  of  its  course,  bdoV 
the  tangent,  will  now  pass  above  it,  and  wet  versd. 

Tliere  will,  therefore,  take  place,  an  inilesioa  at  M, 

and  not  a  maximum  or  a  mnimum^  if  -^-4  vanish,  at  that 

a  X 

point,  together  with  ^ ,  and  in  general,  if  the  first  of 

the  differential  coefficients,  which  does  not  vanish,  is  of  an 
odd  order.  Such  is  the  geometrical  meaning  of  the  analy- 
tical characters  incUcated  in  Art.  49. 

79.  An  inflexion  may  take  place  at  a  point  where  the 
tangent  is  not  parallel  to  the  line  of  the  absdssss;  and 

^ere,  consequently,  -p  does  not  vanish ;  but  what  al- 
ax 

ways  characterises  this  point  is,  the  change  of  sign  of  -JL^ 

with  respect  to  ^. 

It  is  evident,  that  every  integral  quantity  can  only 
change  its  sign,  by  passing  dirough  zero ;  but  a  fraction 
may  also  change  its  sign  in  its  passage  through  infinity,  as 

happens^  for  instance,  to  ^ ,  which  successively  becomes 

X 

a        a  a 

I'      Q'  *' 

when  X  is  made  =  *,  x  «  0,  x  =  — * :  we  may,  therefore, 
C0Qel«de»  by  what  has  been  said,  that  ai  a  print  cf  tmttrmry 
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flexure^  -2  is  fioiKng,  or  infinite ;  but  we  cannot  reverse 

•lids  piopoMtfen* 

80.    When  ^  p  in3tead  of  Tanisl^ngy  beccnpiei  iafii^My 
dx 

the  ordlfiate  Becomes  a  tangent,  as  at  Sy  fig.  1.1 :  this  cif-  Fig. 

cumstaUce  indicates  a  /imit  of  the  curve,  in  the  direction  of  ^ '  * 

ihit  atbsrisase ;  that  is  to  say,  a  maximum  or  a  mifiimam  of  the 

absdsiia,    provided'  no  ii^flevidn  df  the  cdrv^  td^e  place 

at  that  j^int;  where  the  tangetit  is  perpendicular  to  db 

line  of  the  absoifeste. 

81 .  We  have  seen  (55),  that  yH-  becomes  infinite^  when 

II  X 

some  ladicid  quantity  disappears  from  tSie  expMfssion  of  the 
ivnction  y.  It  itnist  be  notioedi  diat  at  that  niometit  the 
quantity  by  which  this  function  ciiMiges  by  the  variation  of 
Sf  must,  contrary  to  the  ordinary  rule,  hav^  more  thafi  one 
value  corresponding  to  a  single  vahie  of  y  j  for,  rnilest  this 
were  tiie  case,  we  should  not  again  get  the  number  which 
the  degree  of  the  function  eiftitles  us  to,  and  wU ch  mu9t 
always  remain  the  same,  die  equsdity  of  several  of  diese 
values  being,  hecessaxilyi  only  momentary. 

This  circumstance  takes  planie  at  the  point  £,  where  it  is 
evident  that,  for  the  abscissa  A  Cy  Consecutive  to  J£,  die 
emrve  has  two  ordinates,  and  cokisequendy  the  same  ord(- 
nafte  CE  hzs  two  differences,  the  one  rr  —  CjE»  and  the 
other  CE-ce. 

The  same  diing  equally  happetts  at  a  point,  as  G,  where 
tw6  branches  of  the  curve  cut  each  other ;  that  particular 
ordinate  F  G  has  also,  for  one  and  the  same  increment^ 
^y*of  the  abscissa,  two  diiFereaces ;  the  on€/gf^FG$  and 
the  other  F  G-^/g  ^  but  in  other  parts  of  die  curve,  oqe 
9nd  the  same  ordinate  has,  for  each  incremem  of  die  aib» 
acissat  but  one  single  difference. 

The  iNNftts  whtre  several  bCMches  iateraect,  as  G^  or 
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the  junction  of  two  branches^  GD  E  and  G  D  £,  aa^*, 
are  caHei  mitbiple  points.  They  are  recognized  by  one  or- 
dinate having,  for  the  same  abscissa,  more  than  one  diffe- 
rential, which  causes  the  diflFerential  coefficient  to  become 
'infinite  at  those  points.  It  maf  also  exhibit  itself  under  the 
form  ^ «  which  always  happens  when  its  expression  con- 
tains, at  the  same  time,  both  the  variables  x  and^. 

At  each  of  these  points,'  the  curve  has  more  than  one 
tangent.  At  6,  for  example,  it  has  two  distinct  ones;  at 
E  it  has  also  two,  but  united  in  one,  which  is  the  limit  of 
those  of  the  superior  branch  GU  Ef  and  the  inferior 
GDE. 

82.  The  multiple  points  sometimes  assume  two  parti- 
cular forms,  to  which  have  been  given  the  names  aups^ 
or  points  of  refitxion^  because  the  branches  of  the  curve 
wUch  meet  there,  extend  no  farther,  and  the  curve  is,  as 
l^iG.  12.  i^  were*  bent  backwards.  That  of  fig.  12,  where  the  con- 
<&  2  3.  vexities  of  the  branches  are  opposed,  'is  a  cusp  rf  the  first 
jpedesy  and  that  of  fig.  IS,  where  their  concavities  are 
turned  the  same  way,  is  a  cusp  of  the  second  species. 

These  points  have  only  one  tangent,  but  which  must  be 
looked  upon  as  double,  like  that  of  the  point  E  in  the  figure 
of  the  preceding  article;  and  they  are  distinguished  from 
other  multiple  points,  by  the  course  of  the  curve  before  and 
after  them,  with  respect  to  its  tangent ;  and  which  may  be 

recognized  by  the  sign  of  the  diflFerential  coefficient  •-<< 

(64),  when  we  take  successively  for  x,  values  greater  and 
less  than  the  abscissa  corresponding  to  the  multiple  point 
under  examination* 

93.-  All  which  has  been  said  may  be  reduced  to  a  rule 
as  simple  in  its  enunciation,  as  it  is  unequivocal  in  its  ap- 
plication :  the  determination  of  the  abscissa^  to  which  a  singular 
point  corresponds y  is  okained  by  inquiring^  when  the  deferential 
coefficients,  of  whatever  order,  become  nothing  or  infimte,  sr  |  c 
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iSk  species  of  the  point  is  assigned  \st,  by  examiiriog  what  num^ 
her  If  tranches  of  the  curve  passes  through  tins  pointy  and  fuhe^ 
ther  or  no  they  are  extended  on  both  sides  of  it  /  %dhf^  tg  detor^ 
mtfting  the  position  of  their  tangent  i  and  Sdfy^  ^^  direction  mi 
which  their  concavities  or  convesuties  are  turned. 

84.  In  the  family  of  ciirres^  represented  by  the  very 
ttmple  equation 

we  shall  find  examples  of  almost  all  the  particulars  above 
enumerated ;  and  their  discussion  is  very  propet  to  illus- 
trate the  rule  there  delivered. 
The  expression 

^  =m{i»-l) (fw-ii  +  l  )r(x-iiV"*' 

d  X* 

vanishing  by  the  supposition  of  x=tf,.  in  every  case  where 

m>-  n,  and  becoming  infinite  when  m  <ii,  it  follows^  that 

the  abscissa  a  corresponds  to  a  singular  point. 

The  exponent  m  may  be  positive  or  negative,  greater  or 
less,  than  unity.  We  shall  at  first  suppose  it  positive  and 
>1. 

If  it  be  an  even  number,  or  a  fraction  with  an  even  nu- 
merator, we  find,  1st,  the  same  value  of  y,  whether  we 
take  X  <a,  or  x>  a;  the  curvf ,  therefore,  pursues  its 
course  above  the  abscissae,  which  precede  and  follow  a  ^ 
and  there  passes  only  one  branch  through  the  point  under 
examination :  2dly,  from  the  expression 

^  zzmc{x^ar-', 
ax 

which  vanishes  when  j:=tf,  we  see  that  the  tangent  at  this 

point  is  parallel  to  the  line  of  the  absciss*. 

Sdly.  If  we  make  x  alternately  <  «  and  >  tf,  in  the 

ialue4>f 

p{^m{m-^l)c{x^a) 
d  X* 
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MMltf;.w»notice«tlnt|  ^  die  supjioridmiwe  set  outMFhli,  die 
dqieneiit  i^w^ is  &!«>«» efMmiinlMfry  or  a  fraetion  i(4di 
tfii>«eTen  iQiAexalof,  iireekttt  perceive  diat  tfaia  diffeteDtid 
csettdent  felaiiie<idie>eame^'d|gn  in  be«h  cases  wkh  die  ordi^ 
nate  ^  itself ;  ^aki  tf  ecmfse  the  curve  tnm^its  concaritj  th6 
aao^e  way^roa  both. sides  of  the  point  we  are  considering, 
tto  course,  beyond  this  pomt,  i»thereforet  of  one  of  tbe  two 
Fig.  kinds  represented  in  fig,  14 1  the  fitst^  if  ^  be  negative,  the 
'    jecond,  in  the  other  case. 

If  01  be.  an  odd  number,  or  a  fraction  whose  numerator 
and  denominator  are  both  odd>  the  ordinate,  corresponding 
to  each  abscissa,  has  only  one  value ;  and  by  taking  x  <  tf, 
and  X  >-  tf ,  we  find  for  y  two  real  values  :  the  curve  is, 
dieiefore,.. continued  oabpth  sides  of  the  point  we  are.exa- 
miningi  and  it  has  but  one  branch  passing  through  this 
point.  The  tangent  is  as  before  pliralM  to  the  line  of  die 
abscissg;  but  die-exponent  m^^,  being  now  an  odd  nwnber, 
or  a  fracdon  Wi&  .an  Odd  numerator  and  denominator,  the 

coefficient  ^^  will  change  its  sign  when  x  is  made  suc- 
cessively <a  and  >  a.  The  curve,  in  consequence,  has 
not  its  concavity  tumed  the-same-  wBy  on  bodi.sides  of  the 
.point,  under  considerataQn :.  t;his  .poi|it  is,  .therefore,  one  of 

Fio.  ronttary  flexwre,  as^  m  figv  15. 

'^*  iMdjf  if  the  exponent  III  be  »iraoifonal  nnaiber,.  whoee 

denouMNriipv  is-  even,  tKe^quattidty  {x-^ay?  becng.sasoeptible 
of  the  signs  ± ,  die  ovdifiate  y  wiU  have^  ba  every  abscisM, 
two  real  values,  when  x  is  greater  than  a,  and  only  imagi« 
nary  ones  when  x  <  a ;  two  branches,  therefore,  of  the 
curve  passes.  duQDugh  the  point  under  considenttion;  but 
which  extend  only  .on  one  ^ide.of  it.    The  tangent  is  still 

jMuraHel  to  the  axis  of  the  abscissae.    The  coefficient  -r-^ 

rf  X* 

has  two  values  wtdi  opposite  signs,  while  those  of  the  or- 
dinate have  the  same.  Hence  it  follows,  that  one  branch 
turns  its  concavity  towards  the  axis  of  the  abscissae,  and 
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the  oAer  its  oonvezity,  as  is  shewn  in  fig.  16^  which  pro-   Fig. 
duces  a  cusp  of  the  first  species.  ^^* 

3dl  J.  If  the  exponent  m  <  1,  since  we  should  then  have 

dy  ^        m  e 

ix,""  (x-fl/  — *  ^ 

die  Talue  x^a  wiU  render  this  differential  coefficient  infi- 
mte;  and  the  line  which  touches  the  curve  at  the  point 
where  fsaj  will  be  perpendicular  to  the  axis  of  the  ab- 
sciss2.  We  shall  find  also  by  considerations  similar  to  the 
foregcmif;»  that  the  point  C  is  a  limit  of  the  curve  in  the  di- 
rection of  the  axis  of  the  abscissae,  when  m  is  a  fraction, 
iriiose  numerator  b  odd,  and  denominator  even :  that  this 
point  isii  cusp  when  the  numerator  is  even,  and  a  point  of 
contrary  flexure,  when  the  numerator  and  denominator  are 
both  odd  « 

The  ordiniM  y  would  become  infinite,  and  be  changed 
into  an  asymptote,  if  m  were  negative. 

85.  The  curve  represented  by  the  equation 

oflRsrs  an  example  of  a  cusp  of  the  second  kind  (82).  In 
tins  curve 

y-a^±x^. 
In  order  to  know  whether  it  has  any  singular  point,  we 
must  enquire  whether  any  of  the  differential  coefficients  of 
die  funcdon  y  become  nothing  or  infinite.    We  first  obtain 

the  first  of  diese  results  vanishes  when  xss  0 ;  the  second 
reduces  itself  to  2,  and  we  see  also  that  the  third  different 
dal  coefficient 


*  The  ctupoffig.n/maj,  strictly  speaking,  be  taken  for  Pio.n. 
a  maxmttmt  and  that  of  ^  IS.  for  a  mininmm.  ^  ^*' 
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becomes  infinite  in  that  case ;  the  point  corresponding  to 
^=0  isi  therefore,  a  siogular  ptmt.  It  is  evident  that  this 
point  is  a  limit  of  the  curve,  which  does  not  extend  on  the 

^ide  of  the  negative  abscissae^  since  the  term  x^  then  be^ 

comes  imaginary.    The  values  of  the  coefficient  -r— ^  ar^ 

d  X 

both  positive  when  x  is  very  smitdl,  and  zve  ct  the  sbme  sign  as 

those  of  ^ ;  botii  branches  of  the  curve^  therefonsi  turn  their 

Fig.  convexities  towards  the  9th  of  the  dbscissss  ji  jB,  fig.  i$% 

^^*  they  touch  at  J^  for  they  have  ABiorz  common  tangent 

-^  v^ishing  at  this  point.     It  results  from  all  these  cha- 

ox 

racters  taken  together,  that  the  ifortn  of  the  c^rve  at  this 
point  is  such  as  the  figure  represents. 

'  The  preceding  exasiples  k^elating  only  to  those  singular 
points,  where  the  branches  of  the  curve  touch  one  another, 
afibrd  instances  of  a  single  tangent  only.  The  curve  cor- 
responding to  the  equation  a  y  =  v^tf*a*— a*  of  Art.  62 f 
presents,  at  the  point  where  xnO,  two  branches  which  cut 
one  another :  but  we  shall  not  dwell  on  this  example,  be* 
cause  farther  on,  we  shall  discuss  another,  in  which  the ' 
same  circumstance  takes  place. 

S6.  Curves  are  sometimes  accompanied  by  insulated 
points,  which  have  the  character  of  multiple  points }  but 
may  be  distinguished  from  them  by  this,  that  in  the  case  of 

the  former,  the  coefficient  l£  assumes  all  imagiaBrf  rdmt. 

d  X 

Take  the  equation 
from  which  may  be  obtained 


I 
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The  diffeiential  coefficient,  when  x  =:  0,  becomes  •§;  but 
its  true  value  may  be  had  by  suppressing  the  factor  x, 
common  to  the  numerator  an4  denon^nator :  thus  we  ob- 
tain 

dy  Sx—2b 

^rfieiiee,  maldag  9^0,  there  results 
Jy      _      gj 

m  ja^i^iiary  expression. 

Vfm  the  same  siqiposition  the  proposed  f%»ation  g^yes 
jtsO ;  bnt  tUs  ordinate^  which  is  imsigmary,  vhen  x  js 
atgative,  becomes  so  again,  until  Xzxt.   Thus  the  ppint  J^ 
%.fiO,  although  comprised  in  the  equations  is  ab^lutely  Fig. 
detadied  from  the  curve.  ^' 

F0inc«  of  this  kind  are  called  tonjtigate  prinis  :■  they  re- 
sist from  ceflaia  finite  portions  of  the  curve  vanlsbiiig^ 
owing  to  the  particular  value  of  some  consUat  in  the  efM^* 
lion.    Tb9  eutve  represented  by  the  equaoipif 

which  gives 


y=±y/ll :..:_^, 


(x^i){x+c) 


liffen  09  eiqunple  of  these  changes.    Its  course  i9  i^  ^T9tf 
90  represented  in  fig.  19 ;  the  supposition  csssQ  red\ice^  the  Fig. 
pii^  ^  i^  to  ^e  smgle  point  J,  fig.  20,  as  we  have  seen  ^^'?^' 
above.  When  ^=0  (c  not  vanishing),  it  assumes  the  figure  22! 
21,  and  if  i=:0,  at  the  same  time  that  ^=0,  the  figure  22. 
Curves  have  also  occasionally  sbgular  points,  which  are 
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not  visible :  they  are  such  as  result  from  an  even  number 
of  inflexions,  uniting  into  one.  (See  for  these  points,  and 
for  those  of  undulation*',  from  which  they  take  their  origin, 
the  Trait6  du  Calcul  Difierentiel  et  du  Calcul  Integral,  4to. 
Art.  J  90.) 


Example  of  the  Analysis  of  a  Curve. 

87*  We  divide  lines  into  different  orders,  according  to 
die  degree  of  their  equations.  The  right  line  constitutes 
the  first  order,  since  it  is  represented  by  the  general  equa^ 
tion  of  the  first  degree,  involving  two  indeterminate  quan- 
tities. The  lines  of  the  second,  and  of  die  third  order,  are 
those  whose  equations  are  of  the  second  or  third  degree  ; 
and  so  on  for  the  others.  Newton,  cofisidering  that  the 
first  order  included  only  the  right  Une,  and  that  curves  did 
not  exhibit  themselves  before  the  second,  divided  these 
latter  into  classes,  and  called  lines  of  the  second  order  curves 
of  the  first  class ;  those  of  the  third  order  curves  of  the  se* 
cond  class,  and  so  on  for  die  higher  orders. 

lines  of  the  same  order  are  subdivided  into  species 
from  a  consideration  of  the  principal  circumstances  whidi 
characterise  dieir  course. 

Were  it  possible  to  resolve  equations  of  every  degree, 
there  would  be  no  difliculty  in  tracing  the  course  of  a  curve 
represented  by  any  algebraic  equation  whatever.  In  fact, 
if  we  suppose  that  this  equation,  being  resolved  with  respect 
to  one  of  the  indeterminate  quantities,  ^,  for  instance, 
which  it  involves,  should  furnish  the  different  roots  JT,  JT', 
Jr"y  &c.  which  will  be  necessarily  functions  of  x,  and  con* 
stant  quantities  \  the  question  will  be  then  reduced  to  die 
particular  examination  of  the  courses  of  the  lines  produced 
by  the  equations. 


PoiDts  de  serpentement 
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when  we  gire  to  x  erery  possible  value^  both  positive  and 
negative,  which  the  functions  JT^  X*\  X'\  &c.  ^11  admit 
of,  without  becoming  imaginary.  These  lines  will  cQnstitute 
so  many  branches  of  the  curve  which  is  represented  by  the 
proposed  equation. 

The  extent  of  each  branch  will  be  determined  by  the 
extent  of  the  Innits,  between  which  are  comprised  the  dif- 
ferent solutions  of  which  the  particular  equation  by  which 
it  is  represented,  is  susceptible.  If  amongst  the  quantities 
JT,  JT'i  &c.  there  be  found  any  which  become  infinite^  or 
in  whidi  we  may  suppose  x  to  be  infinite)  there  will  cor- 
respond  to  them  branches,  whose  course  will  be  infinite, 
since  they  will  recede  to  an  infinite  dbtance  from  oney  and 
sometimes  also  from  both  of  the  axes  to  which  the  cnrre  is 
referred. 

A  brandi  of  a  curve  never  terminates,  unless  the  ex- 
pres^n  for  its  ordinate  become  imaginary,  though  it  dBes 
notj  dierefore,  follow,  that  thecoiirse  of  die  curve,  is  inter* 
rupted ;  it  only  happening,  that  in  this  case,  two  brandies 
are  united,  and  are  reciprocally  continuations  of  each  other. 
We  may  be  easily  convinced  of  this  fact,  by  observing  that 
the  number  of  imaginary  values  of  y  is  necessarily  even,  and 
that  each  pair  of  them  consisted  of  real  and  equal  roots,  be- 
fore they  become  imaginary.  .In  fact,  the  proposed  equ#ion 
being  always  decomposable  into  factors  of  thi^  first  and 
second  degree,  if  we  represent  one  of  these  latter  by^  — 
2  P  y +  (2  =  0,  we  shall  find,  that  its  roots  P±V^iP*-(2» 
ire  not  imaginary,  unless  Q  ^  greater  than  P*,  than  which 
it  was  originally  less ;  and  that  there  must  be  a  point  where 
the  functions  of  x,  idiich  are  designated  by  the  letters 
P  and  (2,  are  such  as  to  give  g  =  P**  idiich  will  an- 
nihibte  the  radical,  quantity,  and  give  to  y  two  equal 
values. 

88.    Let  us  take  the  equation 

y*-96  a*  y»+  100  tf  j*-a*  =  0.  ^ 
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This  equatioiij  wbich  is  resvlvible^  both  urith  respect  to 
X  and  to  y,  ffves,  in  the  first  case, 

By  discussine  each  of  the  values  of  ^,  in  the  same  manner 
a5  those  of  the  general  equation  of  the  second  degree,  in- 
volving two  indeterminate  quantities  (Trig.  iC7,  and  sue-* 
ct^ngNos.),  ve  may  discover  the  extent  and  Umits'of 
the  branches  pf  which  t&e  {Mroposed  cutre  is  formed  ;  and 
dctefinine  the  points  where  they  meet  the  axis  i[Trig.  St), 
and  wfatrs  tbej  intersect  each  other,  or  unite  into  one  ^ 
but  the  application  of  the  IMfierexidal  Caicutus  mateiiallf 
abridges  these  inmtigalions,  and  haa  the  advantage  criF 
.  sbewiiq;  m.  what  maimer  they  nay  be  effected,  even  when 
the^^qoatien  of  the  cuwie  ptoposed  is  of  a  degree  toi> 
efevxted  to  enaUe  ws  tx>  obtain  the  general  ezpressiiw 
for  one  of  the  variables  in  terms  of  the  other. 
'  .  8§i.  To.detennine  the  limits  of  the  curve  inr  die  direc* 
tBOO  of  4be  urdinatca,  or  to  discover  whether^  ia  soscepci* 
Ue:of  a:  anrasaMiflNi  or  a  mmummn,  vre  mmt  exanmv  ill  what 
casbthe  dtfitneatial  coefficient  . 

\       ix        y*— 48fl*y 
becomes  equal  to  nothing ;  we  shall  then  have 

!ivhence   * 

j:=;0>         X  ^  ±  S  a  s/^p 
The  first  value  of  Xy  substituted  in  the  proposed  equa- 
tion, gives' 

^=  0  and  y  =  ±  4  fl  ^/ST 

The  two  values  of  y^  which  are  equal  to  ±  4  tf  V^6, 

^23*  ^^^?<Pi^6  ^  points  D  and  ;D',  fig*  2^;  the  one  sftuat«d 

above,  and  the  other  below,  the  axis  of  the  abscissse,  and 

which  are  also  maximum  values.    We  may  easily  convince 

ourselves  of  thiSj  by  finding  the  value  of -j-^ »  ^orre^nd- 
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bg  to  dua  hfpodiem>  imt  liy  shearing  horn  tibe  expres- 
sion for  y,  that  the  ralues  of  the  ordinates  which  immedi- 
ately succeed,  and  follow  it,  are  both  less  than  4  a  ^. 

90.  .The  concttirence  of  the  two  values  xsOy  and 
y =Oy  indicates  the  point  ^,  and  makes,  at  the  same  time, 

^  =:  ^.    To  discover  the  value  and  import  of  this  last 

expression,  which  in  general  characterises  a  multiple  pointy 
we  must  have  recourse  to  the  process  in  No.  56  \  but  this 
liiay  also  be  effected  by  finding  tJie  differential  coefficient 
of  the  second  order.  For  this  purpose,  we  observe^  that 
die  first  differential  of  the  proposed  equation  is 
(y-48  a^y)  /fy  +  (  50  fl»  x-;t*)  ^  «  =  0, 
and  the  second  differential 

and  that,  in  the  cfts^  in  which  x  and  fare  efaaescenti  this 
reduces  itsdf  to 

-  48  d^iy'  +  50a*d  x* =0, 

wiuch  consequently  gives,  for  this  case  alone^  the  values  of 

the  coefficient  -i^,  which  we  were  not  able  to  deduce 
4  X 

firom  the  first  differential:  we  thus  get 

dx  V  48  4V3 

It  follows,  from  these  values^  that  the  curve  has,  at  the 
{X»nt  Af  two  tangents,  wluch  make,  with  the  axis  of  the 
abscissas,  angles^  whose  tr^onon^etrical  tangents  are  re- 
qiecdvely 

and  which  consequently  admit  of  a  very  easy  construction.^ 


*  We  i^all  succeed  ta  general,  as  above,  in  tfindiog  tbe  (rue 
value  of  ~  ,  in  the  caae  m,  which  k  beeomes  |,  hy  examiaiog 

the 
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91.  There  yet  remain,  to  be  examined^  the  two  root^ 

a:  as   ±  5  a^y%. 
By  substituting  them  in  the  proposed  equation,  they  make 
y  imaginary,  and  consequently  give  neither  a  maxtmum  nor 
a  minimum. 

dl*  To  obtain  the  limits  of  the  curve  in  the  directioa 
of  the  abscissae ;  or,  what  amounts  to  the  same  thing,  ta 
find  the  maximum  and  minimum  of  x  (  80),  we  must  make 

the  denominator  of  the  fraction  which  expresses  j^,  equal 

a  X 

to  nothing,  which  will  furnish  the  equation  y"  -  48  a^^s  t), 
whence  y  as  0,  and  Jf  ^  ±  V^48  a^.  The  first  value  gives 
100  a*  X*—  A^ss  0,  from  which  we  deduce  x  =  0,  and 
x=  ±.  lOtf.  The  root  x=0,  again  indicates  the  multiple 
point  placed  at  the  origin  A ;  but  the  two  odiers  correspond 
to  the  points  /and  /,  where  the  curve  meets  the  axis  jd  B 
of  the  abscissae^  and  which  have  not  yet  been  remarked. 

The  two  last  values  yzz  ±  ^48^*  =  ±4fa^,  lead  us  to 
xss  ±  6  a,  and x=i±B  a:  the  one  of  these  results  enables 
us  to  recognise  the  point  F,  and  those  corresponding  to  it  in 
the  other  branches ;  the  other  determines  the  point  H  with 
those  corresponding  to  it  likewise.  We  may  also  observe, 
that  at  the  points  F  and  /  the  abscissa-  is  a  maximum,  and  at 
the  point  ff,  a  minimum  $  since  the  curve  turns  its  conca* 
vity  in  the  first  case,  and  its  convexity  in  the  second,  towards 
the  axis  ^  C  of  the  ordinates. 

92.  To  complete  the  determination  of  the  principal 
circumstances  which  distlnguidi  the  proposed  curve,  it 
yet  remains  to  inquire  into  the  nature  of  its  principal 
branches,  and  its  difierent  points  of  inflexion  i  for  know- 

the  successive  difierentials  of  the  proposed  equation,  and  by  con* 
tinuing  up  to  that  order  whose  exponent  is  equal  to  the  num« 

ber  of  values  which  7^  o^^ht  to  have. 
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ing  its  mtiltlple  points,  we  know  already  that  it  has  no  cusp  or 
point  of  redeiion.  We  ^all  begin  with  diseasing  the  nature 
and  number  of  its  m&diti  branches.  We  may  easily  assure 
cyursekes,  that  the'  two  takies  of  ^j  mentioaed  in  No.  86, 
become  infinite  at  the  same  timd  mth  k;  but  without  re- 
curring to  these  Talues,  if  we  make  y  ssi  x^  the  proposed 
equation  wiU  be  diviable  by  x^,f  and  will  dius  become 

whence  we  deduce  ' 

^= — ni^ — * 

a  result  which  gives  x  =  ±  an  infinite  quantity^  when  / = 1^ 
in  which  case  also  if  st. 
We  shall  also  have  (71) 

dx     j^->  50  /^  j^-y^^-48  tf»^ 
^^^Ty"^  x^^50a*x  ' 

_    i/y      v»~48g^jf^-jr*-f  50g*J^ 

These  expressions,  when  we  substitute  the  value  of  x^^ 
become 

x^^SOd'x      '  If^-^Sd'y    ' 

which  diminish  continually,  whilst  x  and  y  increase,  and 
are  actually  evanescent,  when  we  suppose  ysxx.  We  thus 
see  (78),  that  the  asymptotes  of  the  proposed  curve  are  two 
right  littes  dt;farn  Arough  the  origin  A;  and  as  the  expres- 
sion for  ^^  has  unity  for  its  limit,  it  follows  that  they  must 

dx 
make  an  angle  of  45^  with  thie  axis  of  the  abscissae.    We 
have  not  Afawn  thtoi,   lest  Ae  figure  should  be  too 
complicated. 

93*    We  now  proceed  to  find  the  infleuons  or  points 
of  contrary  flexuie. 


,106  DIFFERENTIAL  CALCULUS. 

We  have  j  ^ 

Tx"  :      y-48a*^  * 

this  ezpressioo  becomes  %j  when  x  and  jf  are  evanescent, 

a  case  In  which  -^^    s  ^  :  and  to  determine  its  true 

value  it  will  be  necessary  to  find  the  third  difierential  of  the 
proposed  equation.  Makings  in  the  result,  w  and  y  equal 
to  zero,  we  shall  have  simply  — 144  fl*rf^  d^y  =  0,  which 

gives  — ^  =s  0,  and  proves  diat  the  point  A  is,  in  fact,  a 

point  of  contrary  flexure. 

To  discover  whether  the  proposed  curve  has  any  others, 

we  must  make  the  numerator  of  the  expression  for  ^-^  equal 

to  zero,  and  there  will  result  the  equation 

SjS»-50fl*-(3^*-48fl*)^^  srOi 

0  X 

putting  for  ^7-^,  its  value,  and  making  the  denominator 

o  X 

disappear,  we  shall  have 

(Sa*-50ii*)(y-48iiV)^ 
-(3y*-48fl*)  (a»-50tf*x)»=:0: 
we  may  give  to  this  equation  the  following  form : 
/(/-48aT  (3/-50a^) 
-  x*(  1^-50  fl*)*  (3/-48V)=:0. 
If  we  afterwards  observe,  that  the  proposed  equation  i$ 
reducible  to  the  form  which  follows, 

(y*-48  ay  -  (  ar*  -  50fl*)*  +  196  «♦  =  0, 
and  if  we  deduce  from  this  the  value  of  ( y*—  48  a^ )%  fix* 
the  purpose  of  substituting  it  in  the  equation  preceding^  we 
shall  find,  after  proper  reductions, 

+  98  tf'/ (  3  X*- 50 fl*)  =  0: 
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du8  last  equation^  combined  with  the  one  proposed,  will 
serve  to  determine  the  abscissae  and  ordinates  of  the'  point 
of  contrary  flexure  K^  and  those  which  correspond  to  it  in 
the  other  branches ;  we  shall  be  easily  able  to  deduce  from 
it  the  value  of  5*;  and  by  substituting  for  it  in  die  equation 
of  the  proposed  curve,  we  shall  have  a  result  which  involves 
xonly. 

By  making  — -^  infinite,  or  the  denominator y^- 48  aV 

in  the  expression  for  it  equal  to  zero,  we  shall  find 

y  =:  0  and  y  rs  ±,  ^  48  a\ 
these  results  inform  us  of  nothing  new;  they  belong  to  the 
point  A^  which  has  already  been  remarked,  and  to  the 
^mxitz  J*,  Hy  and  /,  which  are  not  points  of  inflexion,  but 
mexely  the  limits  of  the  curve  in  the  direction  of  the  abscissae. 

If  we  consider  collectively  all  that  precedes,  we  see  that 
the  form  of  the  proposed  curve  is  successively  determined  by 
the  circumstances  presented  by  the  points  A^  D,  F,  I,  H,  JT, 
and  the  infinite  branches  JT  and  JT* 
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94.  It  is  by  considering  the  relation  which  a  curve 
bears  to  its  tangent,  that  the  method  of  determining  the 
various  circumstances  of  its  course  has  been  learnt.  Greo« 
meters,  however,  have  not  restrained  themselves  to  this 
comparison  of  curves  with  right  lines,  from  which  they 
immediately  separate  themselves :  they  have  proposed  to 
themselves  the  investigation  of  those  curves  (among  those 
of  the  most  simple  kind,  as  the  parabola,  the  circle,  &c.) 
which,  within  a  given  small  space,  approach  nearest  to 
any  given  curve. 

The  tangei^t  of  a  curve  being  the  limit  of  all  the  right 
lines  which  meet  a  curve  in  two  points,  we  are  led,  by 
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analogy,  to  seek  in  general  amf}og  aU  lines  of  a  gttf^  spe« 
€ies,  the  limit  of  those  which  cut  the  cunre  in  any  given 
n|imber  of  points. 

Welmow,  for  instance^  that  to  detennine  ^  ciid^  ne* 
quines  thr^e  points)  W9  Vfoj  supppse  npyfft  that  they 
are^  taken  in  the  proposed  cunrei  and  inquir^^  what 
circle  we  shall  obtain  on  the  supposition  that  these  three 
points  become  coincident.  This  circley  called  the  osculating 
circle,  will  be  die  limit  of  all  the  otherSi  in  the  same  man- 
.    ner  as  the  jtangent  is  that  of  all  th^  secants. 

The  latter  line  is  determined  by  the  two  constants  which 
enter  into  its  equation  (Trig.  83  );  and  the  chde,  by  the 
three  constants^  which  express  the  abscissa  and  ordinate  of 
its  centre,  and  the  length  of  its  radius.  (Trig.  go). 

It  is  plain,  that  when  any  two  curves  D  X^BIT,  have 

Fio;^  three  common  points,  JIf,  M,  M!\  fig.  24.  they  will  ne- 

^^*    cessarily  have  three  common  ordinates ;  or,  wfaidi  comea 

to  die  same,  there  are  two  sides  of  the  polygon  MM'  1/t, 

FiG.2«  See*  fig.  2,  which  are  at  onc0  inscribed  in  bodi  the  carves ; 

and  die  lines  P  JIf,  3f' Q,  and  U*V"  (62),  have  die  same 

values  in  each.    Denoting  always,  therefore,  by  x,  ^,  the 

co-ordinates  of  die  particular  point  JIf,  of  the  proposed 

Fig.   curve  X>  JT,  fig.  24}   and  by  x',y,  those  of  any  point 

24.    whatever  of  the  curve  E  T,  we  shall  have,  by  No.  62,  for 

die  pcnnts  M,  M',  M", 

j-f;*+8cc.=:^A+8cc.  I  te+acc.=^+&c. 
ax  ax  SQr<a^  dx 


on  the  supposition  that  x  is  changed  to  j/,  in  the  expressions  of 
y,  —-,  jS%»  ^*  deuced  from  the  equation  of  die 
curve  E  Y.    Now  if  we  pass  to  the  limit,  by  malfing  ilsO, 
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the  dur««  iater««ctioxis  will  tmite  in  one  pmnt  ojF  c«i)ta0^ 
in  which  «e  find  the  following  oonditi<ms  matt  hold ; 

If  die  carve  S  Th*  the  circle  represented  bj  the  eqtt»* 
tion 

("'-•)'+(y-|9>'->»    (Trig. 90), 

differentiating  twice  (uccesnvely,  we  get 

and  supposmg  that  x'  is  changed  to  or,  in  these  equations^ 

they  muit  then  give  the  same  values  fpr  y,  ^  %  -jX  ^  as  in 

the  proposed  curre ;  that  is,  they  must  be  satisfied  by  the 

substitution  of  x,  y,  3^,  -j-?  in  them.   Making  this  last 
m  St     a  X^  ' 

substitution,  they  become 

but  since  the  quantities  derived  from  the  proposed  curve 
are  already  determined,  by  the  condition  of  their  correib 
ponding  to  the  particulf^r  point  M,  it  follows  that  •,  B9  and 
Yi  must  have  values  assigned  to  tbem^  proper  for  verifying 
these  equatbnse 

If  we  determine,  from  the  two  last  of  tliem,  the  valuet 
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tif'-Bi  and  of  x  -« ;  and  then  substitute  them  in  the  firsts 
we  hzre 


Jt-«8 


_    (dj__ 

dx  \     d^y 


dy  (dj^^Vdf\ 


^^"^     dxd^y 

95.  The  circle  whose  nugnitude  and  position  we  hare 
determined^  varies  for  every  point  in  the  curve,  since  the 
quantities  a.  By  and  7,  on  which  these  depend,  are  functions 
of  X  and  y.  tt  possesses  remarkable  properties,  discoverable 
either  by  geometrical  or  analytical  considerations.  We 
Aall  begin  by  expluning  the  former. 

|?i€.  Let  M  M'  M"  M'",  &c.  fig.  25,  be  the  polygon  inscribed 
25,  in  the  proposed  curve.  The  circle  which  passes  through 
the  three  points  M,  My  M",  has  its  center  situated  in  the  in- 
tersecdon  of  the  right  lines  N  0  and  N'  O',  erected  perpen- 
dicularly at  die  middle  points  of  the  line  MAT  and  M  M'. 
If  with  the  points  JkT,  M*,  we  combine  a  fourth  point  M"^ 
we  s|iaU,  by  diese  three  points,  determine  a  new  circle, 
whose  centre  will  be  in  CX,  at  the  intersection  of  die  per- 
pendiculars NOt  and  N"  (y\  drawn  from  the  middle  points 
of  M'M'  and  M'  M'\  Conceiving  now  the  same  operation 
continued  throughout  all  the  extent  of  the  polygon  Af  Mf 
M'  Af,  &c.  the  center  of  all  the  succeteive  circles  will 
form,  when  joined,  a  polygon,  such,  that  all  its  sides,  when 
produced,  will  meet  those  of  the  first  at  right  angles. 

When  we  consider  the  limits,  that  is,  when  we  substitute 
curves  for  polygons,  the  points  Jf  ,  M\  M"  becoming,  coinci- 
dent, the  right  line  NO  becomes  a  normal  to  the  curve,  which 
is  the  limit  of  the  polygon  MM  M" M"t  &c.  and  a  tangent 
to  that  which  is  the  limit  of  the  polygon  O  O'  O"  O",  &c. 
and  the  circle  which  passes  through  the  points  Af,  M\  MT^ 
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becomes  the  oscuhting  circle.    We  must  substitute  then 
the  figure  £6,  instead  of  26,  so  as  to  replace  the  polygons  Fio» 
by  the  curves  D  X  and  F  Z,  the  second  being  the  locus  of  ^' 
the  centres  of  all.  the  osculating  circles  of  the  firsty  which 
hare  the  tangent  AT  0  for  their  radius. 

96.  In  order  to  exhibit  the  analysis  of  the  preceding 
properties,  we  assume  the  three  equations  of  No.  94 ;  and 
dealing  the  two  last  of  the  difierentialsj  which  enter^  as  di- 
¥isors>  into  them^  we  have 

(*-.r+(y-ey=y' (I) 

(*-«)«/x+(y-|9)rfy.=0 («) 

</x»+«/y»+(y-|5)^y=0 (S). 

NoWf  1st   Since  the  second  equation  fg^m 

»-*--r;-')         ;       , 

it  is  (  67)  that  of  the  normal  drawn  from  the  point  whose 
co-ordinates  are  «,  6,  diat  is^  from  the  point  O  of  the  curve 
FZ,  to  the  point  M  of  the  proposed  curve  D  X. 

2dly.  Differentiating  the  two  first  equations,  not  only 
with  respect  to  x,  y,  but  also  to  the  quantities  «,  /9,  y,  (inas- 
much as  these  last  are  functions  of  the  others  [95]),  we  get 
(^'-•)rfx+(jf-0)  Jy-  (x-«)  J«-(y-e)rffis7i/y 
J  ji/^-k-d y" H»-B)  d'y--  d  m  d  X'  d B  d y  zi^O. 

Now  the  equations  (8)  and  (3)  reduce  these  to 

-.(X— )J«-(y-e)</ff=rrfy (4) 

-  dadx-dBdy^O    (5) 

tlie  latter  of  which  gives  —   »  —  jf ,   an  expression 
which  changes  the  equation 

into 
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md i^Uth  lUws  diefefere  (^7),  diaf  ^  nomkl MO  k 
'»  Uflgent  to  the  curft  <irii06e  otf-dfdtartes  are  u,  0^  t&at  U^ 
i!0tliecurfe/'2$. 

Sdly.  If  we  diminate  x— •,  y  -  ft  j?^  between  the  equa^ 
tiang  ( l\  {€%  (4)  ttd  (5),  tte  akiQ  hare 

which  giyee  the  dilfemitial  coefficient  of  y,  with  respect  to 
the  variable  • :  now  (75),  diis  e^Epression  is  also  that  of  the 
clifierential  coefficient  of  the  arc  of  the  curve,  whose  co* 
ordinates  are  m,  Bi  and  it  follows,  from  this  identity,  that 
the  radius  of  the  osculatixig  circle  taries  by  the  same  dif- 
ferences as  the  arc  of  the  curtt  FZ  (22)f  a  property  which 
mmts  the  greatest  attention. 

tn  facty  the  radius*  of  the  osculating  circle  at  the  point 
M,  being  a  tangent  to  the  curve  FZ,  has  its  direction  ne- 
cessarily the  same  with  that  of  a  thread,  wrapped  round  the 
convexity  of  this  curve,  and  then  unwound,  as  far  as  the 
point  0.  We  may  observe,  if  we  trace  this  devehpermrd  in 
its  progress  from  0  to  (7,  that  the  thread  increases  in 
length  by  a  part  equal  to  D  O',  die  arc  of  die  curve  FZ^ 
and  since,  by  what  we  have  before  said,  die  difierence  of 
the  radii  O  M  and  O  M^  is  also  equal  to  the  same  arc  O  CX, 
it  follows  that  the  extremity  M  of  the  thread  must  be  still 
found  in  M^  a  point  in  the  proposed  curve^  ^K^ch  it  had 
never  quitted  during  the  progress  of  the  developement  from 
one  of  these  points  to  the  other.  We  may,  ^etefore,  re- 
gard the  curve  D  JT  as  generated  by  the  developement  of 
FZ. 

This  process  has  much  analogy  with  the  description  of 
a  circle.  The  curve  FZ  performs  the  part  of  a  centte, 
and  the  .radius  M  0,  instead  of  being  constant,  varies  at 


itt  im^ut^  «d  die  rakKiu^  6^  At  M^ntlfiiig  eirtiiff^  the 

Til  g«»rdl,  tfie^  dskfu&titfgf'cilrcfe  ^  date  toudte^  dM 
cuts  the  curve,  ih  die'  itoantier  df  a*  fiuigttit  at  sT  ^Mt  of 
Mfetfati  (7l3>.  If  tti^rttdi«ii^df  t^eodl^iAifSi^  diVfe  ikittease 
ftmi  ^fe^  J/^if  k^e^Mie^t  fiuK  ibe^6MM'6l  i9to  eitif^il 
i»i8V  fie  abd¥6  OjRP,  tftc^  08cid«tifi^  eflT^fe  6i  t&6  pohlt 
Jf,"  nAib  Atf  f arfr  Jl  i>  B^^  bMoW^  iP.  M^ftbt^,  «AlM 
il«  nHf  it^s'eMtOt^Oi&polmJlf  and*  JM'  do  iteaf  e^ 
^*er,  Aat  Ae*  rtidfe  M  0»  arid  Al^<>  if«f  dWfei*  lyy  ally 
quantity,  however  small ;  and  since,  if  we»  diWdriBtf  tlfe 
dirckrffJM^  ^td^  tto  raAmJirtf  aiirO',  ihe  arc 
JD  iV  iPitt  bn  antMyf  Mbt»  tto  6ilfvev  we  Aall  eamlf  petu 
Mhre4feat'«»  odwr  ciide  cart  font  beiharveti'a  Mrve  aiid'iti 
osculating  circle ;  fet^vei^dfele^^^AlMe^^nifdius  irMs'thaa 
M  Or  win  iMM6iKil<6ly  wiAki  tlie  afft-6i#i^  ifhile 
ow9)r  <H«cIe»  ^ote  mdilM  is  greater^tlM' Jtf  0^  wUt  lie  ^tt^ 
liMl7' without  tlte  ato^G^  Jr<  jr. 

The  osculating  circle  being,  limnSMAi  *at  wUcfaof  sA 
circles  touching  thte  projftised  cdhre-  at  die^poiht  Af,  ap« 
preaches'  lieaYeat  to  lit,  oa^either  side  of  the  jMokit  of  con* 
tact,  is  consequently  that  whick  differs  the  least  from  the 
curve  2ft  th^  peint  under conrideratiofty  The  eurvafum  of  a 
circle  is  uniformly  the  same  in  every  point  of  it ;  but  in  arcs 
tff  ygivew  letigtK,  that  of  afsnfslfef'ctitel^i^gi^^tet^thaii^  thM 
of  a  larger,  so  that'th^xtimmttit^a^  tHetfe  stxts  af^  in  die  iri^ 
verse  ratio  of  ther^ilii  otAe  circles  tb.  which  they  belong. 

*  Lad^veIopp^-^»*d6veloppaDt^— fayt>n  de'  la  d^eiopp6e. 

t  It  is  by  this  latter  considetntion  that  lAiyghens determined 
f^teottuMhg^tiT^ej  ^Mch  he  fibf  noticed;  and- the  pi^eding 
ibHWll^  migiil^tte  dMtt<^d>frdMPit ;  biif  «Im»  vieWof  the  Mibjtfet; 
saparatid^  as  it  does,  the  invesligation  of  the  osculating.circle 
from  tfaeginerjri  theory  of  curtes>  of  which  it  ought  to  form  a 
part,  is  too  limited  for  the  presdni-stMe  of  sbieiu^e^ 
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We  tnay,  therefore,  by  the  radius  of  the  osculatmg  circle^ 
estimate  the  curvature  of  the  curve  at  any  point.  This  is 
the  reason  for  callmg  the  radius  of  diat  circle  the  radius  of 
curvature :  and  it  appears  thai  the  curvature  of  arqf  curve  is 
tn  the  inverse  ratio  of  the  radius  of  curvature. 

The  evolute  may  also  be  considered  as  the  limit  of  the 
intersections  of  the  normals  of  the  proposed  curve,  taken 
two  and  two  consecutively!  since  the  point  JT,  the  inter- 
section of  the  two  radii  MO  and  Jlf  O^  perpendicular  to 
the  curve  D  JT,  zt  M  and  Af  approaches  so  much  the 
nearer  to  the  curve  FZ,  as  the  points  M  and  Af  are  nearer 
to  each  other. 

97.     We  may  likewise  prove  by  the  assistance  of 
analysisi  that  between  the  curve  proposed,  and  its  circle  ot' 
curvature,  no  other  circle  whatever  can  pass ;  and  this  pro- 
perty leads  us  immediately  to  the  others. 

In  general,  when  two  curves,  whose  ordinates  and  ab- 
scissae are  designated  by  x  and  y,  a/  and  y,  have  a  common 
point,  and  in  which  consequently  x'rzx,  t/^y^  if  we  Xakit 
the  difference  of  the  series 

"^      dx\      dx^l^Q      dx*    1.2.3. 

^^  dx'  I  ^dx'*  1.2.      dx*  1.  2.S.  * 

which  express  the  ordinates  of  the  points  corresponding  t» 
the  abscissa  x+ A,  we  shall  find,  generally, 

\dx     daf/  1      Kdx"      dx'^J  1.2. 

^V^F    77^/ 17271^  ^  ^''• 
for  the  ezpresision  for  the  distance  of  these  curves^  in  the 
direction  of  the  ordinate  \  but  if  at  the  particular  point 

which  we  are  now  considering,  we  have  —21  :=  7^,    tfab 

d9t      dx 

distance  will  be  then  reduced  to 
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Tbe  ratio  which  this  develop«ment  bears  to  the  preceding, 
becoming  smaller  in  proportion  as  h  increases  (56),  it  re- 
sults from  it,  that  the  distance  which  it  expresses  between 
the  two  curves,  will  terminate  by  being  less  than  that  which 
is  eipiessed  by  the  former;  and  that  consequently  no 

cunre  whatever,  for  which  we  have  not  -^  =1-^9   can 

ax      a  K 

pass  between  those  which  satisfy  this  condition.  It  is  on 
thb  account,  that  between  a  curve  and  its  tangent,  we  can 
draw  no  straight  line  passing  through  their  point  of  con- 
tact. 

The  proximity  would  become  still  greater,  if  we  also 

had  -^.   s  --^.    A  curve  which  only  satisfies  the  two 
at*        ax*  * 

conditions 

that  is  to  say,  which  has  only  a  simple  contact,  cannot 
approach^  at  those  parts  which  are  indefinitely  near  the 
common  point,  so  near  to  the  second  curve  as  the  first 
approaches^  and  cannot  possibly  be  drawn  so  as  to  pass 
between  them.  This  b  the  case  .of  a  circle  which  is  merely 
a  tangent,  when  compared  with  the  circle  of  curvature. 

Since  the  first  term  of  the  expression  for  the  diffevence 
of  the  ordinates  involves  V^  which  changes  its  sign  when 
we  substitute  —A  in  the  place  of  -^-hy  we  readily  see,  that 
die  circumstances  which  we  have  remarked,  of  the  tangent 
at  points  of  inflexion  (78),  will  likewise  take  place  in  the 
circle  of  curvatuirej  excepting  those  cases  only  in  which  we 
liave 

It  is  not  necessary  to  extend  these  considerations  far- 
diert  in  order  to  be  convinced,  tint  curres  may  Itave  with 


each  other  dagre^  pf  jpont^t  p^bre  or  I^&s  iipsi^diat^.^  fy 
pursuing  tfac  f  o|ine  jlndic^t^d  in  No.  d4^  we  ^oul4  fiild, 
that  if  two  curves  had  four  poii^ts  in  cominoQ^  an4  if  v# 
would  4et|ejrmine  one  of  them  in  such  mapper^  that  these 
points  ipigl^t  cpincjdf  J  we  must  thet)  bavey  at  the  same 

dds  centa^t  wou}d  differ  ffem  the  preeediRgia  diis  dwan- 
8tance|  that  a  curve  wl4ch  hiis  with  either  f^i  the  proposed 
Cttrves4  a  ppijt^^t  pf  the  abQve-^eQtioi)e4  f Pf^ie^  pnl]^^  caiv- 
npt  be  drawn  b^twe^n  dtf$  apd  4ie  othepr. 

By  emplo3ring  the  preceding  conditions,  in  the  deteim« 
pj^i^  of  th<»  $9iif t^nfS  wbW*  p^ii^u Wiw  **  CQIiRtion 
whose  yaris^|>les  arp  x  ^dA  y^  we  sball  4i80pver,  UuK  (bif 
equation  must  neeessarily  involve  four  con^^nts. 

98.  We  divide  coi|tacts  iptp  difierent  orders/ according 
to  the  number  of  p(yitt|»  ofinjtetSection  which  are  supposed 
to  be  united  in  them ;  or,  what  aniounts  to  the  same  thing, 
according  to  the  number  of  terms  which  are  suppbsed  to  be 
equal  in  the  developements  of  die  ordinates  rebtive  to  % 
consecutive  point.  The  cpntslct  of  the  highest  order  wUdi 
can  take  place  between  die  tangent  curve^  and  the  one  ftto^ 
posed,  depends  on  the  number  of  constants  whidi  tlie 
equadon  of  die  former  involves,  and  is  aho  caBed  the  con- 
tact of  9scuhdidn, 

Thus  the  tangent,  between  whf eh  «nd  a  given  euffve,  • 
simple  contact  onhr  oan  take  plaoe,  is  WkcseuU^htg  lfaie«f 
the  first  order  :  the  circle  whose  equation  invirives  thtee 
constants,  may  have  either  a  eimple  eenlMt  of  die  f«Bt 
order,  or  a  contact  of  the  seeond ;  but  due  last,  being  tlie 
most  elevated,  is  termed  th%t  of  oscul^don,  and  distinguiiiliee 
the  circle  of  curvature  ftopi  dl  diose  circles  which  are 
merely  tangents. 

99.  We  shatt  not  detafai  ouraelvea  tong  with  tkt  appli- 
cation  of  the  formuhe 
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fly 
since  they  can  present  no  4ifiD«Itf  ^hen  we  are  well  ac- 
quainted with  the  stnKtme  of  die  Differential  Calculus. 

TbevshKof  ybetngsuaceptiUeof  dMdMbltfigtt  ±, 
it  may  he  asked,  which  of  the  two  we  ought  to  employ^  for 
it  is  yery  endmt,  that  in  general  for  one  point  of  the  curve 
there  is  but  one  radius  of  cunraf  ute ;  and  since  diis  radius 
has  not,  except  at  some  particular  points,  the  same  direction 
with  the  ordinate  or  abscissa,  it  cannot  properly  be  said  to 
have  any  peculiar  ^ign,  with  respect  to  those  fines.  Hie 
determination,  therefore,  of  that  by  which  we  commonly 
afiect  It,  must  depend  upon  a  convention  previously  esta- 
blished on  the  direction  of  the  curvature,  with  respect  to 
the  normal;  If  we  tgifee  to  insider  the  radtui  of  terva* 
mic  as  positive,  for  those  curves  whose  concavities  are 
tamed  towards  the  a^s  of  the  abscissae,  as  the:  value  of 

^JL  is,  in  tboso  caaes^  negative  tM)^  we  m«tt  vfiect  die 

expression  for  y  with  the  sign  -  ;  and  the  same  assumption 
wUl  also  make  the  radiiis  of  curvature  negative,  when  the 
CMOtvities  of  the  curves  are  turned  from  the  axis  of  the 
alMMi%  fioct  It  cbangea  ita  sign  at  the  aaoie  tioae  wiih 


^^ .    Ill  Conformity  to  dus  convention,  we  shall  always, 
in  the  ifipUca^a  of  the  f onmulae,  assume 

Tbo  geaeral  equation  of  lines  of  the  second  order. 
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leaduij 


leading  to 

(  m+2  nx)d X 


^9 
«        ^nf/ix^-{m^%nx)dxdy  _{Any*'^(m'¥^nxYldT' 

there  will  thence  result 

_      [43^+(iffhgi»x)»]T 
'^  Bny^'^^{m-¥2nx)^' 

If  we  substitute  the  value  of  y\  in  this  expressioHi  we 
shall  have 

3 

''""  2«» 

This  is  the  general  expression  for  the  radius  of  curva- 
ture^ in  lines  of  the  second  order :  we  shall  deduce  its  par* 
dcular  value  for  each  species  of  these  lines^  by  giving  to 
m  and  n  the  values  which  respecdvely  correspond  to  them« 
(Trig.U7.) 

This  result  is  reduced  to  .^  in  all  cases,  when  x=0; 

the  curvature,  therefore,  of  the  proposed  lines  at  their 
vertex,  is  the  same  as  that  of  a  circle  described  with  a  ra- 
dius equal  to  the  semi*parameter..(Trig.  1^2.) 

By  comparing  the  value  of  y  with  that  which  we  have 

found  in  No.66.  for  the  normal,  we  shall  see  that  7=-i— «  > 

or  that  the  riefdiuj  cf  curvature  in  lines  of  the  seednd  order  is 
equal  to  the  cube  of  the  normal^  divided  bgthe  square  of  the  semi^ 
parameter. 

In  the  parabola,  in  which  «i=:0,  we  have  simply 

(ifi»  +  4mx)T 

''=   27? 

We  may  apply » in  a  similar  manner,  die  general  expres- 
sions fdr  X- •  and  ^  -  0 }  and  substituting  for  jf  its  value^ 


4^  +  m 
2  m 


A 
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we  fthottld  bave  two  equations  in  terms  of  x,  «»  and  B^ 
horn  which,  by  eliminating  r,  we  may  deduce  the  equation 
lor  the  evolutet  in  terms  of  «  and  0  alone.    We  shall  go. 
through  this  process  for  the  parabola  only.    We  have,  in 
this  case^ 

.        mdx  w  m*dx* 

and  there  results 

firom  vhich  we  get 

substituting,  in  each  of  these  equations,  for  y  its  value 
iB^.  X  ^i  there  will  arise 

detemuning  the  value  of  x,  in  the  second  result^  in  order 
to  substitute  it  in  the  first,  we  shall  obtain 

the  last  of  thete  equations  belongs  to  the  evolute  of  the  para- 
bob.  If  we  change  o — ^  « into  «',  or  transfer  the  origin  of  the 
abscissae  to  JD,  fig.  27,  we  shall  be  able  to  give  it  this  very  pio. 

umple  form,  fi*a  i^  ,  which  shews  that  the  curve  DF 
18  a  parabola  of  the  third  order*,  composed  of  the  two 


•  The  equation  v'=  m  x,  being  generalized  thus :  j^= w  x^, 
repteseuts  a  family  of  curves*  of  which  the  common  parabola  is 

•  •  only 


JT^  JT)  aadf  the  stcmd^ pfoAiee» tbehMiioh ^jv« 

100.  it  is  necessary  to  observe^  that  in  order  to  de»* 
scribe  the  parabola  JT  A  x^  by  the  developement  of  the 
curve  F  D  f,  the  stxing^iriiidk  is  wrapped  maid  one  or 
other  of  the  branches  D  F  and  Df^  ought  to  have  at  the 
point  D,  in  the  prolongation  of  the  tangent  9Bf  a  hngSt 
A  D9  equal  to  the  radium  of  curvatmr  sUthe  ftfint  ^  »•  that 
is  to  say,  equal  to  half  Ae  parameter  of  the  given  curves 
every  othes. point/,  taken  upoa  thift^stits^  iwould  generate 
a  different  curve.  If  die  Boint  /shourdifidlu^n  Ae  point 
D,  the -radius  of  curvature  of  the  curve  described  in  that 
Case^  would  be  equal  to  nothing  at  its  origin,  and  con*- 
sequently  the.  curve  wonUl  havej^  at.  this  QOintiran  infinite 
curvature  (96). 

Sbce  th«  am  JC^f  ifr equal  to  the  difimxMfe  hetwatlbiw 
radius  of  curvature  M  F^  corre^onding  to  the  poi«t  JT, 
and  the  rzdins  A  D,  which  belongs  to  the  origin  of  ttte 
abscissae,  we  easily  see  that  the  cunre  F  Df  is  rectijiable% 
that  is  to  say,,  that  we  can  assign  ai  QgEt  fine  which  is 
equal  to  it  in  length. 

This  remark  is  general ;,  for  since  we.  can  always  deduce 
an  expression  for  the  radius  of  curvature  ofalgeBraic  curves^ 
the  evolutesQof  these  eurvesrans^all  recdfiaUe.,^ 


101 .  We  have  hitherto  only  considered' algebraic  curves ; 
we  now  propose  tor  mate^  tKe  reader  acquibte#wMf  sMM 
of.  the  most  renurkablei*  among  the  transcendental  ones* 

only  aii^rticukricase;  we  also  oame  them  parabolas,  but  dis» 
ting^Ukthem,!:^  thc^«9kp>9iieAt  of  the  degcee  of  their  re^ective 
eq^tions. 
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Those  Cttnres  are  so  called,  whose  equation  cannot  be  ob- 
tained in  algebraic  terms.  The  Logarithmic  curve  will  first 
engage  our  attention^  in  which  the  ordinates  are  the  loga- 
rithms o£  the  abscissae. 

In  the  curre  ^ssl  x,  and  when  x  is  taken  ss  1^  ^=0, 
which  shews  that  it  meets  the  axis  at  the  point  E,  fig.  28,  Fig. 
where  the  abscissa  A  £  is  equal  to  unity.  The  branch  ^S* 
E  JT,  which  corresponds  to  a  positive  abscissa  greater  than 
unity,  is  infinite ;  since  the  logarithms  of  these  abscissae 
increase  perpetually.  Throughout  the  portion  A  E,  where 
the  abscissae  are  fractions,  the  ordinates  are  negativje,  and 
increase  as  these  fractions  diminish,  so  as  that  the*branch 
E  X  shall  have,  for  its  asymptote/  the  negative  part  A  cof 
the  axis  of  the  ordinates..  Lastly,  the  curve  does  not  ex- 
tend on  the  side  of  the  negative  abscissa?,  since  the  loga- 
rithms of  these  are  imaginary.  (  See  the  Traite  du  Calcul 
DifferenM  et  du  Ca/cul  Integral  J,  . 

If  we  difierentiate  the  equation  ^=1  x,  it  becomes 

ax       X 

we  see,  by  this,  that  the  tangent  of  the  curve  is  perpendi- 
cular to  the  line  of  the  abscissae,  when  jtssO;  and  that  it 
only  becoines  parallel  to  it,  when  x  is  infinite  (77).     The 

general  expression  for  the  sub-tangent  (65),  gives  P7n  j^i 

but  the  elimination  of  y  introduces  the  logarithm  of  x ;  so 
that  this  expression  is  transcendental.  If,  however,  we 
find  the  value  of  the  sub-tangent  O  27,  upon  the  axis  A  C, 

•we  get  CyjDs:  ^-^  =  M,  a  very  remarkable  result,  proving, 
d  X 

as  it  does,  that  the  sub-tangent  O  D  is  consunt  and  equal 

^o  the  modulus,  for  all  pomts  of  the  curve.    We  should 

find  too,  that  the  tangent,  the  normal,  and  the  sub-pormal, 

taken  with  respect  to  the  axis  A  B,  are  transcendents,  the 

ordinate  ^,  entering  into  their  expression ;  but  that  the^ 
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become  algebrait^  when  considered  with  respect  to  the  axb 
AC. 

We  proceed  to  consider  the  radius  of  tunrature.  Nov 
we  have 

whence  (94)         y  =  ^    ^  ^-^ 

^"^- — ]B — '      "^    •• X 

W<e  shall  not  stay  to  consider  the  evolute^  since  it  is 
necessarily  a  transcendent;  we  shall  only  obserre,  that  the 
differential  equation  of  this  curve  is  easily  obtained,  by  eli- 

nunadng  x,  d  x,  iy,  from  the  equation  dyssM ,  with 

the  help  of  the  values  of  jr  —  fi^  x^m^  and  their  differen- 
tials. 

Logarithmic  curves  differ  from  each  other^  on  account 
of  the  modulus  relative  to  the  system  of  logarithms,  which 
they  represent.  The  equation  xzza^^  gives^  if  we  take  the 
Naperian  logarithms,  1  r  s  ^  1 « ,  whence  we  find 

1  X 

an  equation  of  which  the  second  member  is  nothing  else 
than  the  logarithm  of  x,  calculated  for  a  modulus  equal  to 

— .    This  equation,  therefore^  belongs  to  a  logarithmic 

curve. 

102.  The  Cjfcloidf  or  die  curve  described  by  a  point 
in' die  circumference  (^  a  circle,  while  the  circle  itself  rolls 
upon  a  right  line  given  in  pondon,  is  another  tnuiscendeo- 
tal  curve ;  die  rebtdon  between  its  oidinates  and  abscissae 
depends  on  the  arcs  of  die  jMMra/m;  ar«fr,  and  may  be  ex- 
pressed in  the  following  maimer : 
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12^ 


The  origin  of  die  motion  of  the  circle  being  arbitraiy, 
we  will  assume  the  point  A  for  it|  fig.  29,  where  the  Fig. 
descriUng  point  was  situated  in  the  right  line  J  B,  which  ^* 
the  generating  circle  QM  G  roUs^  along.  Since  the  circle 
in  rolling  applies  every  point  in  its  circumference  tm 
the  lineji  B,  it  is  plain  that  in  any  situation^  2sQMG, 
the  distance  ji  Qis  equal  to  the  arc  M  Q,  contained  be- 
tween the  point  M,  which  at  first  touched  the  line  A  Bin 
Ay  and  the  point  Q^  which  is  in  contact  with  it  in  its  pre* 
sent  position. 

If,  on  A  B,  we  erect,  at  the  point  ^  the  perpendicular 
Q  Of  passing  through  the  center  of  the  generating  circle, 
and  draw^JV  parallel  to  A  B :  M  N^^ll  be  the  sine  of 
the  arc  Jf  Q9  a^nd  JVQ  the  versed  sine  (Trig.  5). 

Let    Q^O-Uf  PAzix,  PMzzQNszg, 

and  we  shall  have 
MNzz^TT^^,         x::zAQ''PQ::zmMQ^MN, 

or  x=:arc  jvers=y^   -  ^  2a^— y- 
which  is  the  priinitive  equation  of  the  cycloid.* 

.       *  See  Note  (H.) 

If  we  wished  to  calculate  the  length  of  the  arc  3f  d  from  its 
siDe^  by  trigonometrical  tables,  in  order  to  construct  the  cunre« 
we  must  first  refer  the  sine  JIfiV  (radios  a)  to  the  radius  1,  and 

we  shaU  get  -— ,  or  j  v/2  a  jf-;y*.      Denoting  then  by  t, 

the  length  of  the  arc  corresponding  to  this  latter  sine,  the  arc 
M  d  will  necessarily,  bear  the  same  propoMton  to  the  quadrant 
of  the  circle  of  which  it  is  a  part,  that  t  does  to  the  q[uadranl 
of  the  tables :  whence  it  ibUows^  that 

arc  Mds  n/, 

and  /  =  arc,  whosesine  ss-j^S  a^— y*.. 

The 
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The  arc  M  Q  (whose  versed  sine  is  y\  has  also  JIf  N^ 
or  v^^ay^^  for  its  sine ;  and  if  we  dtfierendate  the  fore- 
going equation,  the  circular  arc  will  disappear;  for  by  the 
formula  (75),  in  which  a  represents  die  radius,  and  jp 
(he  sine,  if  we  substitute  ^9^ay^  y*  for x,  we  shall  hare 

V%ay-y^ 
Whence  also 

dx=L    ill.        ^^y-y^y 

consequently 

i^^^Ay^. 

^  2  ay^y' 

which  is  the  differential  equation  of  the  cycloid. 

Nothing  now  is  easier  than  to  obtain  expressions  for  the 
sub-tangent,  the  tangent,  the  sub-normal,  and  the  normal^ 
in  the  cycloid.  We  find,  by  the  general  formula  of 
No.  65, 


We  may  construct  these  values  in  a  very  simple  man- 
ner; for  it  is  easy  to  observe,  thatAfPor^beipgconsidex«d 
as  the  abscissa  QN  in  the  generating  circle  Q  ilf  6,  the 
value  given  above  for  P  R,  is  precisely  that  of  the  ordinate 
Jif  iV  of  this  circle^  and  consequently  the  normal  coincides 
with  the  chord  of  the  ztcMQ,.  as  may  be  also  seen  fiom 


The  expre^ion  tor  x,  putting  for  /  its  value,  is  thus  written : 

and  by  differenttating,  by  the  rule  in  (S2),  we  come  to  the  same 
result  as  before. 
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die  expression  for  M  R.  It  follows  from  henoos  that  the 
chord  M  G  produced  is  a  tangent.  If  we  conceive  the 
circle  QM G  to  slide  upon  the  point  Q^  so  as  to  arrive  at 
any  other  position  q  mg,  the  lines  m  q  and  m  g  will  conti- 
nue^  notwithstanding  this  change,  parallel  to  MQ,  M  G, 
It  is,  therefore,  sufficient  for  constructing  the  tangent  and 
normal  at  any  given  point  M,  to  refer  this  point  to  the 
fixed  circle  q  fngf  which  may  be  done  by  drawing  Mm  pa- 
rallel to  jf  B,  and  then  to  draw  JH  7  parallel  to  mg,  and 
M  Q  parallel  to  m  q. 

103.    Let  us  next  consider  the  radius  of  curvature.  If 
we  differentiate  the  equation 

'^  obtain  (Jx  being  constant) 

which,  reduced  and  divided  by^,  becomes 
whence  we  deduce 

substituting  now  this  value,  and  that  of  Jy  in  the  expres- 
sion for  the  radius  of  curvature  (94),  we  find,  after  the 
necessary  reductions 

y  c=  «^  («^)*=  2  ^2ay« 
This  result  shews,  that  the  radius  of  curvature  JM"  JIf  is 
double  the  normal  MQ 5  and  that  it  can  never  exceed, 
therefore,  twice  the  diameter  of  the  generating  circle, 
which  diameter  is  at  once  the  ordinate  and  the  normal  to 
the  cycloid  at  the  pomt  /,  at  which  the  point  of  conta#  gt 
has  traversed  one  half  the  circumference* 
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The  expressions  for  ar— at  and^-/9f  gire,  moreover 

whence  we  conclude^  that 

If  we  substitute  these  values  in  the  primitive  equation 
of  the  cycloid^  and  make  the  necessary  reduction^  we  find 

»=arc  \  vers=  -  0  ^  +  V-2flfi— /?*• 
a  result  which  has  a  great  analogy  with  that  equation.  The 
radical  V^—  2  a  j?  —  g*  becomes  similar  to  ^^ 2  a  y  ^  y\ 
when  we  make  0=  —  2  a  +  |3'>  which  comes  to  the  same  as 
takings  instead  of  the  ordinate  E  Af,  which  iaalways  ne» 
gative,  the  ordinate  PM^  referred  to  an  axis  A'Bfy  situated 
below  A  By  at  a  distance  A'  /s2  a.  By  this  transforma* 
tion  it  becomes 

«  =  arc  ^vers=2a-^|  +  V'2fl/3'— jS'*: 

but  we  must  observe,  that  the  two  arcs,  whose  versed  sines 
are  together  equal  to  the  diameter,  are  the  supplements  of 
each  other ;  and  denoting  the  semi-circumference  by  w^  we 
may,  therefore,  write  the  above  as  follows : 

«  ==» -^arc  ^  vers  ^e*  ^  +  V^§TFi:?\ 

Takmg  then  «=«—•'}  that  is,  substituting  for  the  abscissfi 
A  E,  another  abscissa  A  P^lA  I-^AE^  we  shall  find 

«'sarc  \  vers  ^ff\  -  v^2fl/5'-j?S 

the  equation  of  a  cycloid,  whose  origin  is  at  the  point  A\ 
and  which  is  described  upon  the  axis  A*  B\  by  the  same 
generating  circle  as  the  proposed^  but  rolling  in  the  di- 
rection 4' B'^  opposite  to  A3. 

The  same  consequence  may  be  also  obtained  from  the 
determination  of  the  radius  of  curvature.  Producing  G  Q^ 
to  meet  A' B*  in  Q,  and  drawing  Q  3f,  we  shall  have  the 
triangles  GMQ,  QMQ;,  equal  to  each  other.  The 
angle  QAf  Q  is,  therefore,  a  right  angle ;  and  if  a  circle  be 
described  upon  Q  Q',  as  a  diameter^  it  will  pass  through 


.DIFFEREKtlAL  CAJUCVLUS.  .127 

M^  and  will  be  equal  to  the  generating  circle*    This  being 
premised^  since  the  arc  Af  g'  is  the  supplement  of  if  Q,  , 
which  is  itself  equal  to  M  Q,  we  shall  have 

arc -*rg'=:e  MG -arc  A/Q 

which  proves  very  clearly^  that  the  evolute  A  W  A  is  a 
cycloid  described  by  the  circle  g  M!  g',  rolling  on  A  S^ 
from  A'  towards  S. 

The  reader  will  have  remarked^  doubtless,  from  what 
has  been  said  before,  that  the  cycloid  isrectifiaUe^ since  it 
is  its  own  evolute,  and  the  expression,  for  its  radius  of 
curvature  is  algebraic ;  and  we  thence  deduce  a  curious 
result,  that  die  length  of  the  arc  A  il,  or  its  equal  A  K^ 
whidi  compose  the  half  of  the  branch  described  by  the 
generating  circle,  is  precisely  that  of  A'  JT,  or  double  the 
diameter  of  die  circle. 

The  cycloid  is  not  terminated  at  Zj  where  the  circle 
has  described  its  vHiole  circumference  on  A  L\  for  there  is 
aod&ing  to  limit  the  extent  of  its  modon.  We  ought  par- 
dcubrly  to  remark,  that  in  the  description  of  curves^  all 
the  diflhrent  parts  which  result  from  the  same  construction, 
or  from  the  jsame  motion,  belong  to  the  same  curve.  Thus 
the  drde  g  MG,  by  continuing  to  toil  on  die  right  line 
A  By  beyond  .the  point  L,  <lescribes  a  series  of  portions, 
similar  to  AKL;  and  we  must  conceive  as  many  to  have 
been  described  on  the  left  side  of  the  point  A,  since  the 
dreie  may  have  arrived  at  this  point  in  the  course  of  a  mo- 
tion which  has  already  continued  an  infinite  length  of  time. 
The  equation  of  the  curve  leads  naturally  to  thete  remarks  \ 
ioft  theve  is  nothing  to  prevent  our  supposing  the  arc  g  If 
to  ix^crease  or  diminish,  by  as  many  circumferences  as  we 
please*  We  see  too,  that  y  can  never  surpass  2  «•  Hence 
it  follows,  that  the  cycloid  conceived  as  existing  m  its  full 
extent,  may  be  cut  by  the  same  right  line  in  an  infinite 
tmmber  of  points. 
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The  differential  coeflScient  of  the  second  order  j-^Sl^ 

being  =  -*  -^ ,  is  always  negative^  since  ^  is  always  posi- 

tive ';  but  when^ssO,  it  becomes  infinite,  as  well  as  --^, 

ax 

when  y =0,  which  happens  whenever  the  arc  MQis  either 

Of  or  some  multiple  of  the  circumference.    The  points 

A,  L|  8ic.  therefore,  where  the  different  branches  of  the 

cycloid  touch  each  other,  are  cusps  of  the  first  species,  at 

which  the  tangent  is  perpendicular  to  the  axis  of'  the  ab* 

scissx  (83). 

104.  The  spirals  compose  another  class  of  transcen- 
dental curves,  remarkable  from  their  form,  and  their  pn>- 
parties.  That  which  Conon  of  Syracuse  imagined^  and 
whose  principal  properties  were  discovered  by  Archimedes^ 
is  generated  as  follows:- 

Fig.  While  the  radius  J  O,  fig.  SO,  revolves  round  the  cen- 
so.  ter  A  of  the  circle  OG  Q9  ^  moveable  point,  setting  out  from 
Aat  center,  uniformly  describes  the  line  ii-O,  with  such  ai 
velocity  as  to  arrive  at  O,  when  the  line  has  completed  a 
revolution.  It  follows,  therefore,  that  for  any  point  M  of 
the  spiral  A  MOMX^  the  ratio  of  ^  M  to  il  iV  is  die 
same  as  that  of  the  arc  O  ^  to  the  circumference  OGOs 
but  as  there  is  nothing  to  prevent  the  describing  print  front 
continuing  its  motion  beyond  O,  upon  the  radius  produced, 
and  as  this  radius  may  itself  make  an  indefinite  number  of 
revolutions,  the  curve  A  MO  will,  dierefore,  extend  itself* 
making  continually  more  and  more  turns  round  il,  in  such 
a  manner,  that  the  ratio  of  the  (Ustances  of  its  several  points, 
from  A  to  the  radius  of  the  circle,  shall  be  the  same  with 
that  of  the  arc  described  by  O,  since  the  beginning  of  the 
motion  to  the  whole  circumference.  At  JIf',  for  instance, 
where  the  radius  ^i  N"  has  made  one  revolution /r/vs^  die  wfc 
O  N,  we  have 
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AM  _qGQ±qN' 
TFT^      OGO      • 
If  tb^n  we  make 

axid  if,  taking  for  unity  the  radius  A  Nj  we  represent  the 
circumference  O  G  0  by  2  t,  we  shall  have  » cs  -^ — .    ^ 

The  variables  in  tJu^  equation  arewhat  Geometers  have, 
called pcAr e$^wA$wi€s.  Tlie  center  A  df  the  circle  OGO 
is  cdled  the  poU^  Ae  fine  A  Mj  which  always  passes 
through  this  point,*  is  the  tadluf  vector  and  performs  the  part 
of  the  ordinate  of  the  ciQrve,  while  the  arc  0  ^  is  equi- 
valent to  the  abscissa. 

The  spiral  we  have  been  considering,  and  which  bears 
the  name  of  die  spiral  of  Archsnades,  is  only  a  particular 
case  of  the  curves  represented  by  the  equation  u  ^  af^^  n 
having  all  possible  values  given  to  it.  \lnzz,  —  \^  we  have 
utz=,a,  an  equation  which  belongs  to  the  hyperbolic  spiral. 

If,  in  place  of  the  distance  A  M^  we  were  to  take  for 
u  the  part  M  N  of  the  radius  vector,  comprised  between 
Af  and  the  circumference  of  the  circle  OGOy  the  equation 
$^-=iat  would  be  that  of  the  parabolic  spiral^  or  the  curve 
formed  by  wrapping  the  axis  6f  a  parabola  round  the  circle 
O  G  f  the  ordinates  would  their  be  perpendicular  to  the  cir- 
cimifiereace  cf  the  circle,  and  wouU  coincide  tn  direction 
"witii  the  radii. 

Ar  UNig  as  n  is  positive^  t)ie  spirals  given  by  the  icqua- 
don  tfsHtf  f  have  their or^in  at  A ;  but  when  n  is  negative, 
Mf  at  firat  infinite  when  /  is  nothing,  diminishes  as  this 
angle  increases,  and  at  each  revolution  the  describing  point 
jyyimnliw  A  witfaofitt  ever  bdbg  aMe  to  arrive  at  it. 

1 W.  •  When  curres  are  referred  to  pcJar  co-ordmates, 
fbk  first  differential  of  die  radius  vector  il  ^,  fig.  31,  is  ^|^ 
Ae  part  wMdi  is  cut  off  from  die  succeeding  radius  vector^^ 
^J^bydwatc  of  the  circk  if  (2,  described  about  die  point 
i[,  avacenti^wiAth^iradius^il.  This  small  arc  is  consi- 


31. 
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dered  as  a  straight  line  (74),  and  the  triangle  M  QM*,  i 


a  rectilineal  one,  which  gives  M M  -zis/  QM+QM^. 
When  we  measure  the  angle  M  J^  Mj  by  an  arc  of  a  circle 
H  N',  described  with  a  radius  A  N,  equal  to  unity,  we 
have  QM  ::z  udt,  and  Q  M ,  being  equal  to  i  u,  we  find 

M  M^^dlF+TFTK 

106.  If  we  draw  ii  Tparallel  to  the  chord  of  the  small  arc 
Q  Mi  and  produce  the  side  MAf  of  the  polygon  inscribed 
in  the  curve,  until  it  meets  that  line,  we  shall  have,  from  the 
similitude  of  the  triangles  AfQMtmd  MA  T, 

QJ/f^__AM 
QAf^  AT  ' 

When  we  take  the  limits,  the  chord  may  be  taken  for 
the  arc,  the  angle  QM  A  may  be  considered  as  a  right  angle, 
the  line  ilf  T  as  a  tangent  to  the  curve,  and  il  T  as  perpen- 
dicular to  A  Mf  which,  in  that  case,  coincides  with  A  M^, 
and  we  have 

du   _     u 
VTt'^'AT'' 
whence  we  derive 

du 

107.  The  second  differential  d^Uy  being  considered  m 
the  difference  between  two  succeeding  first  differentials 
(62),  will  be  represented  hy  M"  Q^-^M'  Q^\  and  we  mutt 
observe,  that  when  we  suppose  the  arc  N  N'  constant,  or 
•  when  we  make  the  angle  /  vary  always  by  the  same  quan- 
tity, the  arcs  Q  ^,  flM!  are  not  equal,  because  their 
radii  are  different. 

From  these  considerations  we  may  deduce  expressions 
for  the  tangents,  normals,  &€.  but  it  is  more  convenient  to 
transfer  to  curves  referred  to  polar  co-ordinates,  the  expres- 
sions of  the  sub-tangents,  tangents,  &c.  found  relative  to 
the  rectangular  co-ordinates ;  because  this  course  of  pro- 
ceeding will  give  occasion  to  transform  the  co-ordinates  of 
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the  first  system  into  those  of  the  second^  and  to  show  how 
we  can  pass  from  one  to  the  other* 

This  is  so  nittch  the  more  osefuly  because  algebraic 
curves  are  frequently  referred  to  polar  co-ordinates ;  and 
this  is  particularly  the  case  with  those  of  the  second 
degree^  their  focus  being  taken  for  the  pole. 

lOS.    For  the  sake  of  simplicity,  let  A,  fig.  30,  be  the  Fig. 
origin  of  the  rectangular  corordinates,  ^0. 

A  P=:x,  P  Mssy  i 

and  in  order  to  fix  the  position  of  the  axis  A  B^  Jet  m  de» 
note  the  arc  Q  0,  contained  between  this  axis  and  the 
point  O,  which  is  the  origin  of  the  arc  /•  Drawing  the  line 
P  M  perpendicular  to  A  B^  and  observing  that  the  angle 
M  AP  \%  measured  by  the  arc  N  Q  equal  to  t-m^  we 
shall  have 

Tm  ^TpatPM, 
A  P  ^  A  M  cos  NQ, 

PM^AMsinNQi 

whence  

x=»cos(/— m)» 

ys»  sin  (/-in). 
By  means  of  the  two  latter  values  we  may  change  any  alge- 
braic equation  between  x  and  if  into  another,  which  contains 
only  the  sine  and  cosine  of  arc  /,  and  the  radius  vector  i^ 
These  values  also  give  us 

cos  (/— iw)as  -. ,        sin  (/—/»)=  ^ ; 

whence  we  may  deduce  values  of  cos  /and  sin  /,  expressed 
in  terms  of  x,  y^  u^  sin  m  and  cos  m,  which  being  substi- 
tuted in  any  given  equation  between  »,  sin  /,  and  cos  /, 
will  lead  to  a  result  containing  only  x  and  y^  since  u  may 
be  changed  into  Vr^+y. 

If,  for  the  sake  of  brevity,  we  suppose  the  line  il  JB  to 
coincide  with  A  0,  we  have  simply 
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'         ^      C08/=:  f ,  8in^  s^. 

When  tbe  equation  between  u  afid  f,  winch  it  is  pro^* 
posed  to  transform  also,  contains  the  arc  t,  it  is  aot  possi-' 
ble  to  obtain  an  algebraic  relation  between  x  and  f,  since 
none  such  exists  between  the  arc  tf  and  its  sine  and  cosine ; 
but  in  this  case  we  may  arriTe»  as  we  Aall  presently  tee,  at 
a  difierential  equation,  which  only  contains  x^  jf>  d  x,  iai4 

We  may  dedttct,  from  the  vaiues  of  r,  ff  and  sr,  ghrco 

above 

4l6:s:d.  V?T^9 
d  xssd  u  cos  (t''m)'-ud  /  sin  (  /-  m), 
dy  zzd  u  sin  (f  " m)  +  u d  t  COB  {i^  m)  ^ 

if  we  efiminate  d  u  ftom  dx^  two  latter  equations,  we  shall 
have 

.        dycos(t'-'nt)^dx  sin  (/— w) 
*"  i#  ' 

and  substituting  for  cos  (/-^it)^  sin  {t^m)j  and  irtbeit 
values,  we  have 

We  can,  therefore,  extetminate  from  tfcc  •quatioo  be* 
tween  u  and  #,  and  from  its  difierential,  the  quantkies  a», 
cos  /,  ^n  /,  du  and  d  i ;  and  the  tmo  result  obtained  wil 
only  contadn  if,  which  may  be  made  to  disappear  by  elimi- 
nation: 

Take,  for  example,  the  equation  U'=:a  /*,  which  gives 

the  expressions  of  u,  d  u,  and  dt,  being  independent  of  the 
angle  m,  we  have,  by  substitution  and  reduction  to  a  com- 
mon  denominator. 
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From  tliis  expreisioii  we  may  detetmine  tbe  sub-tttigalt8| 
tangenu,  &c.  tif  Bpirals,  by  makiflg  use  of  die  fonmlaB  of 
No.  6S ;  k  willy  hoireveT,  be  more  rimplef  and  at  tbe  eanw 
time  oiore  geneial)  to  transform  ibeae  kmulm  iato  etiienf 
contaiiiiiig  only  tbe  Taruible^  ^  and  t,  wbicb  aiay  be  imt  u 
follows. 

109.    Tb«  ez|Mre8sioii  for  .tbe  eabK^aai^t  becoales;  by 

putting  (oty  and  — - ,  their  values, 

du  sm  (/-m)+tttf  /  cos  (/-iw) 

This  result  may  be  much  simplified  by  observing  dnt 

die  situation  of  the  fine,  of  the  abscissc,  on  wfaidh  the 

distance  PT'is  measnied,  isaxlatrary»  and  thstue  may 

consequently  always  take  for  m  such  an  arc  that  Q  N  diall 

be  equal  to  ^ ,  in  which  case  the  ordinate  P  M  coiiiddes 

widi  the  radius  vector,  A  Af ;  aho,  cos  (/-*nf)r:0  sin  (r—m) 

=1,  and  P  r  becomes  -rf  T  =  --  5^ . 

du 

The  tangent  may  be  constructed  by  drawing  through 
die  point  A  a  perpendicular  to  the  radius  vector  A  M,  and 
measuring  off  in  this  line  the  value  of  AT,  given  by  the 
above  formulae. 

If  we  apply  diie  femrahi  fee  the  equation  u^a  T,  we 
shaB  find 

J  r=  -  _f!L-  s  -  f /»+^ . 

In  the  oase  of  th^  spi^  oS  Cpoon,  welwve  isapjii  wd 
0s  -«^}  and  consequently, 

2  9 
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From  this  expression  we  see,  that  when  i  =2  r^  or  after 
one  revolution  of  the  radius  vector^  the  sub-tangent  is  equal 
in  length  to  the  circumference  of  the  circle,  at  the  end  of 
two  revolutions  the  sub-tangent  will  be  equal  to  four  times 
diat  quantity;  and  so  .on^  as  Archimedes  remarked. 

When  n^-lj  which  is  the  case  of  the  hyperbolic  spiral, 
we  have  A  T  zza,  that  is  to  say^  the  sub-tangent  of  this  curve 
is  constant. 

It  is  not  necessary  to  consider  particularly  the  expres- 
sions of  the  normal  and  sub-normalj  because  they  may  resi- 
dily  be  obtained  when  the  sub-tangent  is  known. 

It  may,  however,  be  observed,  that  «  -— -  ex- 

presses  the  tangent  of  the  angle,  which  the  radius  vector 
A  M  makes  with  the  right  line  V  M,  which  touches  the 
curve  at  the  point  M,  and  that  we  have 

TzzmJaM^Tt^us/  l^"^ . 

110.    If  in  the  differential  of  the  arc  A  JIf,  which  is 

dz^'/HF^^Hy     (75), 

we  substitute  tot  d  x  and  dy  their  values,  expressed  in 
terms  pf  the  polar  co-ordinates,  we  shall  have 

d z=:  \^di?TtFIF, 

as  might  be  immediately  deduced,  by  considering  the  cur- 
FzG.  vilineal  triangle  ^M' (2,  fig.  31,  as  rectilineal  and  right- 
^^ -    angled,  from  which  form  it  differs  less,  the  nearer  the  points 
M  and  Mf  approach. 

ill.  The  differential  of  the  area  ADM,  taken  rela« 
tive  t6  polar  co-ordinates,  is  not  a  trapezium,  as  in  the  case 
of  parallel  ordinates  i  but  a  sector,  as  J  M  Af  •  Taking 
the  limits,  the  ratio  of  this  sector  to  the  differential  NN' 
will  be  the  limit  of  the  ratio  of  the  sector  AMQfAM'R, 
between  which  it  is  comprehended,  and  which  tend  towards 
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equality,  to  the  same  difierential  NN*.  From  this  we  may 
conclude,  that  the  area  A  D  M^  being  represented  by /,  we 
shall  have 

The  expression  for  the  sector  d  /,  in  terms  of  the  rect- 
angular co-ordinates,  is  frequently  required,  and  it  is  there- 
fore proper  to  notice  it.  It  may  readily^be  deduced  from 
the  preceding,  by  putting  for  d  t  and  ii*  their  values,  found 
in  Art.  108,  when  we  find 

4s^  5 

1 12.  Let  us  now  consider  the  radius  of  curvature;  and 
here  we  must  observe,  that  thejormula 

supposes  the  increment  d  x  constant  for  all  the  difl5erentia- 
tions  performed  on  y,  and  that,  since  the  polar  co-ordinates 
/  and  u  are  functions  of  x  and  y,  they  are  implicitly  func?- 
tions  of  J,  and  consequently  they,  as  well  as  their  difieren- 
rials,  vary,  when  the  latter  quantity  undergoes  any  cjhange. 
We  must,  therefore,  differentiate  the  two  equations 

dxzzdu  cos  (t'^m)^udt  sin  (t—m), 
djfzzdusia(t^m)'\-udtcoi(/'-'m)f 

and  making  dy,  d  ui  and  d  /,  vary  at  the  same  time,  we 

have 

0=J*«cos(/-iw)-2rf«<//8in  (/-«)— «rf»/ sin  (/-«X 

-  II  rf/*  cos  (/-«)> 
d^y=d* u  An{f-m)^2dudt  cos {/-  m)-\-ud^t cos  (/-«) 

-^ud^  sin  (/—«•). 

The  situation  of  the  line  A  J?,  fig.  30,  being  arbitrary,  ^o- 
we  may,  for  the  sake  of  simplifying  these  expressions,  sup- 


ISO  DIFFERENTIAL    CALCULUS. 

pose  tt  perpendicular  to  AM  (109),  and  consequendf  I— «r 

=  ^  I  hence 

^  (/  -  m)  =  1^  €08  (/-^  «)  =0| 

dxss^udt,  dyzzdt^, 

««s^d  d^it'^ud^'ty  d*y±i*u^tide, 

When  this  formula  is  employed,  it  k  oeceasafjr  to  make 
both  the  di£Ferentials  d  u  and  d  t,  of  the  polar  ordinates  u 
and  t,  vary,  subjecting  d*  i  to  the  condition 

0ss'~2dudt^ufit, 

which  establishes  a  relation  between  d^i  and  dudt^  that 

is  to  say,  we  must  substitute  in  the  expression  of  d^  Uf 

instead  of  d*"  t^  its  value,    deduced  from  the  above  .ex- 

'  pression. 

113.  Instead  of  calculating  the  expressiops  for  the 
co-PfdinatfiS  a  and  0  of  the  evolute  (94),  it  is  usual^  when 
pdar  ctH^rdinatea  are  employed  to  determine  the  position 
of  the  cent^  of  the  osculating  circle,  by  means  of  that  of 
the  itimmAf.  and  by  tha  distance  oi  M  Ey  comprehended 
betwetn  tbe  p^int  M  and  the  base  of  die  perpendicuhr 
E  F,  drawn  from  the  center  F  of  the  osculating  circle  on 
the  line  A  M,  by  which  means  the  construction  of  the 
radius  of  curvature  is  sometimes  rendered  more  elegant. 

The  fine  A  M,  being  taken  wd-  the  axis  of  ordamtes  f, 
the  part  A  E  will  represent  the  ordinate  S  of  the  etohitt^ 
and-  consequently 

ME^AM^AE::zy^B^^±lflt, 

du.efpre'  ME^^^i^J^J^. 

d^u-'udV 

1 14.  As  an  application  of  the  preceding  fonmdse^  let 
us  take  the  logarttlimic  spiral,  whose  equation  is  iTa  1  cr. 
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AiieretrtiigAg,  me  ham  <fT), 

4tz;:Mi^.  Ficnce  ~  =  JJf, 


u 


TT 


which  shows  that  at  all  the  points  in  this  curve,  die  tangent 
mafces  <he  saaie  aiyle  \^ith  the  radius  vector. 

Pifferentiadng-ag^i^  the  eisfaz6ouM dt'-M du  =  0; 
fupppsiiig  dtMX^ du^fmghlOf  we  ahall  have 
u4*t'^dM*d*';-Md'uSiO; 
and  substituting  for  u  iTf,  its  vahie,  -^2  4udt{\  l%)f  it 


and  if  we  substitute  in  the  expressions  of  MF  and  M  E  this 
value  of  d* »,  and  then  that  of  d  t,  expressed  in  terms  of 
d  Uy  we  shall  have 

3f  F^  «^lT^,         Jf  £=«=^  3f. 

Prom  this  it  follows,  diat  the  straight  line  A  P^  fig.  32^  Fig. 
drawn  perpendicular  to  the  radius  vector  A  Mt  will  meet  ^^* 
the  normal  M  is  at  the  center  of  the  osculating  circle^  or 
at  the  corresponding  point  of  the  evolute. 

This  evolute  will  be  a  spiral  similar  to  the  given  arc } 
for  the  angle  A  FM,  being  equal  to  TM  Jy  will  be  the 
same  for  all  points  in  the  curve  i^Z,  as  well  as  for  those  of 
the  curve  A  X. 


On  the  Manner  qf  changifig  the  Independent 
Fciriable,  or  the  Means  of  convertit^  the 
Differential,  which  has  been  considered  as 
constant  J  into  another,  which  shall  not  be  so* 

1 15.  In  treadngof  the  radius  of  curvature  for  polar  coe 
ordinatesi  we  have  considered  the  variables  u  and  /  as  implicit 
functions  of  x ;  and  we  have  consequendy  made  the  two  difie* 
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rentiak  d  t  and  d  u  yztj  at  the  same  time ;  aince^  hd^ever,  ve 
may  consider  the  equation  of  the  given  cunre  relative  to  its 
polar  co-ordinates  u  and  t,  independently  of  its  rectangular 
oifes  X  and  y,  we  may  also  regard  m  as  a  function  of  t,  and  may 
take  V  /  for  the  constant  increment  of  this  latter  variable, 
which  is  then  independent  on  any.  Considered  in  this 
.point  of  view,  we  ought  to  makeiT/sO;  but  it  will  be 
necessary  first  of  all  to  alter  the  formulae  of  Nos.  1  IS.  and 
lis,  in  which  we  have  always  considered  x  as  the  inde- 
pendent variable,  and  that  d  x  was  constant. 

It  may  be  observed,  that  considering  /  and  u  as  f  ttnctions 
of  the  variable  x,  we  have 

dtzzpdx^         duesqdXf 
and  consequentiy 

du  _  q 
dt  ■"^* 
Differentiating  each  side  of  this  equation  on  the  same  hypo- 
thesis, where  d  t  and  d  u  are  considered  as  implicit  fbnc- 
tions  of  X  and  of  d  x,  we  have 

Jt    d^u         dud*t 

j(i^  \^pdq'-qdp  ^dx    dx  dxdx 

\dt)         p^  TTTy        » 

\dx^ 
which  becomes 

rdu\      dtd^U'-dud^t 


(?7> 


^d? 

the  same  as  would  result  from  the  immediate  differentia* 

tion  of  the  fraction^  (12).    On  this  hypotiiesis  the  dif- 

d  H 
ferential  coefficient  of  the  function  ^ — ,  or  the  limit  of  the 

d  t 

ratio  of  ^.  —   to  J./,  is  no  longer  expressed  by -—,  as  it 

is  when  h  is  considered  as  the  independent  variable }  but 
by 
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Tt     \di)  d?       ~  • 

If  then  we  make 

^^      ^  ^  ^  -  « 

wd  oonrider  m  and  n  as  implicit  functioiis  of  t^  yre  8hal} 
have 

dt  d^u-duJ't 
n^  J? ' 

and  by  the  equation  0:z%dud  t^  +  ud*foi  No.  112,  we 
have 

d^tzz ,  and  n  zz  ~ — —5 . 

u  udv 

Now  it  follows,  from  the  nature  of  the  Difierential 
Calculus,  that  alLthe  expressions  furnished  by  this^calculus, 
ought  to  be  independent  of  the  value  of  the  increments, 
and  ought  consequently  to  be  transformable  into  others, 
which  contain  only  the  determinate  functions  m,  n,  &c. 
We  have,  in  fact,  from  the  preceding  operations, 

du^mdif        d^uzz =^- i — I 

and  substituting  thes^  in  the  expressions  of  ilf  i**  and  ME^ 
we  shall  obtain 

2m*-ii  »  +  «* 

which  formidas  are  freed  from  the  increments,  and  only 
contain  the  functions  m  and  n,  which  are  the  Ifanits  of  their 
ratios  \  but  when  t  is  taken  for  the  independent  variable^ 

the  functions  m  and  n  are  represented  by  7-  and  y^\  an<l 

at         df* 

we  have  consequently 
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and  diffierentiatbg  d  x  and  dy^  considered  as  functions  of 
Xf  we  have 

dxd^x-k-dyd^gzz^O'^ 

eliminating,  by  means  of  this  equation  and  its  differentials 
the  differentials  ^x^  d'r,  &c  from  the  expresnons  of  f »  r% 
&c.  we  shall  have  the  forms  which  the  differential  coeffi* 
cients  assume,  when  xand  ^  vary  in  consequence. of  a 
chaiige  of  the  arc^z,  or  when  we  consider  that  arc  as  the 
independent  variable^  or  when^  in  other  terms,  its  different 
tial  is  constant. 

Geometrical  considerations  correspond  very  clearly  with 

this  circumstance  \  for  it  is  apparent,  that  b  order  to  par* 

JpiG.  ticularise  the  polygon  M  M!  M*,  &c.   fig.  2»  which  we 

2.  propose  to  inscribe  in  any  given  curvci  C  M^  that  we  must 

assign  some  law  for  the  succession  of  the  angles  of  uie 

polygon.  We  have  first  taken  the  differences  of  the  abscissae 

PP',  F  P\  &c.  equal  to  each  other ;  but  this  law  might 

be  changed  for  any  other :  suppose,  for  example^  that  the 

sides  M  M\  M  M\  should  be  equal. 

We  are  also  at  liberty  to  suppose 

dz  =  dx^        or  dz^dy  I 
whence  there  results 

£?x=0,        orrf^^stO; 
and  by  means  of  these  hypothesis,  we  alternately  take  x 
and^  for  the  independent  variablei  that  is  to  say,  we  con- 
sider^ as  a  function  of'^,  or  x  as  a  function  of  y.    In  the 
first  case 

,  gss  --j^,  and  in  the  second  arss  -  ^9^f 
'     dx^  ^  dgfl 

If  we  put  this  latter  value  in  the  expression 

we  shall  immediately  transform  it  into  one  in  which  x  is 
considered  as  a  function  of  y,  and  which  is 
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AH  which  precedes  afiects  onlj  the  symbolSji  and  is  in  fact 
nothing  more  than  a  peculiar  manner  of  writing  the  differen- 
tial coefficients;  for  whether^  varies  on  account  of  the  change, 
which  X  undergoes,  or  on  account  of  that  to  which  another  . 
variable  z  is  submitted,  on  which  x  depends,  it  is  in  both 
cases  the  same ;  for  the  limits  which  are  independent  of  the 
talue  of  the  increments.  Also,  when  we  difierentiate  an 
equation  between  x  and  jr»  making  d  x  and  dy  both  vary> 
we  may  then  transform  the  resuljt  into  differential  coeffi-- 
cients,  by  means  of  the  formulae  of  No.  116,  as  we  should 
also  do  by  differentiating  after  the  manner  of  No.  115:  by 
both  these  methods  we  should  arrive  at  the  same  result. 
The  formulae  obtained  by  the  first  method  are  somewhat 
more  elegant,  because  the  two  varis^bles  are  there  treated 
symmetrically. 

In  the  first  chapter  of  the  treatise  on  the  Differential 
and  Integral  Calculus  may  be  found  some  important  details 
on  this  subject,  which  had  not  been  given  by  any  one  pre- 
vious to  the  ^publication  of  that  work. 

1 18.  From  what  we  have  just  seen  it  appears,  that  we 
can  always  differentiate  a  system  of  two  equations,  con- 
taining three  variables,  from  which  system  it  results,  that 
any  two  of  these  equations  are  always  determinate  functions 
of  the  tlurd.  If  l/sO  and  ^sO,  denote  two  equations 
between  x,  ^,  and  s,  we  may  take  the  successive  differen- 
tials9  by  making  those  of  the  two  indeterminates,  which 
are  considered  as  functions  of  the  third,  vary  at  the  same 
time. 

If  we  have  three  equations  £7=0,  r=0,  and  jr=0, 
between  four  variables,  /,  jr,  ^,  z,  three  of  these  variables 
will  necessarily  be  determined  by  the  fourth ;  consequently 
fliey  will  be  functions  of  it,  and  their  differentials  ought, 
therefore^  to  vary. 
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Generally,  when  there  are  a  number  m  equations  be- 
tween m  +  l  variables  determining  m  of  them  hj  means  of 
the  renuuning  one,  they  ought  only  to  be  considesed  as 
containing  functions  of  that  variable ;  we  must,  therefore^ 
jii  the  successive  differentiations  of  these  equation8«  make 
die  differentials  of  those  indeterminates  vary,  which  2xe 
considered  as  functions  of  that  variable  which  is  indepen- 
dent or  whose  differential  is  constant. 

J 19.  When  we  have  equations  of  this  oatui^  me  may 
always  deduce  from,  them  a  single  result  belJsiBeen  any  twf 

.0f  tliefi^  by  a  process  which  I  diaU  ei^laia  for  two  eqiift^ 
iJqbs  between  three  indeterminates,  and  which  it  will  bt 
easy  to  extend  to  as  many  as  nay  be  required. 

Let  UtriO  and  F^O  be  dbese  two  eqfuatioiis,  one  of  the 
mA,  oodor,  and  the  other  cf  die  mh^  let  diem  coiitnn  the 
<va»iable8  x>,  y,  and  i^  and  thrir  diflSsrentiab ;   and  fwom 

-  these  we  propose  to  eliminate  / :  the  first  may  contatn, 
besides  the  vaaaable  t,  the  differentials  d  t^  d*  ti, « v^^  ^^^ 
ihe  seoond  may  contain  d  i,  d^  t^  •^•4'^  t.    ^s  we  are  not 

^Misseased  of  the  primitive  eqnatjonss  nor  of  aU  their 
differentials  of  inferior  ordersi  we  imist -necessarily  piocufe 
some,  new  equations  to  eliminate  the  quantities  if /,  d'/, 
&c.  which  may  be  done  by  differentiating  H  times  the 
equation  CTasO,  and  m  times  die  eqtiadon  f^=X>.  By  ttSs 
means  we  shall  obtain  n-^m  new  equations;  and  we  dndl 
have  for  the  whole  numbem+m-f^,'  including  the  two 
given  ^nes:  die'quanddes  to  be  eKnlinated  are  /,  di^ 
d*t,  ...  <^'+%  m  number  ^+n+  1 ;  there  will  remain, 
dievefore,  a  final  equadon  between  x  and  y,  and  Aek  dif* 
ferendals. 

If  dt  were  constant,  it  would  appear,  that  by  diffbren* 
dating  one  of  the  given  equadond  once,  we  niight  eliminate 
/  and  dt,  since  we  should  then  have  three  equations;  but 
it  ought  to  be  observe4,  that  the  differendals  J^  x,  d^y, 
contain  /  implicidy,  since,  in  that  case,  we  have  considered 
J  9ndtf  as  funcdons  of  that  variable  (1 18) :  we  must,  there* 
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fore,  ocmnder  as  constant,  the  difieiential  of  that  one  of  the 
variables  we  wish  to  preserve. 


On  the  Differentiation  of  Functions  of  two  or 
more  Variahles. 

120.  When  we  have  one  equation  between  three 
variables,  we  must  first  arbitrarily  assign  the  values  of 
any  two  of  them,  in  order  to  determine  the  third,  which 
consequently  is  a  function  of  the  two  first.  If  we  have, 
for  example,  the  equation 

we  cannot  obtain  s,  without  first  having  assigned  values  to 
X  and^ ;  but  it  is  proper  to  observe,  that  the  quantities  x 
and  ^,  having  no  relation  established  between  themy  the 
second  may  remain  constant,  although  the  first  should 
change,  and  reciprocally. 

It  follows  from  hence,  that  the  value  of  %  may  vary  In 
several  ways ;  1st,  in  consequence  of  a  change  in  the  value 
of  X  or  ^;  2dly,  by  the  coincidence  of  botik  these  circum- 
stances.  In  the  first  case,  the  quantity^,  or  the  quantity 
jTj  being  considered  as  constant,  the  proposed  equation 
is,  in  fact,  an  equation  of  two  variables ;  thus,  when  x 
alone  changes,  we  have 

xdx-^-zdz^Oi  whence  3-+ « -P-.  ='0, 

a  X 

and  wfienjr  changes,  it  becomes 

ydy-\'zdx:=:0\  whencey  +  a  —  «  0. 

We  have  then,  successively 

z     \  z 

but  it  must  be  observed,  that  the  first  of  these  equations  is 
relative  to  the  particular  variation  of  x,  and  tl^e  second  is  re- 

T 
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,  laSmtDthatof^,  whichb  «soaUf  expitsaed  bf  ttyiog,  that 
one  is  the  partial  differential  rebttve  to  x,  isd  the  other 
the  partial  differential  relative  to  y. 

The  meaning  of  the  proposed  question  will  present  us 
from  confounding  thenii  and  thej  are  otberwiae  suffidently 
distinguished,  by  observing  the  differential  of  the  independ* 
ent  variable,  which  afiects  them. 

The  anafogous  differential  coefficients  are 

d%  X         ,  dz  ti 

---.=*--,  and  *^  as  —  *. 
ax  z  ay  z 

In  general,  when  a  function  of  several  variables  is  con- 
cerned, it  should  be  remembered,  that  in  •-— ,  4/  z  is  the 

a  X 

partial  differential  of  z,  relative  lo  Xf  whilst  In  ~^  dxiM 

dy 

the  partial  differential  relative  to  ^. 

121.  If  f  (JT,  y)  represent  any  fuactioa  of  x  and  jr  \ . 
supposing  at  firsts  that  the  variable  x  alone  changes^  and 
becomes  x  -I- A,  we  must  consider  y  as  a  constant  quantity^ 
^uul  treat  the  proposed  function  in  the  same  manner  as  m 
fuDction  of  jr ;  we  shall  therefore  have«  by  No.  21,  putting 
ui^i{x^y) 

In  order  to  find  what  the  proposed  function  becomes 
when  y  alone  reoeives  an  increment  ky  we  must  consider  x  at^ 
constant,  and  f  (x,  y\  or  »,  m  a  f uaction  of  y ;  from  which 
we  have 

f(x,y  +  *)=«+  -..+—,_  +^,  ^j^^  +  &c. 

In  case  the  two  quantities  x  and  y  vary  at  the  same 
time,  and  become  x + A  and  y-k-k^  as  we  have  not  assigned 
any  particular  form  no  the  function  i{x,  y)j  it  is  not  pos« 
stble  to  make  the  two  substitutions  indicated  at  the  same 
time;  but  it  is  easy  to  perceive^  that  we  shall  arrive  at  die 
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same  result,  by  first  putting  x-^hfor  x,  and  afterwards  writ-  * 
ing  jf -l-ifor  jfj  in  the  developement  oVtaiaed  by  the  first 
snbsdttttion. 

We  hare  alvtady  found 

u  denoting  f  (x,  y\  In  order  to  develope  die  coeiBcient 
of  the  difRsrent  terms  of  this  series,  having  regard  to  the 
change  which  jf  undergoes,  we  may  first  obserre,  that  in 
each  of  them  x  may  be  considered  as  a  constant  quantity^ 
and  diak  we  may  consequently  treat  them  as  functions  of  y 
alone.    According  to  this  f  {x^  ^)  or  u^  wiU  become 

dy  1       dy^      1.2       dy^      !•  2.3 

du 
If  in  this  developement  we  write  JL  instead  of  u^  die 

d  m 

result  will  be  what  the  function^  becomes^  when  y  is 
changed  into  jr-l-jt^  that  is  to  saj^ 

7*+       dy   I*      rfy»      1.  «  tfj»     1.2.S 

But  since  die  espitssiQ&  -^  ■  indicates  two  differen- 
tiations made  successively  on  the  function  u,  in  the  first 
considering  x  alone  as  variable,  and  in  the  second  making 
jpoaly  vary;  this  expression  assumes  a  more  simple  form, 

fdu 


when  wrkten  thus  :^^7i*  In  the  same  BMumer -^^-^ 

18  represented  by —^  I  :tod  generally,  by  ^_^ ,  is 
meant  the  difierentiai  coefident  of  the  nth  order,   of 
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the   function  — pj  ,  supposing  that^  is  the  only  variahle 

in  it,  whilst  that  function  is  itself  the  differential  coefficient 
of  the  order  m  of  the  proposed  f  unction,  supposing  x  only 
to  yjiry. 

ThiB  being  premised,  the  substitution  of  ^  +  1  instead 
of  ^  will  change 

T-*"    mto-r^  + .  -    +  . ,         +   ■  -.  +  file. 

dx  Tx      dydx    \        4ly*dxl.2      dydxl.Q.S 

^    Wn*^"  4.  J^_?_    *   J.       */*  I*     ^       d^U  1*  .     -  ^ 

-n^  '"*°Ji?"^J7jFi+j^3Prr2  +  iy«/;ti  i.'a.s  +**"• 

&c.    &c. 

,  * 

Substituting  these  values  in  the  developement  of 
f  (r  -1-^9^)  and  arranging  it  so  that  all  thbse  terms  in  which 
the  sum  of  the  exponents  of  h  and  A:  are  equals  shall  be  in 
the  same  vertical  column,  we  shall  have 

«/y  I         rfy«  1.2     dy^l.i.S 

**  *  +&C 


.     d*u     i     A*    .  . 

d>u      i? 

+  &c/ 
ISS.  This  develo|>ement  has  been  obtained  hj  first 
puttingx+4  instead  of  X,  and  /A«i^+i  instead  of  yj  but 
we  might  hare  proceeded  in  an  inverse  order,  and  have 
begun  by  the  substitution  of  ^ + ^  for  ^  j  f  (jr,  y)  would  then 
have  become 
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d^    1      df  1.2      «/y»  1.2.3 

The  substitution  of  x  •(-  A  for  f ,  in  diis  series,  would  hxn 
changed  u  into 

and  also 

^into^  +  £!L  *+-^    iL+_£l         ^^       . 
''y         «/^        </»rf^  1      J^rfy  1.2      i/i»</y  1.2.S      **• 

d^       d^     inp\  ^  I^Fd^  1 .«  "^  di»dg*  1  .a.s     '**^'" 

dy*        dy*     dxdy^l  "^  rfj«  rf^  1 . 8      TP^pl  .2 . S "^  **^* 
and  we  should  tlterefore  have  found 
/•    .  X      .  i\        ,  du h  ,    d*u     i*     .  tPu   '  X?  j.  «,- 

dtti      £in  i  d'u      A*i.&- 

*         d^l     dTT^l  1        d*V^  1 .2  1 

.    J**    iV         j^«    A   i* 
■^  J7  T2  rf»</j;«lTT« 

+  &C 

It  h  endentt  that  this  second  derelopement  ought  to  be 
identical  with  the  former;  sbce  it  is  indifferent,  whether 
we  first  change  « into  x +A,  and  then  y  into  jr+A>  or  whe- 
ther we  make  these  substitutions  in  an  inrtirse  order,  as 
in  either  case,  we  obtain  f(x+ A,  jr+i). 

If.  we  compare,  in  these  two  derelopements,  those 
terms  which  are  a£fected  with  the  same  powers  of  A  and  i, 
we  shall  find  the  following  series  of  equations : 
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J^  u  ,         iPu 
4y  d  X     dx  4y 

«  'djfdo^  ^dlFTy 

dtf^dx  "^  dxd^ 

d^df^'^  djTdif^ 

From  the  first  of  these  it  foUows,  that  /&  ^JfenniUJ 
9Mffi6mt  rfthe  smnd  opdsr  of  amf  fmetion  of  tvfo  variaUu, 
taken  first  vfitk  respect  to  one  of  these  variaUes^  and  then  vnth 
respect  to  the  other^  is  the  same  in  whatever  order  the  d^eren^ 
tiati&ns  are  performed. 

Take,  for  example,  u^jT^  \  if  we  fint  diffSsreatiate  it^ 

considering  x  only  as  tariabfej  we  have  -^  tsm  J!*— *  y  i 

fkX 


then,  differentiating  this  result,  with  respect  to  5  onlf, 
obtain  ■»■  g     s^wii  jT^iy-^j  and  byperfar»fi^gtbe«e 
opentions  in  an  inverse  order,  we  find 

i!i=ii:ry»--S  and -^4^  =  « »«•- y-»; 

and  the  final  revolt  is  the  samt  in  both  cases. 

The  remaining  equations  of  the  series  given  above  are 
ottly  consequesices  of  the  first. 

128.  Subtracting  f  (x,  y  )  or  «  from  f  (x+*,y+*), 
we  find 

♦  fcc. 


mmftsmxAL  cauhtlus.  161 

If  we  extend  the  definition  (5)  of  the  differential  of  a 
function  of  one  variable  to  those  of  two  variables,  we  shall 
percdref  that  that  of  f  (Xjjf)f  or  of  u,  consists  of  two  termSy 
wUch  fbnn  the  first  cdamn  of  the  preceding  devekpement } 
and  by  changing  h  into  dx,  and  k  Into  dy,  we  have 

df(r,y)=rf»=i~dr+---?rfy. 
ax  djf 

VroiXk  tins  it  follows,  that  the  complete  differential  of  a 

funcdon  of  two  variables,  consists  of  two  parts,  viz.  -J^dx, 

a  X 

or  the  differential  taken  on  the  supposition  that  ps  alone  is 

variable^  and  rp  dy^  or  the  differential  taken  when  y  only 

If 
is  variable. 

We  may,  therefore^  apply  to  functions  of  two  variables 
die  ndes  which  have  been  given  (No.  10, 1 1,  &c.)  for  those 
which  depend  only  on  one ;  and  for  this  paipoee  fv#  mtui 
d^laretaiaii  the  gt  «m  fundim^  Jhnst  with  respect  to  we  of  the 
nMtriabla^  and  then  with  respect  to  the  others  and  the  sum  of 
these  two  results  will  be  the  complete  differential  required, 

IM.  It  Vrill  not  be  necessary  to  give  many  examples 
relative  to  the  differentiation  of  functions  of  two  variables^ 
nice  it  is  reducible  to  that  of  functions  which  contain  only 
one ;  the  following  will  be  sufficient : 

We  may  perceive  immediately,  from  the  rule  above 
that 

d(ar+y)  =  JjT  +  dy 

d  •  xy  z:zydx'\'xdy 

«      X     ^dx        xdy  ^ydx-^xdy 

Again,  let  Ist,  usspTy*,  we  have 

dx  ^ 
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AtntoKf 

2dly.    Letaa    ."^       «sa^(x*+y')~^t  then  we 

have 

-_ — axs^ _ 


therefore 

(a»+y)T      (*•+/)*      (aE»+»*)* 
or  b  J  reduction 

—axydx-¥ax*  dy 

Sdly.  Let  »=arc  tan  f »  which  is  die  eiq^resuen  for 

die  arc  of  a  circle  whose  nulius  is  unityt  and  tangent  --•  In 

order  to  diflferentiate  this^  we  must  make-  =  z^  and  must 

Jf 
find,  from  No.  35,  the  differential  of  the  arc,  whose  tan- 

gent  is  expressed  by  z ;  the  result  H ,  :    we   haye, 

d  z 
therefore,  d  us: .  $  and  putting  for  z  and  d  z  their 

ralues,  we  shall  have 

ydx^xdjf 

J                y*             ^dx—xdg 
du:=:  ^:r ^^ — ,  ,    . • 
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)25'  The  Q^anner  in  vhich  the  differentials  of  func- 
tions, which  depend  on  more  than  one  variable,  are  written, 
gives  nse  to  some  important  oemarks.    We  have  already 

seen  (120),  that  in  this  case  ^  rfx    must  not  be    con- 

founded  with  d  u^  which  it  mighi  be  if  »  contained  only 

the  variable  x,  because  the  expression  --«  has,  in  the  case 

of  u  being  a  fuMtkxi  of  two  Vand^les  a  particular  meaning ; 
it  denotes  the  differential  coefficient  taken  on  the  hypothesis 
of  X  only  being  variables  or,  it  is  the  quotient  of  the  first 
term  of  the  developement  of  the  difference  tal^en  on  that 

hypothesiSi  divided  by  the  idcrement  d  x ;  and  -r-dy  sig- 
nifies the  same  with  respect  to  jr*  ' 

The  quantities  j^,  ZT'  ^^^  qommonly  called  partial 
dsfferenea  of  the  first  order  of  the  function  u  \  and  generally 


u 


J— -  represents  one  of  those  of  the  order  «  +  «,  which 

dtTdjf^ 

arises  by  differentiating  m  times  with  ][espect|  to  x^  and  n 
umes  with  respect  to  ^.       ^ 

It  ought,  however,  to  be  observed,  that  the  term  jfartial 
diffirenc§  is  not  a  correct  one,-  for  the  formulae  which  are 
thus  denoted  do  not  express  the  difference  of  two  quanti- 
ties.   The  real  partial  differences  of  i^  are 

f(T  +  A,y)-f(x,y), 

f(x,y  +  i)-f(x,y).  "    \ 

The  first  of  these  is  taken,  with  respect  only  to  the  change 
of  1*,  and  the  second  by  supposing  y  only  to  vary.  The 
expressions 

dti  1    d  u  I        du  J  ^     duj 
—  *,  -^  i,  or-- rf^,   -T-dyy 
Ufc       ay  ax  ay 

which  are  the  first  terms  in  the  developements  of  these  dif- 
ferences, ought  to  be  called  partial  differentials ;  and  ~ , 

a  X 
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~5 ,  are  always  the  differential  coefficients  ot  the  first  order 
dy 

of  the  given  function.  It  should,  however,  be  .observed^ 
that  a  function  of  one  variable  has  only  one  differential 
coefficient  in  each  order  (17),  while  a  function  of  two  vari- 
ables has  two  differendai  coefficients  for  the  first  order,  three 
for  the  second,  8cc. 

These  coefficients  may  be  deduced  in  the  following 
manner,  from  the  two  first,  beginning  with 

duzz-r^  ax  +  --.  ay\ 
ax  ay 

then  taking  the  diffisrentials  of  die  functions-^ and  ~^  , 

which  must  be  treated  as  functions  of  two  variables,  we 
have 

dx      dx^  dydx    ^, 

jdu         d^  u    J  ^  ,  d^  u  ^ 
dy      dxdy  ay^ 

and  since  l!he  second  differential  is  nothing  more  than  the 
difierential  of  the  first,  we  shall  hiave 

a  or  dx  dy  dy 

considering  d  x  and  dy  as  constant  quantities,  and  observ* 
ing,  that  the  differential  coefficients  whose  denominators 
contain  only  the  products  of  d  x  and  dy  differently  arranged, 
are  identical  (122). 

If  we  differentiate  the  differential  coefficients  which 
occur  in  the  preceding  result,  we  shall  have 

.  d*  u         d^u    J         .      d^u  J 


dydx^ 

_  ^^  d^u 

ly     dx^  dy^"^  dydxdy' 


.    d^u  _     d^  u      ,  d^u 

"""dTdv-dlFdli  "^""^  dvdxdv^^^' 


I 
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and  consequently 

This  fonnation  may  easily  be  continued,  zvA  the  analogy 
of  the  results  with  the  powers  of  a -binomial  will  doubtless 
be  observed. 

It  may  be  noticed,  that  the  series  of  No.  123.  b  the 
same  with  that  in  No.  22,  when  we  substitute  dx  for  A, 
and  rf  y  for  fc  i  so  that  if  we.  denote  f  (a:  +  *,  y + 4)  by  »',  we 
still  have 

du  ^^M  _^    d^u      ,  g^^ 

^'-^^T +  ^:2■*"^:2Ts+^'- 
which  formula  is  quite  as  general  as  that  of  No.  123 ;  sinqe 
the  increments  d  x  and  d  y  are  arbitrgiry. 

126.  It  is  easy  to  extend  these  considerations  to  func- 
tions of  any  number  of  variables,  and  to  convince  ourselves 
thatif  wejbave 

i/3:f(/,*,y,z), 

there  will  result 

denoting  by 

du        du         du         du 

47'     dT'      37'      dz  • 
the  diflFerential  coefficients  of  the  function  u,  taken  on  the 
supposition  that  t  or  x,  or  y  or  z,  only  varies. 

This  notation,  which  owes  its  origin  to  Fontaine,  is  the 
most  simple,  and  the  most  expressive  of  any  which  has  yet 
been  proposed  to  denote  the  same  operations.  Euler,  fear- 
ing, lest  the  differential  coefficient  j^  should  be  con^ 
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founded  widi  the  ratio  of  the  complete  differential  d  a, 
to  the  differential  d  x,  which  ratio  U  equivalent  to 

—  0/+  -r —  a  X  +  -7—  ay+  -,—  o  % 
at  d  X  dy  d  % 

.     ^ .  ■■  % 

d  X 
denoted  this  ratio  by  ^iL ,  whilst  he  expresses  the  dife« 

rendal  coefficient  by  (-r^j  •    The  nature  of  the  subject 

almost  always  renders  this  distinction  superfluous.  Fon- 
taine^  however^  had  provided  against  any  case  where  this 
might  be  absolutely  necessary,  by  proposing  that  the  ratio 

should  be  written  thus  :   - — d  u ;  and  knowing  that  this 

ratio  occurs  much  less  frequently  than  the  differential  co- 
efficient, he  gave  to  this  latter  the  most  simple  sign,  which 
is  conformable  to  the  theory  of  all  nomenclatures^  and  li 
exactly  contrary  to  what  Ettler  did. 

Observing  that  we  never  employ  die  ratio  of  the  dif- 
ferentials of  two  quantities,  without  supposing,  at  least 
implicitly,  that  one  of  them  is  a  function  of  the  other,  and 
that  the  expression 

du   j^   ,   duj     .  du  J     . du    , 
dt  d  X  ay  d  z  ^»  *    ^ 

dx  ax 

has  no  meaning,  unless  we  consider  the  tariables  /,  y,  and 
z  as  implicitly  depending  on  x* ;  I  have  proposed  to  write 
this  expression  thus : 

d(u) 


IT' 


enclosing  the  function  between  two  parentheses,  to.  show 
that  not  only  aU  the  terms  explicitly  containing  «  may  vary; 
but  also  all  those  quantities  which  may  implicitly  depend 
on  it.    This  notation  bas^  as  well  as  that  of  Fontaine,  the 
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adyantage  of  preserving  the  most  ample  sign  for  die  case 
which  most  frequentlj  occurs. 

127.  Let  uziO  be  an  equation,  containing  x^y,  and  z; 
if  we  consider  x  and  y  as  independent  variables^  z  will  be 
a  function  of  both ;  and  yifhen  x  receives  any  increments  jf 
being  supposed  constant,  z  will  undergo  a  coiresponding 
change.  On  this  Iiypothesis,  the  equation  v «:0  ottgfat  to 
be  considered  as  an  equadon  between  two  variables,  k  and 
z ;  we  shall  have,  therefore  (SS), 

da    .du    dz  ^^ 

d  X       d  z    dx 

and  from  this  may  be  deduced  the  differential  coefBcient  of 
Zy  relative  to  the  variability  of  u*.  It  must  here  be  re- 
membered, according  to  the  distinction  which  has  been 

made  (120),  that  in  -^^  dzh  die  partial  differential  of 
dx 

z,  taken  with  respect  to  the  change  of  «  alone. 

It  is  evident,  that  if  we  had  made  y  vary  by  differen- 
tiating the  proposed  equation,  as  if  it  contained  only  jf  and 
Zy  we  should  have  had 

du      du^  ^:so 
djf      dz  dy"^    ' 

If  we  multiply  the  first  of  these  equations  just  found 
by  d  Xy  and  the  second  by  dy^  and  if  we  then  add  them 
together,  diere  will  result 

du  ,     ,  du  j^    du  /d z  J     ,  d z  J  \     ^ 
dx  dy  dz    \dx  dy     ^/ 

but  —-d  x  +  ~dyii$  nothing  more  than  the  complete  dif 

ferential  of  z  (123):  we  have,  therefore 

d u   *  ^  ^  du  J       d  u  ,       ^ 
dx  dy  dz 

that  is  to  say,  we  may  equate  the  first  differential  of  the 
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equation  f/=:0,  taken  with  respect  to  the  three  yariabies  x^  y^ 
and  z  to  zero.  It  must  not  be  forgotten,  that  this  difierea- 
tial  ought  to  be  considered  as  equivalent  to  two  equations ; 
since,    by  substituting  in   it  -instead  of   d  z,    its  ralue 

-T-^dX'h  —  dy,  those  quantities  which  multiply  ^a?  and 

dy,  must,  on  account  of  the  independence  of  the  incre* 
ments,  be  separately  equal  to  zero. 

1^8*  The  equations  which  give  the  coefficients  of  the 
higher  orders  may  be  decuiced  by  diflFerentiadng  the  equa- 
tion! 

du    ,dtt,    dz     ^ 
5 —  ■*■  -T—   •  -T —  ^v  , 
a  X       a  z      u  X 

d  u    t^d  u      d  z   _^ 
dy       dz      dy 

The  first  n\ay  be  represented  by  -^  =0,  and  the  second 

by  "J  '  =0>  agreeably  1:0  the  notation  adopted  in  No.  126^ 

these  equations  again  contain  the  three  variables  x,  y^  and  sr, 
and  may  be  treated  in  the  same  n^^mner  as  the  proposed  one. 
And  considering  first  the  change  which  x  undergoes,  not 

d  z 

only  will  z  vary,  but  also  its  coefficient  of  the  first  order,  -— 

which  will  give  rise  to  the  coefficient  of  the  second 
order  j-^.    Therefore,  by  differentiating  -3^  with   re- 

«  JT*  d  X 

spect  to  X,  we  shall  have,  as  in  equations  of  two  variables, 

rfar*  *       d  x''  dx  dz  dx    d  z^    d  3^    d  z  d  X*. 

If  we  differentiate  -—- ,  with  respect  to  y  and  z,  or  —^ 
with  respect  to  x  and  z,  observing  that,  in  the  first  case. 
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-r-  vyf^^  5 — T— 1  and  m  the  second-r-  gives  , — r-  =  3 — ?-> 
ox**       dydx  dy^       dxdy     dydx 

we  shall  have  in  both  cases  the  same  result,  which  will  be 

dxdy*  • 

d^u  ^  d^u    dz  ^  d^f*    dt^du    d^  z  ^d*u  ^^^^  ^q 
dtcdy    dzdy  dx     dzdx  dy     iTz  dxdy     dz*  dxdy^ 

Lasdy,  the  equation  -y^  =0,  diffnentbtedi  considering  y 
and  z  only  as  variable^^  will  pTo4pce  .^, 

•7^5-*       dy^'^    dydz  dy      dz'^dy'ldzdy^'^   ' 

But  since  z  is  a  functioacf  a?,  and  oiy^u  ought  to  be  con- 
«sidered  as  a  function  6f  these  vaxaables>.asd  we.  shall  conse- 
quently have  (125)  "  :«         r'l  ,= 

and  in  facty  if  we  substitute  f or  ^ 

dHu)        d^ju)       d^(u) 
dx*  '     dxdy'      dy'  ' 

the  results  found  above^  and  if  we  change 

dz  J  ^     d  z  J 
dx  dy    ^ 

into  the  total  differential  d  zof  the  first  order^  and  al^    ' 

:r-:^*  +  :; — -y-^xdy-^^  dy*, 
dx*  dxdy         ^    dy* 

into  the  total  second  differential  d*  z%  the  fihal  equation 
will  be  the  same  as  that  which  we  should  have  qbtained  if' 
we  had  differentiated 

dx  dy     ^       dz 
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eoQsidering  dx  and  dy  as  constaoti  and  z  as  a  function  of 
X  andy, 

.  ISg^  These  consiiieratians  may  easily  be  eiten<M  tD 
any  order  of  differentiation,  and  to  any  number  of  vanablea ; 
for^e  whole  consists  in  determining  those  which  are  ind«- 
pendent^  which-  can^only  b^^done  from  the  natqre  of  the 
q^e$tion  which  l^d  to  ^e  piropofed  equatioi^s  \  and  we  musf^ 
then  differentiate  with  respect  to  each  of  these  variables, 
faealdng  tlie  s^Ix)Idmate[!var|lbles  as  Implicit  fuoctioiu  of 
the  independent  ones. 

If,  for  example,  wfe  Have  Ihetwb' equations, 

f/=:Q^  \\  v^O^  '  '  .  \ 
between  the  five  variables,  >,  /,  or,  y,  and  i,  "^e  see  that 
three  of  these  vaiijilblies  are;  iudepcndsnt.  Sttpposixig  then 
thaty  ielnd  z  are  funetionff  of  the'odier  variables^  i,  ty  m^ 
given  by  the  proposed  equations,  we  miist  ^neeeesively  dif- 
ferentiate u  and  v,  with  reqiect  to  s,  with  re^pf^ct  to  /,  and 
with  respect  to  x ;  aitd  we  shatf  have  .  v 

ds        djf  d  s       d  z    d  s 

du    .    4u  rfy  V  du'dz      ^ 
dt         dy  d.t.         dz  dt 


du         dju^  d^y   ^  a  u  dz 
d  X        dy  d  X        d  z  d  x 


=0. 


If  we  multiply  each  of  these  equations  respectively  by 
s,  dt,  dx,  and  add  the  results  together,  putting  dy 


d 

instead  of 


pLd.^i^dtfilLdx, 
ds  dt  4x       * 


and  d  z  instead  of 
we  shall  have 


ds         dt  dx 
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ds  dt  dx  dff  d% 

A  similar  result  maybe  deduced  from  the  equation  vsO$ 
and  it  folio ws,  that  in  differentiating  the  equations  umO 
and  vsO^  with  respect  to  all  the  yariables,  i,  t,  u,  x^  y, 
and  z,  and  in  substituting  instead  of  dy  and  d  Xf  the  expres- 
sions for  those  differentials!  considered  as  functions  of  three 
variables  (186),  we  must  make  the  coefficient  of  the  diffe- 
rential of  each  independent  variable  separately  equal  to 
zero. 

By  considering  the  differential  coefficients  themselves  as 
new  functions  of  the  independent  variables,  we  shall  have 
no  difficulty  in  investigating  the  differentials  of  higher 
orders  $  we  shall  therefore  conclude  what  remains  concern- 
ing the  formation  of  differential  equations  by  some  remarks 
<m  the  elimination  of  constant  quantities  and  of  functions. 

ftO.    The  equation  vsO^  between  x^y,  and  z^  having 

two  differentials  of  the  first  order,   -~  «0,  and  ^-^ 

d  X  dy 

asO,  it  is  evident,  that  we  can  eliminate  two  constant 

quantises  between  these  three  equations,  and  (he  result 

will  express  the  relation  between  the  variables  x,  y,  z,  and 

the  coefficients  ... ,  or-— ,  independendy  of  the  particular 
a^x       dy 

values  of  the  quantities  eliminated. 

If  to  the  above  equations  we  join  the  three  of  the 

second  order, 

£M^Q  llW-0  ^(">«o 

w«  diall  have  six  equations,  from  which  we  may  eliminate 
five  quantities,  and  so  on. 

131.  This  leads  to  a  very  important  remark,  that  we 
may  eliminate  fr<Hn  an  equation  of  three  or  more  variables, 
functions,  who^e  form  is  absolutely  unknown; 


Take^  for  example,  ^  equation  z  =  {(ax-hiy),  in 
which  the  chancteristicT  dehotesli  function  whose  form 
is  indeterminate.     From  this  may  be  deduced  an  equation 

l^twwtt  -^  and  ^ ,  which  is  independent  pf  tKat  function. 
ux         ay  ' 

and  which  is  equally  adapted  to  z^a  x  -^  ky^  to  2  ^ 
^axTTy^  to  zirsin  («  jr  i^i  y),  and  in  general  to  all  func-r 
tions  of  th9  <|ii«Htiry.4  ^  -I-  ^  y.  Make  ^x-^by^^t,  then 
eke  given  fqvution  becomes  z=f  (/),  and  conaeqiientlj  w^ 

hare  d  z^V  {t)  dt,  f '  (0,  denoting  llifl  j  but 

at 

• 

dx  dy 

dt^^  dx^^y-  dy^ 
d  X  dy 

whence 

dx^    ^'^Ti'       Ty^^  ^^\^' 

putting  for-i  and  -f  ,  their  values,  a  and  i,  and  then 
n  X         ti  y 

eliminating  f '  {t\  we  shall  have 

fdz  dz     ^ 

dx         dy 

This  equation  expresses  a  charactef  by  wUoii  we  na^ 
distinguish,  whether  any  proposed  quantity  j«  a  function 
of  tf  x  +  *y  or  not  i  for  from  its  formation  it  ought  to  be- 
come identical,  whenever  we  substitute  in  it  instead  of 
d  z  t  d  z 
die         di*      ^^^  ^*'"^®  deduced  from  any  function  of 

tf  ir+*  y.  Let  us  suppose  that  we  are  unacquainted  with 
the  origin  of  the  polynomial  fl*x»  +  2  tf  « i-y  +  S^f :  by  cqua- 
ting  it  to  «,  and  differentiating,  we  shall  find 

^^^^d'x  +  Qaiy,      il  =2a**  +  8*»y; 
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these  values  substitnted  in  the  equation  i  -r-*  —a -4^=0, 

a  X       dy 

render  it  identical  i  ftpm  this  we  conclude^  that  the  polyno- 
mtal  repffes6Jated  by  xf,  is  a  funcGon  of  a  Jp+iy^  which 
is  otherwise  apparent^  since 

In  general,  when  we  have  any  equation  u=^0  between 
jr,  y,  z,  and,  any  indeterminate  function  reptesiented  by 
f  (/)>  and  in  which  only  t  is  giveii  in  terms  of  *,  y,  and  z, 
we  may  always  eliminate  f  (/)  and  f '  (0,  by  means  of  the 
equations  '  *      * 

*      dx  dy 

When  *we  proceed  to  the  second  drder,  the  number  of 
equations  becoming  greater,  it  is  possible,  in  many  cases, 
to  eliminate  two  unknown  functions^  but  we  shall  not 
enter  into  these  details,  nor  into  those  whidi  relate  to 
"equations  containiog  mof  er:ihBa  three  v«riable», 

132.  Very  little  need  here  be  said  concerning  Ae 
manner  of  reducing  into  series,  functions  of  two  variablesi 
because  it  most  frequently  happens^  diat  they  are  only  deve- 
loped is  respect  to  one  of  the  variables  which  they  contain^ 
the  other  being  supposed  to  have  some  constant  value  $ 
and  in  tliis  case  they  may  he  treated  as  functions  of  one  va^> 
riable.  It  may,  however,  be  useful  to  show  how  the  for- 
mula of  No.121 .  may  be  employed  for  developing  functions 
of  two  variables,  in  the  -same  maaaer  as  that  of  No.  2 1 .  is 
applied  to  those  which  contain  only  one. 

If  we  make  x=:6,  and  y =0,  in  the  formula  of  No.  1«1, 
that  is,  in  u  and  in  each  of  its  dlflrerential  coeflkients,  it 
will  give  the  developemetit  of  f  {*,  *)  arranged  a<5cording 
to  the  powers  of  h  end  k^  but  We  may  put  x  instead  of  A, 
aitdy  instead  of  k^  and  ^e  result  will  be 
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+  &C. 

observing  that »  and  y  must  be  put  equal  to  zeio»  bodi  in  u 
and  in  all  the  differential  coefficients  deduced  from  it. 

We  might  also  obtain  the  developement  of  f  (x,  y)^  by 
diSerentiation»  as  we  have  arrived  at  that  of  f  {i)  in  No.  19 ; 
for  if  we  suppose  ^ 

the  letters  A,  B,  C,  &c.  will  denote  quantities  independent 
on  A?  and  ^;  and  if  we  differentiate  this  equation  with 
respect  to  x  and  to  y  several  times  successively^  so  as  to 
form  the  differential  coefficients 

d'u        du       ^u  d*  u      ^ 

dirr  dj'   d^\  3i3y '**'• 

we  shall  have^  by  equating  x  9Stiy  to  zero,  after  the  diffe- 
rentiations, 

ax  it  y 

^=1.22),      ^i!^«i.i^,  ^=:i.ej?;&c. 

rfx*  axdy  dy^ 

the  value  of  ^  may  be  found,  by  seeking  that  of  the  func- 
tion I/,  when  x  and  y  are  put  equal  to  zero. 


Of  the  Maxima  and  Minima  of  Functions  of  two 
Variables. 

13S.  If  I  in  a  function  of  two  variables,  we  consider 
one  as  constant,  and  if  we  give  to  the  other  an  infinite 
number  of  different  values,  for  each  of  these  values  the 
given  function  will  have  one  or  more  Values,  and  amongst 
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these  some  may  be  maxima,  and  others  mimmOf  which  may 
be  detennined  by  making  the  differential  coefficient  of  the 
function  taken  relative  to  the  quantity  which  is  supposed 
to  changet  equal  to  zero  (48). 

Thus  if  we  suppose  ii  to  be  a  function  of  r  and^,  and 

if  we  suppose^  to  be  constant^  and  make  — =0,  we  shall 

obtain  those  values  of  x,  which  make  u  the  greatest  or  the 
least,  when  y  retains  the  ^ame  value. 

The  result  which  we  thus  obtain  is  still  indefinite,  be- 
cause it  may  vary  on  account  of  the  changes  which  the 
other  variable  y  undergoes  \  and  it  consequently  only  deter- 
mines the  relative  maxima  and  minima^  amongst  which  there 
exists  a  certain  number  which  exceed,  orwluch  are  less  than 
the  others,  and  which  correspond  to  determinate  values 
of  y.  These  latter,  which  are  completely  determined,  are 
the  absolute  maxima  and  minima  of  the  given  function; 
diey  may  readily  be  discovered,  by  eliminating  «  from  the 

d  u 

function  »,  by  means  of  the  equation  - — =0,  which  will 

ax 

render  «  a  function  of  y  only,  and  denoting  the  result  by 

Vf  we  must  then  make  -; — 

mine  the  values  of  ^  (48). 

We  may  obtain  an  equation  equivalent  to  j-  sO,  with- 

out  eliminating  x ;  for  this  purpose  we  must  observe,  that 

the  equation    — rsO,  which  arises  from  the  condition  of 

the  maximum  or  minimum^  relative  to  x,  establishes  a  rela- 
tion between  the  variables  x  and^ ;  so  that  die  former  of 
these  may  be  considered  as  a  function  of  the  latter.  By 
differentiating  upon  this  supposition,  we  have  (126) 

d(u)  _  dji  rf£      du  ^^ 
dy      d  X  dy       rfj^j  ""  * 


V,  we  must  then  make  -; —  =0,  which  equaUon  will  deter* 
^3^ 


wUch  result  is  reduced  to  - — zzO,  because  from  the  con* 
dition  relative  to  x,  we  hav6  already  found  j — =0. 

*rhose  values  bf  x  and  ^,  Michcomifepbnd  to  the  abso- 
lute maxima  and  minima  of  the  functiod  Uf  .may  therefore 
be  determined  by  means  of  the  equations 

du     ^  d  u     ^ 

d  X  dy 

Bj  extending  these  considerations  to  functions  of  any 
number  of  variables^  We  shall  find,  that  in  order  to  discover 
the  absolute  maxima  and  minima  of  these  functions^  we  must 
make  their  differential  coeifBcients  of  the  first  order,  taken 
with  respect  to  each  of  the  variables  on  which  they  depend, 
separately  equal  to  zero. 

tS^i  The  characters  which  dkti^uiah  die  mdmmm 
from  this  mi^uinuy  in  lancticMs  ttf  several  variaUes,  may  be 
deduced  from  prniciples  analogous  to  those  which  have 
been  employed  with  respect  to  functions  of  one  variable 
(49) ;  but  the  application  is  more  complicated :  we  shaU^ 
therefore,  confine  ourselves  to  diat  which  concerns  func- 
tions of  two  variables. 

Let  u  be  a  function  of  x  and  ^i  an^,  to^  Ae  sak^  of 
brevity,  let 

A,    B,    C,    &c. 
ftsibti^  Vtat  scenes  of  funtlidns 

dy^' 

the  result  of  the  substitution  of  jr+A,  ^+A'  in  u,  will  be 
(121)       . 

Ai-£h  +  Ck 

+,Y:^\DX'  +  2£ik^Fk*\ 
+  &c. 


dii 

dM 

d*u 

d*v 

37* 

dl,' 

dx^* 

dxiy' 

I 
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tbd  Talup  of  tbU  ^xpresi^on  Qsgkt  to  be  lea$  thm  that  of 
^y  in  the  case  of  an  absolute  maximum^  and  gvealer 
in  the  case  of  an  absolute  tmnimum,  whatever  be  the 
signs  of  h  and  h^  provided  they  e3q)ress  very  small  quanti- 
ties. But  since  the  terms  of  the  first  order  Sk^  Cif  which 
may  become  greater  than  the  sum  of  all  the  others^  bj 
faking  i  and  i  of  a  proper  degree  of  smaUness,  change 
(heir  fign  at  the  sam^  time  vith  those  quantities  tbent- 
lelve^  it  may  be  shown  from  a  reasoning  sinular  to  d^ 
employed  in  IsTo.  48^  that  they  miist  vanish  in  the  case  of  ^ 
m0xwnimf  0|r  a  mninrntn  ;  we  have^  therefore 

which  is  the  same  result  as  diat  of  the  preceding  raie. 

These  conditions  being  fulfilled  by  die  values  of  jr  and 
y,  which  are  determined  from  diem ;  it  iSj  in  the  next 
place,  necessary,  that  the  coefficients  Z>,  E,  and  F,  should  not 
vanish  at  the  same  time ;  and  moreover,  that  the  sign  of  the 
quantity  of  the  second  order,  which  forms  the  second  liiie 
in  the  above  developement,  should  be  independent  of  any 
relation  that  may  be  established  between  h  and  i,  and  their 
signs. 

We  know,  fromjthe  theory  of  algebraic  equations,  that 
every  expression  of  the  same  form  as  the  first  member, 
when  the  second  ranisheSf  cannot  pass  from  positive  to  ne- 
gative, without  becoming  zero  in  the  interval  ^  and  that 
when  they  have  only  imaginary  roots,  they  do  not  change 
their  sign,  whatever  value  may  be  given  to  the  unknown 
quantity :  from  this  it  follows,  that  the  quantity 

being  made  equal  to  zero,  and  solved  as  an  equation  with 
respect  to  one  of  the  indeterminate  quantities,  h  or  I,  will 
only  give  imaginary  roots ;  and  we  may  conclude,  that  it 
will  preserve  the  same  sign,  whatever  may  be  t^e  value  of 
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the  indeterminate  quantities.  Taking  the  value  of  k^  for 
instancej  we  find 

A=  D —'» 

wluch  result  will  be  imaginary,  if  the  quantity  compre- 
hended under  the  radical  is  negative^  that  is  to  say,  if  we 
have  FD  >  £*.  We  should  observe,  that  this  condition, 
which  is  necessary,  in  order  that  a  fnaximum  or  minimum 
should  exist,  supposes,  that  the  quantities  F  and  D  are  of 
the  same  sign.  In  that  case,  the  quantity  DA* + ^Eh  h  +  -FP 
cannot  change  its  sign ;  and  since  it  is  reduced  to  D  h\ 
when  IsOj  D  must  be  positive,  in  order  that  it  may  be 
positive,  or  that  a  minimum  may  exist  $  and  there  will  be  a 
maximum  in  the  contrary  case. 

'  135.  In  order  to  prove  a  posteriori,  that  when  the  con- 
ditions  we  have  just  found  are  fulfilled,  the  sum  of  the 
terms  of  the  second  order  of  the  series  j4  +  B*  +  Ci  +  &c. 
will  preserve  the  same  sign,  whatever  may  be  the  values  of 
i  and  i :  it  is  sufficient  to  observe,  that  the  first  member  of 
the  equations  of  the  second  degree,  whose  roots  are 

having  the  form 

is  the  sum  of  two  squares,  and  that  consequently  it  cannot 
change  its  sign. 

Making    - 

•-  ^  .         ^ 2? • 

the  expression  of  h  leads  to 


=  i-(DA»  +  2£Ai+2?*'), 
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and  it  appean,  that  the  quantity 

cannot  change  ita  ugn^  as  long  as  the  quantity  FD^E^ 

remains  positive ;  because  the  square  of  A  +  -jr-^^  necessa- 

tily  positive,  whatever  may  be  the  signs  of  the  quantities  i 
and  I. 

Euler^  in  his  Differential  Calculus^  only  pointed  out  the 
necessity  of  having  D  and  jFboth  positive  or  both  negative 
at  the  same  time.  Lagrange  was  the  first  who  showed 
that  this  condition  alone  is  not  sufficient,  and  to  him  we  are 
indebted  for  the  theory  which  lias  just  beei^  explained. 

If  the  coefficients  of  the  second  order  vanish  at  the 
samie  time  with  those  of  the  first,  there  can  be  no  maximum 
or  mnimum^  unless  the  coefficients  of  the  third  order  dis- 
appear also  I  and  (fie  terms  of  the  fourth  ordevSprmaquan- 
tity,  whose  sign  is  independent  of  h  and  i.  The  considera- 
tion of  the  imaginary  factors  whidi  Ais  condition  will 
render  necessary,  will  lead  fo  results  smadogous  to  the  pre- 
cedingp  Fin^llya  it  tavf  be  observed^  that  whatever  may  be 
the  result  on  sidistituting  the  values  of  x  and  y,  rela- 
tive to  the  maximum  and  mnimMim^  in  u  and  in  its  differen- 
tni  coefficients,  it  most  always  happen  that  the  results 
derived  from  the  supposition  of  x^h^  y±^>  shall  be  all 
less,  or  all  greater  tiian  u ;  and  that  the  different  methods 
whfeh^  are  proper  for  ascertaining  whether  this  takes  place, 
will  also  be  proper  for  ascertaining  the  existence  of  a  mu*- 
imum  or  of  a  minimum. 

13^.    As  an  example,  let  us  take  the  foUowmg  ques- 
tioui  similar  to  that  of  Na.  50. 

To  divide  a  quantity  a  into  three  parts^  x^  g^  a-^x-^y, 
such  that  the  product  x** y*  (^r— x  — y)*  maybe  z  maximum* 
We  then  have 

Y 
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ox 

the  factors  ma-^mx-^myr-px^  and«a— «x— /sy-;^,  being 
made  equal  to  zero,  give   . 

ma                    nd  fa 

X= — —- ,yas^ .tf-T-t/= — 1_ 


m-k-n-k-p         m-^-n-Vp  m+n-^-p 

In  order  to  discover  whether  these  values'  beldng  to  a 
maximum  or  a  minimum^  we  must  substitute  them  in  the 
general  expressions  of         ' 

d*u  i^u  d^u 

11?*       dxdy*       dy^  • 

andj  for  the  sake  of  brevityi  putting  m  +  «  +p:^qf  we  shall 
find 


^=-<-^)("r)"'"  (7)"  (t')'"' 


The  quantities  D  and  i^  are  negative,  and  we  may 
readily  convince  ourselves  th^t  they  iFulfil  the  condition 
D  F—  jE*>  0,  when  the.  exponents  iw,  «,  p,  are  positive : 
thus  we  have  obtained  the  maximum  which  was  required.    ■ 


General  Remarks  upon  the  Application  of  the 
Differential  Calculus  to  the  Theory  of  Curves 
of  Double  Curvature^  and  to  curve  Surfaces. 

1S7.  Considerable  details  have  been  given  concerning 
this  theory,  in  the  Treatise  on  the  Differential  and  Integral 
Calculus :  it  contains  an  extract  of  some  length,  from  the 
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researches  of  Monge,  connected  with^  and  enlarged  by^ 
those  of  Euler,  and  of  other  Geometers.  At  present  we 
shaU  confine  ourselves  to  the  most  sinliple  problems  relating 
to  this  subject,  ' 

It  is  known  (Trig.  App.)  that  two  equations  between 
three  unknown  quantities  may  be  represented  by  a  curve  of 
double  curvature^  whilst  one  equation  between  three  vari- 
ables belongs  to  a  curve  surface.  In  applying  theDifferen- 
tial  Calculus  to.  curves  of  doable  curvature,  we  may  consi^r 
der  them  as  the  limits  of  polygons,  three  consecutive  sides 
of  which  are  not  in  the  same  plane.  The  prolongation  of 
one  of  these  sides  gives  the  tangent  in  the  same  manner  as 
it  does  in  curves  described  on  a  plane. 

We  may  easily  obtain  the  equations  of  the  tangent 
Mr',  fig.  83,  by  observing  that  its  projections  are  them-  *'®' 
selves  tangents  to  those  of  the  curve  XM\  and  since  it  is 
sufficient  to  be  acquainted  with  two  projections  of  this 
straight  line,  we  will  fix  on  those  which  fall  on  the 
plane  of  the  x  and  z,  and  on  the  plane  of  the  y  and  z. 
Denoting  the  co-ordinates  of  any  point  in  the  tangent 
by «',  y,  jiy  those  of  the  point  M  being  x^  y^  z,  the 
equation  of  the  lineZT'M",  which  is  a  tangent  to  the 
projection  2C*  M\  will  be 

and  that  of  r"  W\  which  is  a  tangent  to  -T"  M:\  wUl  be 

Suppose  that  we  have  deduced  the  values  of  y  and 
z  in  terms  of  ;r,  from  the  equations  of  the  curves 
Z"Jf",and^''JM"';  and  diat,  after  die  substitution  of 
diese  values  in  the  equations  of  die  tangent  we  eliminate  x, 
we  shall  have  the  relation  which  exists  between  tKe  co-or- 
dinates x\  y,  and  z'  of  the  tangent  JAf,  whatever  be 
die  position  of  the  point  M^  and  conse^uendy  we  shall  have 
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the  equation  of  the  cunre  wxhce,  formed  by  all  the  tan* 
gents  of  the  curve  JT  if.  From  this  we  may  easily  discofw 
whether  the  curve^is  wholly  situated  in  the  same  plane  or 
not ;  for  in  the  former  dase  the  cunre  surface  just  alluded  to 
will  bea  plane,  and  in  the  latter  case  it  will  he  a  cunre  sur&ce. 

188.  Two  successive  tangents,  TM^ndtm,  deter- 
mine the  situation  of  the  plane  which  passes  through  two 
successive  sides,  and  which  is  called  the  Osculating  Plane. 
Its  equation  may  be  found,  by  supposing  it  to  pass  through 
three  successive  points  of  the  pven  curve.    Let,  thereferet 

ila/  +  J8y  +  Cz'  +  D=3  0,  belts  equation  (Trig,  App.); 

it  is  first  necessary,  that  the  equation  iiiv  +  J3y  +  C;s  +  2} zO, 
should  be  satisfied,  since  this  plane  must  contain  the  point 
whose  co-ordinates  are  jr,^,  andz ;  and  in  order  that  the  two 
succeeding  points  may  be  situated  on  it,  it  is  also  necessary 
that  the  first  and  second  differential  of  its  equation  should 
hold  good  at  die  same  time  with  those  of  the  equations  of 
the  given  curve* 

We  might  take  one  of  the  differentials  dr,  ily,  or  ^z,  for 
constant  (1 18) ;  but  the  result  will  be  more  symmetrical  if 
we  treat  them  all  as  variable ;  and  we  shall  have 

Adx-^rBdy^CdzszO,  Ad^x^B d^y^Cd^z-O^ 

whence  w%  deduce 

A  _dyd^z-dzd^ft       B  ^dxd^x-^  dxd"  z 
C      dxd^ff^dyd^x^     C  '^'dxd^y  --dyd^x' 

and  subtracting  the  equation 

firom 

A  Ti 

--^d  then  putting  for  ^  and  :?,  their  values  found  above, 

and  making  the  denominators  disappear,  we  shall  find  the 
f ollownig  resultj  whose  form  is  remarkable : 
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By  substittiting  in  this  for  any  two  of  the  three  cOK)rdi- 
natesi  their  values  deduced  from  the  equations  of  the  given 
curve,  we  shall  hare  the  equation  of  die  osculating  plane> 
expressed  in  terms  of  the  temaining  co-ordinate. 

159.  The  egression  for  the  di£ferential  of  the  arc  of 
a  curve  of  double  curvature  is 

VllFTd^Tdl?i 

wUch  will  readily  appear  by  finding  the  cUstance  of  the 
points  M  and  m^  whose  respective  coordinates  are 

z^y^z^x-hdxyy^dg^  uadz'^di^ 

140.  To  draw  a  normal  to  a  curve  of  double  curw 
tnre  is  an  indeterminate  problem,  for  there  exist  an  infinite 
munber  of  right  lines  which  pass  through  the  point  of  con- 
tact^ and  which  are  at  the  same  time  perpendicular  to  the 
tangent.  The  whole  assemblage  of  these  right  lines  forms  a 
plane  perpendicular  to  the  tangent,  and  which  is  called  the 
Normal  Plane :  its  equation  will  be  (Trig.  App.) 

whence 

ix'-x)dx+(i/'^y)dy'\'{z''-z)dz^O. 

141  •  Let  Xf  tfy  and  z  be  the  co-ordinates  of  a  point  jif, 
fig.  34,  situated  on  any  curve  surface,  we  may  consider  the  Fig. 
ordinate  3f'M =2^,  as  a  function  of  the  two  abscissas,  ilP=«;,  ^^* 
zaAPJIf^y.  When  x  alone  varies  and  becomes  x  +A,  we 
shall  have,  for  the  development  of  the  ordinate  m'  m,  which 
is  taken  in  the  section  QMm,  made  by  a  plane  partdlel  to 
that  of  j!f  and  z,  and  passing  through  the  proposed  point, 
the  series 

^dz  h  ^d^z      t^  \^  i^z       V      ^  « 
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If  ^change,  and  become  y-k-i,  wlile  x  remaifls  con- 
stant, we  shall  have  thcf  ordmate  n'  n,  taken  in  the  section 
PMn,  made  by  a  plane  parallel  to  that  of  y  and  z,  and 
passing  through  the  given  point.  The  developement  of  this 
ordinate  will  be 

.  +  ^  !  +  fL^  JL  +  il£  _*L.  +  &c. 

^djf  l^dy*    1.2  ^  I//1.2.3 

Bj  making  x  and.  j^  vary  at  the  same  time,  we  pass  from 
any  point  M,  to  any  other  point  N,  and  this  may  be  ef- 
fected in  two  different  way Sj  either  by  substituting  ^4-^9 
instead  of  ^,  in  the  fornix  of  the  above-written  develope* 
ments,  or  by  putting  x+h  instead  of  x,  in  the  latter. 

By  one  of  these  operations,  we  pass  from  the  ordinate 
m'  m,  to  the  ordinate  N  N,  in  the  section  pmN,  and  by 
the  other  we  pass  from  f/n  to  N'  N,  in  the  section  qn  N. 
It  is  evident  that  these  two  sections  ought  to  meet  in  the 
point  N,  without  which  the  proposed  surface  would  not  be 
continuous:  the  results  given  in  No.  l^l.  and  122.  mus^ 

j%  _,  j%  ^ 

thet^fore,  be  identical.  The  equation -^ — ~  gg-,     ;.  ,  to 

^  dxdjf      dydx 

which  this  circumstance  relates,  is  therefore  nothing  more 
than  an  expression  of  the  law  of  continuity. 

When,  in  the  series 


^^\d^       ^     dxdy 

«•) 

+  &C. 

which 

represents  the  derelopeinent 

of  the  value  of  z  corre- 

spondent  to  x+Aandjr  +  i,  we  cease  to  consider  the  quan- 
tities h  and  \  as  independent  of  each  other,  and  establish' 
a  relation  between  them,  we  then  fix  the  direction  of  the 
planci  dni^n  perpendicularly  te  dutt  of  x  and  jj^  by  means  of 
the  two  points  JH  and  JV,  for 
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From  diese  considerations,  and  from  those  which  have . 
been  mentioned  in  No.  127,  it  follows,  that  if  v =0  repre- 
sent the  equation  of  the  ci|rve  suf£icej  the  diffnreptial  . 
equations 

du  ,  du    dz     ^       ,  .  du      du  d%      ^     . 

+  _^  _  srO,    ana  —  -\ =  D, 

dx      dzdx  dy      d%  dy 

belong  respectively  to  the  two  sections  Q^Mm  and  PMn^ 
the  co-ordinate^  only  enters  into  the  first  as  anarbitrary  con- 
stant, which  determines  the  position  of  the  cutting  plane  \  and 
it  is  the  same  with  respect  to  the  co-ordinate  x  in  the  second . 
equation.  The  dzoi  the  first  equation  must  not  be  con- 
founded with  that  of  the  second ;  for  they  are  both  only 
partial  di£FerentiaIs,  as  has  been  remarked  in  No.  120 :  the 
complete  differential,  which  is  the  sum  of  the  terms  of  the 
first  order,  is 

dz=i^dx+  j^dy:spdx+qdyi 

p  representing  —^  ,  and  q  representing -r— . 

J' 

When  we  have  simply  d  z  zzjp  d  x,  d  z  is  the  diffe- 
rential of  the  ordinate  of  die  section  parallel  to  the  plane 
of  X  and  z  $  and  similarly  dz=:qdy  is  that  of  the  ordinate 
Of!  the  section,  parallel' to  the  plane  of  y  and  z. 

If  we  take  dy=:  m  d  x^  the  complete  differential  dz 
-zid  X  {p'\r»q)i  will  belong  to  the  ordinate  of  the  section 
made  by  the  plane  M!  M  N  N^  perpendicular  to  that  of  x 
and  y,  supposing  N'  iw'  =  »  x  H'  m'.  We  shall  find  analo- 
gous circumstances,  by  taking  each  of  the  variables  x  and 
y  successively,  for  ordinates,  and  considering  the  two  others 
as  abscissK. 

14d«  We  may  discover  the  equation  of  the  tangent 
pfame  by  subjecting  it  to'  pass  through  the  two  straight 
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lines  MT  and  Mt^  which  cespectiyelj  touch  the  sections 
QMm  and  P  M n,  at  the  point  J£  ( Comp.  des  Elem.  de 

Geom.S   Since  the  functions  .7-  and  —  are  the  differential 

coefficients  of  the  ov^iiate  it,  considered  strcdessiTely  rela-* 
tive  to  each  of  these  sections;  and  since  the  right  lines  MT 
and  ilf  /  are  moteoircr  paiallel  ^o  the  planes  of  k  aild  s,  and 
of y  and  z,  it  is  «asf  to  perceive  that  the  •qvations di  MT 
wiUfce-  . 

and  tint  dboac  of  Mt  will  he^ 

If  ^^^  ice  repiesent  the  equation  of  the  tangent  plame  fay. 
t'-z=:il(x'-*)  +  JB(y'-y), 

it  is  evident  that  thia  equation  ought  to  agfee  with  the 
preceding  ones ;  and  in  order  to  this^  if  we  make  succes- 
sively y—^asO  and  x'— x=:0,  we  ought  to  find 

2'-z;=j|(x'-x),and«'-z=  j2(y-^j^)5 

but  front  the  same  suppositions  we  have 

z*-  z=:-4  (a?'-J?),  and  2'— zfwS(y-#): 
whence  we  conclude  that 

and  consequently 

It  might  be  supposed  that  the  tangent  plane  thus  deter- 
minedy  only  touches  the  sutface  at  tbt  two  sectiflas  we 
have  considered,  but»  by  diferehtiating  its  cquattoas  with 
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respectM  ^  auidy  c^y,  we  find^'/'s:  pdx'-^-qdy'^  \rluch 
proves,  that  whffi  we  take  dxs&daf^  and  dyzmdtf,^  we  shall 
haYedz=ri/z';  and  consequently^  diat  the  points  on  the 
given  surface^  wbigh  iounediately  surround  the  [KHnt  JIf,. 
coincide  with  all  those  of  the  tangent  plane,  at  least  whilst 
we  only  consider  quftnttti^s  of  the  first  order.  From  this 
it  iPoUows,  that  any  plane  whatever  drawn  through  the  point 
Mj  cuts  the  given  surface  in  a  curve,  which  has  two  points 
common  with  the  tangent  plane,  or  (which  amounts  to 
the  same  thing),  which  has  for  its  tangent  the  intersection 
of  this  plane  with  the  cutting  plane  (67.) 

14S.  The  normal  to  a  surface  being  perpendicular  to 
the  tangent  plane,  has  for  its  equations  (Trig.  App*) 

jr'-i  +  />(z'-z)=sO, 

y-3f+  sr(/-2;)=0. 

We  might  also  arrive  at  these  equations,  by  observing 
that  the  normal  is  the  shortest  line  which  can  be  drawn 
from  any  given  point  to  the  surface  \  for  if  jf^  y,  /,  denote 
the  co-ordinates  of  this  point,  the  distance  from  it  to  that 
point  of  the  given  surface  whose  co-ordinates  are  or,  y^  and 
2,  will  be  expressed  by 

V(x-xr  +  (y-yr  +  (/-z)S 

and  on  account  of  the  dependence  of  z,  this  will  be  a  func- 
tion of  X  and  y  only,  when  the  point  at  which  the  normal 
meets  the  surface  is  considered  as  unknown.  Difleren- 
tiating  it  on  this  hypothesis  (153),  in  order  to  find  the 
mimmump  we  shall  have 

(:r'-a')rfj:+  (z'-z)i/z=0 

{^-y)dy+  (z-z)dz^O, 

which  results  are  similar  to  the  preceding,  when  pdx  andt 
qdywtt  successively  put  for  d z. 
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I44i  It  id  proper  teremaiki  ditt  wtien  w6  s^  flie  maxU 
fiffimorifiMMMriif  of  afttnctioi^  we 

in  e£^  suppose  that  the  tangent-plane  of  thesnrface  which 
the  equadon  between  k,  y^  and  z  represents,  is  paralld  to  the 

plane  of  the  xvoAvj  since  we  make  at  once  ^  mO%  and  ^ 

ax     ,  ay 

=0.  This  circtunstance  is  analogous  to  what  we  ha?e  i 
in  Nos*  133.  and  144. 


PAKQP  n^ 

ON  THE  INTEGRAL  CALCULtJS. 


On  the  Iniegratum  of  Rational  Functions  involving 
onfy  one  Variahk. 

145.  T*BE  Integral  Calculus  is  the  inverse  of  the  Dif- 
ferential ;^it8  object  being  to  ascend  from  the  difieiendal 
coefficients  to  the  functions  from  which  they  n^  derived* 
The  exposition  of  the  principles  of  this  Calculus  presents 
divisions  somewhat  analogous  to  those  presented  bf  die 
Differential  Calculus.  It  may  happen  that  the  diflerential 
coefficients  of  the  function  sought  for;  may  be  given  im- 
mediately by  the  independent  variables,  or  that  we  have 
only  an  equation  between  these  differential  cbefficientSf  and 
09e.  or  more  of  the  variables  themselves.  The  first  case 
being  the  most  simpje^  is  that  which  we  shall  treat  of  first. 

When  the  differentifd  coefficient  of  die  first  order  of  a 

function  of  x  is  given  in  terms  of  x,  we  have  ^  ^X^  or 

iytsjtd'x  V  the  function  sought  for  is'  cobsequendy  that 
whose  differential  is  XdW\  andVe  represent  it  as  follows : 
tf  :=.JXdx^  the  characteristic /being  the  inveise  of  the 
characteristic  d*.    To  'find  this  function  we  must  invert 

i.  •«  1 
*  The  letter/ was  emp]Qy4d  by  th^  first  writefson  theliitegral 
Calcalns,  as  the  initial  of  the  word  wmm$  i^^smuch  as^  aqcord- 

ing 
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the  rules  of  differentiation  $  but  in  order  to  proceed  syste- 
maticallyy  vre  shall  treat  successively  of  the  different  fonnr 
which  the  function  JT  may  admit,  and  which  may  be 
classed  as  follows :  rational  functions) 

AxT  +  Bx^-hCx,  +  &c.  ='ir. 
^^+J^*4-Cj:^  ^  &c.       U. 
A^-^-B^c^'  +  Cx^^  &c.  "^  r^ 

irrational  functions, 

transcendental  functions,  / 

f(C7,  If/),    f(C/,  8inr),&c. 

146.,  T^e  differential  of  il  a?  +  jB,  being  HI  u<x"— » i//r, 
we  may  from  thence  infer,  that  the  integral  of  ax^.d'x  ia 

tir +-8;   fdr  If  we  compare  a x*d x  with  mJ^x^^^dx^ 

i^'  +  l  ','•..'' 

we  h^ve  m  —  1  ssn,  and  mA'^a  ctAz^  _  s  ^^-.^  • 

w      «  +  l 

'•    It  follows,. from  this  example},  that  when 
t.    ^  Jy=:ax*dx9     y=  ^  ■  ^     +  JP, 

or»  /^  integrate  a  differential  of  one  term,  such  ikt  ^  s*  4  z,  '«0# 
fffi/j/  increase  the  eiponeni  of  the  varialU  hf  unky,  and  then 
dividi  iif  the  nev>  exponent  index^  and  ^  d  x^ 

ing  to  the  principles  of  Leibnitz*  the  differentials  represeiated 
the  indefinite  small  increments  of  the  variabfes*  aad  conse- 
quently each  variable  itself  is  the  su^  of  the  infinite  number  of 
these  increments^  which  it  has  received  from  its  origin  to  the 
moment  in  which  we  consider  it ;  and  it  is  ou  this  account  that 
they  gave  to  the  function  which  we  call  primitive',  the  name  of 
integral^  considering  it  as  the  result  of  the  Aggregation  of  alt 
the  differentials :  these  names  being  properly  understood^  we 
may  make  use  IndiBerently  of  either  one  or  the  other* 
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The  constant J9te ef  ail>itn|t7 talu0(8).  We^may-gire  it 
«  form  similar  to  tEat  of  the  first  tetmi  for  if  ive  represent 
by  i  that  ?alue  of  x,  which  makes  the  functiim  y  equal  ta 

nothine,  we  shall  iiave  ^ +  J3=0.  or  Bs  '—  ^■■.  ■     , 

**  /i  +  l  «+i 

and  consequently 

^^ ^r^l—' 

a  result  which  only  differs  from  the  former  in^>the  form 
wbiph  is  giren  to  the  constant* 

147.  Before  we  proceed  further,  it  may  be  propet  t6 
examine  a  particiilar  case,  in  which  the  value  of  ^,  found 
as  above,  becomes  | ;  it  is  that  in  which  »=:  —  1,'  foi^tHeti 
we  have 

_a(a^-^^)_.a(l--l)_0 
^^'       0  0  0'      ' 

To  find  the  true  value  of  this  function,  we  must  rerettto 
the  rule  in'I^OrSS.i'  ;|nd  ^s-^e  Mve  seen,  by  this  rule, 

page  65,  that became  l^i  —  1^,  we  shall  have,,  in  the 

X 

example  before  us>  iraen  we  substitute  corresponding  let- 
ten, '<jrs9«  il9Crrli)t  but  when  ii«s— J,  we  have  dymt 

a  x^^'dxi  and  therefore  Jyss  •   .     gives 

X  '      , 

We  might  haye.  drawn  the  same  conclusion  from  No. 

A  r 

¥Ti  since  it  tibei*e  iippears,  thaxdlx^  — •  Theexeeption 

X 

to  the  jule  in  No.  146,  presented  in  this  case,  arises  from 
the  impossibility  of  expressing  the  transcendental  quantity 
1 X,  in  a  finite  number  of  algebraical  terms. 

The  whole  difficulty  of  the  integration  of  functions  of  one 
variable,  consists  in  die  discovery  of  such  transformations 
as  are  proper  to  reduce  the  proposed  functions  to  one  or 
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more  terma,  involving  aimplf  poweta  of  tbe  variable  and 
constant  qaanlitiesy  to  each  of  which  .the  nile  in  the  pxe* 
ceding  No.  may  be  applied. ' 

148.    It  18  evident,  at  irst  sight,  that 

dyzza  oTdx-^bsf"  d\+cxPdXm ••• 

gives 


flx*  +  i  .  *x»  +  *  .*   cx'-^^ 


^        iw+1  «+l  /?+! 

We  only  add  one  arbitrary  constant,  for  it' is  easily  se^ 
tint  if  a  constant  was  added  to  each  integral,  they  would 
together  be  equivalent  to  one  constant  quantity,  which  is 
equal  tp  their  sum. 

In  general,  since  we  have  seen.  No.  10,  that 

^  (ii  4*  v^«r)  as  J II +</r  —  d^9  , 

we  m^y  thence  mdude,  that 

fi.dw^dvd^^^fduA^fdv^fdfO^ 

and  that     ^ 

f{Pdx^fldx^Rdx)^fPdx^fild9s^/Rd». 

We  wiU,  in  this  place,  notice  a  consequence  of  this 
rule,  which  will  be  of  great  use  in  what  fc^ws.  In  inte- 
grating separately  each  term  of  the  differential  d  uvssudv 
-^vdu  (11),  there  resvitB  ivis/udv-^/vdu,  which  gives 
the  relation  between  the  primitive  functions  of  the  difiieren- 
tials  udvfvduf  insomuch  that  one  being Imown,  the  other  is 
known  also.    We  have,  £07  exzmjle,/u  dv^u  v-^/v  du* 

The  difieren^al 

J    u       du  '       dv  ,-^. 

V  V  V 

will  give,  in  a  similar  manner, 

u  ^    /*du  ^    p     ^^  . 


nrrsGRAL  cautulus.  |8S 

itoin  ivii6nc6  W6  get 

It  18  proper  to  observe,  that  thbresidt  is  a  consequence 
of  the  precedbg  ^  for  by  substituting^  in  tbe  value  of /n  rf  v, 

found  abovej  — ^  in  the  place  of  d  v^  which  is  the  same 
idling  as  changing  v  into  --  *- . 

(  for^av-»rffi=-rf.v-i«--d.i), 
we  shall  have 

Also*  since dl  a  fi:sa  du^  we  may  conclude^  liatfa  Xdx 
^a/Jrdpf,  and  consequently  that  all  such  constant  quantities 
may  be  brought  from  under  the  signy  of  integration. 

149.  If  there  were  ^▼eniiy=(  a  c+^r^'y  we  might 
expand  the  given  power,  and  integrate  every  term  in  the 
result }  but  it  is  proper  to  observe  tliat  we  may  obtain  the 
integral  without  effecting  this  developtment.  It  is  sufficient 

to  make  a  x-^bzzz,  which  eives  x  =r  ,  andixs —  j 

a  a 

by  substituting  in  the  expression  for  dy^  we  find  dyzz 

— ^  •  and  consequently  tr  s  •-: — > 4-  B.  Putting  for 

a  tf(iii+l) 

;:  its  value;^  we  find,  that  when 

If  we  hadrf^=:(tfa*+*y"**""*  J;ff,  this  transformation 
would  still  succeed ;  for  by  making  a  sf^^b^z^  we  have 
naai^^^dx^dZf  and  therefore 


whence  it  appears  that^  when 

150*.    We  will  noyr  proceed  to  fractional  functions, 
and  to  begin  with  a  very  simple  case,  we  will  suppose  that 

^S^l — iAV"'  »nakingflXH-i=3;>  we  find 


z-b  ,    J        dz 
a  a 


and  consequently 


^-=^^T^' 


•-fl 


expanding  (a? -*)"•,  multiplying  the  result  by  Jz,  and 
then  dividing  by  z",  we  shall  have  a  series  of  terms  involving 
simply  powers  of  the  variable  and  constant  quantitieSj 
which  may  be  integrated  by  the  rule  in  No.  146. 

Let  us  take,  for  example^  the  case  of  in=S>  and  »=£ ; 
thea 

i»    Z  O 

applying  to  each  of  these  terms  the  general  rule,  we  have 

We  will  now  substitute  for  z  its  value,  and  we-  shall  find 
that  when 

^'^  i^9c+by      . 

We  might  deduce,  without  difficulty,  the  general  for- 
mula ;  and  if  we  had 


rfj^= 
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A3fMxJ^B^dx-¥Cx^  d  X 


tre  may  write  it  dius^ 

.   _Ax^dx        Bjfdx       Cx.dx      ^ 

where  everj  term  maybe  integrated  in  the  same  manner  as 
the  first.       ' 

151.    AU  differeatialSi  which  are  rational  functions^ 
may  be  comprehended  under  this  general  form^ 

iA^^B3^-\rCx9^^uc.)dx     ' 

il'x-^  +  ^x-'  +  C*'' ' 

lid  X 
which,  for  the  sake  of  brevity,  we  shall  represent  by  — —  • 

Now,  in  the  first  place,  we  may  remark  that  the  greatest 
exponent  of  the  powers  of  x  in  the  numerator  may  be  sup- 
posed to  be  less  than  that  of  its  powers  in  the  denomina- 
tor;  for  if  it  were  not  so,  by  dividing  27  by  y,  and  calling 
Q  the  quotient  of  the  division,  and  R  the  remainder,  we 

ahouldhave^l^=/QJx+y^j  but  g  being 

a  rational  and  integral  function  of  x,  the  integral  of  Qdx 
may  be  found  by  the  immediate  application  of  the  rule  in 
No.  146}   and  there  will  remain  nothing  to  find  but 

^»  '^,  a  quantity  in  which  the  function  R  is  of  lower 

dimensions  with  respect  to  x,  than  the  function  F,    Hie 

most  general  form,  therefore,  which  the  function  can 

assume,  will  be 

(^j^-^+Bj^-^+Cj^-* +  T)dx, 

*-+-rf'j— i  +  B'*»-^*  +  Cx— ' +  r 

The  general  method  of  integradng  differentials  of  the 
above  form,  consists  in  decomposing  them  into  others, 

A  A 


l&^  nnrMttAL  tMiJcmAJtk 

whose  denoiHuiators  are  mdre  siknptei  MrUch  ^e  designate 
b J  the  name  of  partial  /r^KHonSf  and  which  we  obtain  in 
the  following  manner : 

If  we  make  the  denominator  o!  the  proposed  fraction 
equal  to  nothings  we  shall  form  the  eqmatton 

x»+if  x*-i+jrj:— *  +  &c r'=o, 

and  supposing  that  we  have  determined  all  the  roots  of  thit 
equation,  we  may  represent  them  hj 

-fl,     -ii',     -fl",     -fl'',     &C. 
supposing  them  ail  to  be  different  from  each  other:  by  this 
means,  the  first  side  of  th^  ptoposed  equation  ^|nll  assume 
the  form  of  a  product  of  n  fi&c^ors    ' 

ir-f-«^    x+a\    jc+tf">  iT  +  A'",    8ic- 
This  done,  we  shall  consider  the  proposed  .fraction  as  the 
sum  of  the  fractions 

Ndx        N[dx         N"dx       . 
.    xW       ;c  +  a'  '         x-^a"' 

whose  deiiominafeofs  are  die  fetors  of  did  dt aomiaater  of 
the  proposed  fracdon,  and  whose  numerators  are  undeter- 
^  mined  constants. 

.  We  will  suppose^  as  an  illustradon  of  the  aboYe>  tha^ 
tb^  diflferetitial  wfakh  it  is  proposed  to  integrate^  is  the 
£sUowing : 

{Ax'-\'Bx-¥C)dx 

anl  that  lv«  kiew  tbat 

j?»^ilV  +  B'x  +  C'=:(x+fl)(x+tf')(x+fl'). 
Reducing  to  the  same  denominator  the  fractions 
'      Ndx        N'dx        N^dx 


and  adding  Oiem  together,  we  shalf  have 


^Hie  daawuBatwr  is  ^  nm  jm  tM  9I  «M  ptapM^ 
«f  a  itepH  matiffm^  t9:th»t  of  tMrdcDomwtor,  tb^t  if, 
tions,  we  hare 

£<Ar+jy*y'o*«+  |iVi((»'+*'o-+i»'(»+*'<)+^(«+«')  j  * 

This  functioa  beipg  compared  nitb  the  numerator  of  tlie 
pcpposedfracdoD}  gives  these  three  equations : 

J^rf* /»• + A^'fl  «^ + N"a  y = C, 

which  are  only  of  the  first  degree,  with  respect  to  tjie  un- 
determined quantities^,  N'^  N";  resolving  these  «({n»> 
tions,  we  shall  have 

«»+^«»+-^«f+-(?'      *+/»        *t^      *+«"  ' 
Makira  x^jos^z^vs  flfifi  jiiat  d>e  di£^$&t]al ,  will  be 

tnuisfonned  into  _^  the  integral  of  wliich  is  Ni  s>  or 
J^  1  (^  -l^'^)-    We  find,  in  the  8sune  w^j,  that 

and  we  shall  therefore  have 

=  Nl(jc+fl)+2Sri(jr+fl')  +  iV"l(;»+yO  +  con8t. 
=  1  \  (x  +  ii) !/(;? +  ^  ff  (x  +  fl")  N"}  +coMt. 

This  process,  whidi  may  be  easily  (extended  te  the  ge- 
aeisa  fomyiln  cited  at  th^  bn^gUmi^  of  Uiis  vs^^W,  shows 
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ifiat the  integrarcion  of  mtionallniefions,  in  the  caiea  whete 
%he  denominators  are  decomposable  into  hctoU'  'wUeh 
ate  real  and  unequal,  has  no  diffictUty  independent  of  this 
^composition,  and  conBeq^endy- depends  upon  the  nume^ 
rical  resolution  of  equations. 

152.  lib  what  jprecedes  we  have  supposed  sdl  the  fac- 
tors of  the  denominator  of  the  proposed  fraction^  to  be 
unequal ;..  for  if  thi&  be  not  the  case,  the. decomposition  of 
this  fraction  can  no  longer  be  effected  under  the  above- 
mentioned  form.     We  see  this  immediately  in  — , 

which  we  cannot  represent  by  + ,  since  these 

two  fractions,  wheit  combined,    form,  the  simple  one, 

tc+d 

If  the  denominator  a?»  +  il/jf-*  +  &c +  7,  of  the 

proposed  fraction,  contain  a  factor  (x  +  a)',  it  will  be  ne- 
cessary to  assuraefor  this  factor,  a  partial  fraction  of  theferm 

(Px'-^^Qx^-^'k'Rx^-^  +  iic..r...r)dx^ 

we  should  determine  the  coefficients  of  its  numerator,  by 
reducing  this  and  the  other  partial  fractions  to  the  same 
denominator,  and  then  comparing  the  sum  of  the  numera* 
tors  with  that  of  the  proposed  fraction  (151.)« 

We  might  then  integrate,  by  the  rule  in  No.  loO;  but 
it  is  easily  seen,  that  we  may  substitute  for  the  fntction 
(Pr'-^-^Qx^-* •hr)dx 

(X  +  fl/ 

the  expression 

Ndx    ._Ndx ^      N''dx       ^  jy^'  "^x. 


(x4-fl>       (x  +  fl)'-^        (x  +  «)'~*  x  +  tf 

for,  by  reducing  all  the  terms  of  this  expression  to  the  same 
denominator,  the  numerator  which  we  obtain  will  be  of  the 


/« 


.INT£GRAL  CALOVLUB.  iS9 

same  fonn  with  Aat  of  the  first  fraction.    This  done,  -kl 
2*  + a  =^2,  and  we  have 

we  shall  find,  in  the  same  way, 

N'dx  N' 

(x-¥ay-^'    (2-/;)(r+ii)'-** 

and  so  on  for  the  others :  aU  these  integrals  wiU  bo  alge- 
braical,   except    the    last    /    ,  which  will  in«^ 

volve  a  logarithm. 

153.  If  the  values  of  j,  €/,i/',  &c.  were  imaginary^ 
they  would  introduce  expressions  of  this  nature  into  the 
numerators  of  the  partial  fractions.  We  might,  indeed^ 
make  these  impossible  parts  disappear }  but  this  would 
make  the  calculation  very  complicated,  and  we  may  avoid 
this  difficulty  by  decomposing  the  denominator  of  the  pro- 
posed fraction  into  real  factors,  either  of  the  first  or  second 
degree,  which  is  in  all  cases  possible  {Compl.  d*AJg.  27%  . 
The  factors  of  the  second  degree,  \vhich  contain  the  im« 
possible  roots,  may  be  represented  by 

i^  +  Sa  j;  +  »*  +  /3«5 
and  if  there  are  several  of  these  factors  which  are  equal  to 
each  other,  the  denominator  of  the  proposed  fraction  will 
have  factors  of  the  form  ^ 

To  the  simple  factor  j:«+2  •  x +»2+|S*,  there  will  corret* 
pond  the  partial  fraction 

(Kx-^L^dx 

:r^  +  2«j;  +  a«  +  ^'^ 

and  to  factors  of  the  second  kind,  the  fraction 
(Q!r'-^-^R'x^-\..'^Y')dx 


but  toiodlitiite  th^  lOtegnitoM,  auad  lo  preserre  tke  eodbgf 
with  the  formulas  in  the  preceding  No.  we  may siibsJaCuts  for 
this  last  i^e  following  expi£$sion : 

jKx-^Ddx  (K'x^L')dx 


Xbe  coeflctenis  of  theinainerators  may  be  determined  ia 

the  mannier  we  have  indicated  in  Nos.  151,  152. 
To  integrate  the  fraction 

*  {Kx-^Ddx 

'we  ebserre  that 

itb^ce  wj^l  a^ 

by  putting 

Sttt 

(JT^+ZQ i/jg  _Kzdz  _,L,dz 

The  first  partof  the  second  member  of  this  equation  is  an 
algebraical  ioeegral  \  iofc  by  nu^ng  M^+fi^i^zt^  we  have 

zdzss  — ,  which  gives 

With  respect  to  the  second  part,  if  we  make  «=/5i»,  we 
shall  have 


MvaafLkh  cAtMfum^  Oft 

but  we  tave  sten  in  Mo,  Si,  ikzt  — L  is  the  differential 
of  the  ate  whose  tan.  =b»:  therefore 

=  y-  arc  ^tan,  =f  ^  +con8t. 
Ad£ng  together  these  two  resttils ^  we  rfittH  get 

+  const. 
tt  IS  pr^r  to  rdmafkj  that  the  sine  of  the  arc  vrfiose 

iiwg«it:i»|,is  ";■/     ,  ,  afld  it> eothie  ■    ^.  m  j    Hot 

dds  consideratbD  afiivdt  die  aean^  of  ptvseatirig  the  pm 
pMdmtegKaIuttd«rdiffismit  format  by  des^^mting  die  «M 
by  its  sine  or  its  cosine. 

When  we  rephnre  Ae  value  of  $,  we  have 


/ 


UCjc+L)  dx 


IftCMtt. 


+Xl  V-z'+2;;+>'+g^  +  ^r±?  arc  (tan.«  ^±2)  . 


To  integrate  the  dUlerential 


we  shall  at  once  make  x+«sz,  and  L—Kmt=Lti  hj  tfaii 
means  we  shaU  only  have  to  find  /'L^fl^Jif ,  which 
may  also  be  written  thus : 
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kP     ^^^     +L,     f-A±— 


The  first  part  ia  integrable  immediately ;  for  it  is  ob- 
is that  by  mak 
and  consequently 


vious  that  by  making  a*+g*=s«,  we  have  zdt^  —  ^ 


^l.-,+» 


2    (1-y) 

and  the  integration  of  the  second  part  we  may  make  de- 

dz 
pendent  on  that  of  the  fbnaula  —g —        _^ ,  in  which  the 

index  of  the  denominator  is  less  by  unity  than  in  the  first* 

154.     In  shorty  if  we  assume  the  equation 

/dz     ^        Gz        +H   r        ^^         . 

where  G  and  H  are  indeterminate  quantities,  and  if  we 
take  the  differentials  of  each  member,  and  reduce  all  the 
terms  of  the  result  to  the  same  denominator,  we  shall  be 
able  to  suppress  this  denominator,  as  well  as  the  conunon 
factor  dz ;  there  will  result 

l^GXz'+0^^2(q^l)G;^+H{z^+ff); 

and  then  comparing  similar  terms,  we  shall  form  two  equa- 
tions 

l=Gg»+if^,    G-2(y-l)G+^=0, 
which  will  give 

(2y-2)j3*'  (2^-2)6*' 

we  consequently  shall  have 

/dz      _  .  1  g 

{z^+n*       <  (2^-2)/3»  *  {z'+P'Y-^ 

J.   (gy-3)      f         dz         .  ,   V 
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This  formah  farnishes  the  means  of  depres^g  to 
titaity-  die  index  of  the  denominatotr  of  die  proposed  fiac- 
tto9  }  for  if  we  put  £— l.ip  the  place  of  ;,  we  sh^'find 

dz  -1  •    z 


J  ^i' 


■J.   (g?-g)        /*        it      ■    ^ 

substituting  this  value  in  the  same  eqnadon  (0),  diete  will 
result 

/Ax      __{        1  z 

l.(8y-3)  < 

.    (gg-8)(8y-g)       /»         dz        )         ... 

+(*,-«) (s/-4)^  y  («'+^)— 7  •  •  •  ^*-^ 

We  may  obtab,   in  the  same  manner,   the  Talne  of 

/d  r 
->~------.^  J  by  (hanging;  into  7-2;  if  wethen  sub- 
stitute diis  Talue  ia  the  equation  (^),  we  diall  have 
/dz        _     f        1  z 

(«,-«)  (Sy-4)6*    *  (a»+#')t-* 

+  l.(8y-»)(8^-8)  g 

(«f-«)(«j-4)(2sr-6)fi»    *  («*+/S*)»-» 

<{2 


(*.) 


(2y-3)(2g-5)(2y-7)      /*         dz 
I2j-2)(2.f-4)(2f-6)fi«/    («•  +  '!?')-» 

If  we  were  again  to  deduce  from  equation  (^  the  Talue 
of  /   _  _J^ — ^      we  should  obtain  a  new  value   of 


B  B 
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/ g4w-*  whicE  Wuld  depend  °POo/^^/^-v 

B7  condkiamg  to  operate  m  diis  itiafiner,  we  diould 
fonn  a  series^   which  must  terminate    when  we  arrive 

at   the    term    /*-f-f— 5  for  the  term  following,  which 

would  mvolve  /    1>    l*;o»  ^'^^d  ^▼^  ^  infinite  coeffi- 

cient.  This  may  be  seen  by  making  7  s  2  and  7  s  3»  in  the 
equations  {b)  and  {c) ;  and  it  is  easy  to  discover  the  reason 
of  this  circumstance ;  for  !f  we  could  arrive  at  the  term 
of  which  we  have  just  spoken,.we  should  then  have  a  com- 
plete algebnucal  integral  of  the  proposed  fractiony  since 

■"  -fd.. 


/< 


We  here  see  the  origin  of  a  method  of  integratioa, 
as  fertile  as  it  is  elegant :  it  is  that  by  which  we  pass 
from  one  integral  to  another.  We  shall  explain  it 
hereafter,  in  a  manner  more  general* 

In  comparing  the  results  of  the  preceding  Nos.  we  shaU 
undoubtedly  have  remarked,  that  difieventials  which  pre- 
sent themselves  under  the  form  of  rational  fractions,  may 
be  always  integrated,  eidier  algebraically,  or  by  means  of 
logarithms  or  circular  arcs }  and  that  no  other  preparation 
is  necessary,  than  to  decompose  them  into  fractions  whose 
denominators  are  either  binomial  or  trinomial  quanrities. 
We  have  hitherto  only  indicated  for  this  purpose,  the  method 
of  indeterminate  coefficients,  it  being  that  which  presents 
Itself  the  first  \  but  there  are  many  other  which  requi^ 
less  complicated  calculations. 

155.  Let  us  resume  the  fraction  ^.  .  Let  x+a  be  one 

of  the  unequal  factors  of  the  denominator  V^  so  thit  #e 
have  r=:  (x  +  «)  g*  where  Q  does  not  involve  r+a  as  a 


factor :  if  we'  make  --  ss  -^ —  +  -^ «  P  being  an  indeter- 

imnate  finction  of  x,  but  into  which  this  quantity  does  not 
enter  as  adiyisor,  we  shall  have  UssAQ  +  Pix+a)^  znA 

consequently  P=:     ^    ^.     Since  P  ou^ht  to  be 'an 

integral  function  of  x,  the  quantity  U  --  A  Qt  which 
is  also  rational  and  integral,  must  be  divisible  by  x+a ; 
or,  which  is  the  same  thing,  must  vanish  when  we. 
substitute  for  m  the  value  —a,  which  makes  x+a  equal 
to  nothing;  designating  then  by  u  and  by  q^  the  va- 
lues of  V  and  Q  after  this  suh^titution,  which  does  not 
afiect  the  value  of  the  indeterminate  quantity  J^  that 
being  independent  of  x,  there  will  result  u  '^Aq  as  0^ 

and  consequently  il  =  -  •  ^ 

9 
The  factor  Q  is  found  6y  dividing  Fhy  x-¥ai  but  its 
value  7i  relative  to  the  hypothesis  of  x-^azzO,  is  obtained 
immediately  by  differentiating  the  equation  F'=(x-f-0)  (2> 
from  whence  there  arisea 


now  if  in  this  equation  we  make  x+axtO^  and  represent 
by  V  the  value  of  ^  in  this  case^  we  shall  have  v*jr, 

and  therefore  il  :=  ?  • 

The  quantity  A  zz  fi  will  always  have  a  finite  value ; 
9 
for  the  numerator  and  denominator  cannot  become  equal 
to  nothing,  since  the  proposed  fraction  is  reduced  to  its 
most  simple  terms,  and  therefore  the  function  U  cannot 
contain  the  factor  x+0>  which  makes  part  of  the  denomi- 
nator, and  which  only  appearing  in  it  once,  does  not  enter 


196  INTEGRAL  CMJtf7L(7Sl 

into  Q.  '  By  properly  applying  this  reaiM>niQg  to  aU  die  dif* 
ferentcates  which  may  present  themselves,  we  shall  readily 
discorer  that  the  decompoution  of  any  rational  fractbiiy 
under  the  forms  indicated  above^  is  always  possible. 

156.  Let  us  now  see  how  we  may  find  the  numerators 
of  the  partial  fractions,  which  correspond  to  equal  factors 
ci  the  first  degree.  In  thi»  case  we  have  FzzQix-^aTp 
and  we  must  suppose 

by  reducing  the  fractions  to  the  same  denominator,  we 
shall  get 

and  since  P  must  be  an  integral  function,  it  is  necessary 
that  the  numerator  of  the  expression  for  it  should  be  divi- 
sible n  times  successively  byx+«&  this  numerator  will 
vanish  therefore,  when  we  put  —a  in  the  {dace  of  x.  We 
.  see  immediately,  that  it  reduces  itself  in  this  case  to 
U-QA^i  hut  that  V-QJ^  may  be  divisible  by  x  +  «,  it 
is  necessary  that,  preserving  the  same  notation  as  in 
Ae    preceding  Nos.  we  should  have  u^  qA^^O^  or 

This  value  wiU  change  the  quantity  U-^  QA^  into 
V-^  ^  Q,  which  is  divisible  by  x-f  « ;  and  we  shall  have,  by 


efiacing  at  the  same  time  this  factor  in  the  denominator, 

and  making  for  greater  brevity,  17'—  -  QnUi  (x+a), 

9 

p_  Ui-Q  [ili+il,(x+ii).  .  ..  +A.^,(x+ar-*] 
^ ^^4-^^  —  1 ^• 


(^+ay 


pMieiilsiig  by  ill,  ^ersdae  irf  l^t»  «>i^g  fin»m  die  tuba^^ 

of  T-a  in  the  placeof  x,  vre  shall  &Si(V^*i/i — ffiJ^ ssO^  or^i'ift  !!! . 

Sabvtiedliiig  for  Ax  its  Talueiii  l^^A,  there  wiH> arise 

the  quantity  l/i— ^(2>  which  yanidiing  when  x+assOg 

win  be  divisible  by  x^,  and  consequently  F  will  teduce 
itself  to- 

Vg  representing  the  quotient  of  the  division  of  I7i-  ^.'.Q* 

^by  x+a.    By  continuing  the  same  process,  s^  usii^  tlie 
same  notation,  we  shall  again  Andu^^qA^aiO,  and  therk^ 

fore  A^zz  ^ ,  and  so  on  for  the  others. 

9  '  "  •      '• 

The  Differential  Calculus  very  much  faeiJBbtes  the']pre- 
ceding  operations.  In-  fact,  if  we  differentiate  is  —  1 
times  in  succession,  the  equatioa 

l^=C  [>^o+^i  {x^a)+A^{?c+df 

and  then  make  x+^sO,  bothin  this  equation,  and  in  those 
which  we  thus  deduce  from  it,  there  will  arise 

fiU=Aod><l+SAtd*Qdx+6AtdQd^+6A,QJx; 
&c, 

equations  which  determine  each  of  the  unknown  quantidet, 
•^to  -^u  -^  ^*  ^7  means  of  those  which  precede  it ;  it 
being  well  understood,  that  we  substitute  after  each  dif- 
ferentiation} —a  in  die  place  oile. 
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^The  most  nniple^ieflMid  of  cdbtabii^  theindve  (oiQfUi 
Aift  ca^,  18  to  divide  Fhf^x-^a  )* ;  neverdieks^  w«  may 
strire  at  the  same  re^ujt  Jt»]|[  diflerentiation,  aa  in  the  precede 
ingNo.;  for  smce  we  iiave  FssQ  (pc+a)",  t>7  (fifferendadng 
mtimts^  »upces8i92el7^bot}i  tb^  membersof  thU  eqoatioii,  tmd 
then  making  x+a:zO,  we  shall  find  d^  F^  1  •  2  •  •  .nQdjf^ 

(52),  and  consequently  (2=  i^^^^.^nd^ ' 

We  shall  arrive  at  the  expression  for  the  differentials  dP 
Q,  upon  the  hypothesis  that  x-f  0:£O,  hf  taking  successively 
the  differentials  of  the  orders  n+  ] ,  ii+2,  &c  of  the  equation 
Fs  QCx-K')*;  for  it  is  readily  seen,  according  to  the  remark 
itf  No.  52,  that  in  this  case  <?  +  »  r=d»  +  * .  Q  (x+af,  for 
^ixample,  beoomes  d*  +  ^  Fzzl  •  £ .  8  . .  •  •  (n+l)  d  QJs^. 
It  foUoiy»  fiom  this,  that  we  may  express  the  indeterminate 
quantities  Ai,  A^  A^  &c.  by  the  assistance  of  the  differeup 
tiaU  of  the  numerator  (f^  and  of  those  of  the  denominator 
F^  of  the  proposed  fraction. 

157.  The  process  in  No.  155.  a  little  modified,  serves 
dso  to  find  the  numerator  of  a  partial  fraction  of  the 
fbim 

Ax^B 

a*+2  •  ^+a^+i3' ' 
Assuming 

and  reducing  the  second  member  of  the  equation  to  the 
same  denominator  as  the  first,  we  find 

ITsQ  W  *+JB)+P  (x*+4  «  a: +«»+jS^, 
from  which  we  get 

j>^U'(l{Ax+B) 
As  P  ought  always  to  be  an  integral  function  with  respect 
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to/r^  tfie,qiiaatit}r  U-,<l{Aa+B)f.mi$k  be  divMble  by. 
;r^+^^  ^+«^+^^  ^  ^^  ^^^f  therefore^  .coataiii  among  its 
factors,  those  of  this  last  quantity,  and  must  vanish  under 
the  same  circumstances.    But^  factors  of  x^+2  «  x+ 
••+g»,  are  x+a+B^^  x+»  -  0  ^^^}   and  if  these 
be  ixade  each  =  0,  we  shall  have  x=:  -  (•+  B^^^y, 
X  ss.  —  (k^B^^) i  these  Talttes4>eing  suSstftuted  in 
U^ QiAx^Bh  ought  to  IcauiBe .  iUs  (joantitj  to  vanish.    If 
then  we  denote  by  «±«' V^-1,  and  by  j±jV-l,  what^ 
IT  and  Q  respectively  become  after  this  substitution^  we 
shall  have 

This  equation  is  two-fold,  in  consequence  of  the  sign  ±9 
by  which  several  of  its  terms  are  affected ;  and  it  is  equiva-^ 
lent  to  those  &at  would  be  formed  by  putting  die  real  and 
imaginary  part  separately  equal  to  nothing :  from  this  coof 
sideradon,  we  shall  have 

U+q»A-q'0A-qBssO, 

fi^+qBA+^aA-^B^O, 
equations  which  will  give  us  the  values  of  A  and  B. 

We  may  find  g  and  y  very  nearly  in  the  same  way  as 
we  found  q,  in  No.  155.  In  fact,  if  we  differentiate  each 
side  of  the  equation 

and  afterwards  o^dce 
there  will  result 

substi^dng  in  the  place  of  x,  its  two  values  — («  ±  B^~), 
^cpreseiiting  by  «  ±  vV-^,  what  the  expression  -jj    be- . 
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cbineiB  by  tfcis  subfttittitipn,  ihd  wridng  jf  ±g  V^^,  Ui  Ac 
pUce of  Qi  we  shall  get  '^ 


multiplying  both  the  terms  of  t|ie,  fra^^on  which  fonps  the; 
secoad  member  of  the  isqiutioa  by  ^^^^i  ai^d  then  eqaa-. 
dag  the  rea}  and  imaginary  ^rmft.on  e^ck.sidf.of  the) 
equation^  we  shall  haye  .  i 

.158*  If  the  factor  i*+2  •  i»+»* + /9*,  whichy  for  bre- 
vity's sake,  we  will  represent  by  R^,  isiound  s^eral  times 
in  the  denominator  f^j  so  that 

we  must  assume,  in  this  cas6  (IS3.), 

reducing  this  expression  to  a  common  denominator,  and 
thence  deducing  the  yalue  of  P,  we  obtsun 

—^  — 

By  reasoning  in  this  as  in  the  preceding  cases,  it  may 
be  concluded,  that  the  numerator  of  this  expression  ougl^ 
to  vanish  by  the  substitution  of  -(•±/?V^  — 1),  which  also 
renders  xzzO;  and  using  the  same  notation  as  before,  we 
shall  have,  from  this  substitution, 

u±t/^^^'^{q±q'\^^l-Ajia±P^^^)+B;\rzO, 

which  will  furnish  for  the  determination  of  A  and  B, 
the  same  equations  as  in  the  preceding  No,  Having 
found  the  values  of  these  quantities,  we  substitute  them 
in  the  numerator  of  P;  and  the  terms  U—  QiA^z+B^ 
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being  divisible  hjR,  or  x*+2  •  x+«*+l?,.the  whole  expres- 
sion will  be  so  likewise.  Denoting  by  U^ihe  quotient  of  the 
division  of  U^Q(^A^x+B^)  by  x»+2»x+»*+^,  we  have 

If,  in  this  new  numerator,  we  put  for  x,  its  values  derived^ 
from  the  equation  ilsO,  and  make  the  result  s  0,  we 
shall  determine  A^  and  Bi^  in  the  same  way  as  we  have 
before  determined  A  and  B\  and  we  must  continue  to 
operate  in  the  same  way,  to  determine  the  values  of  A2, 
B„  A^  Bs,  &c. 

This  case  is  quite  analogous  to  that  which  has  been 
considered  in  No.  156;  and  the  Differendal  Calculus  is 
equally  applicable  to  one  as  to  the  other,  by  means  of  the 
equation 

U=:QIA^  x+^^+  {At  x+ J50  i?+  {A^  x^B^  j?»+. . .  .  ] 

and  its  differentials,  in  which,  as  far^  as  the  itr  -  1th  order 
inclusively,  the  term PR^  disappears,  by  making  ^  =  0. 
We  shall  obtain  in  this  manner  the  equations 

U^{A^x+B^)(l 

d  U=:  {Ajc+B^)  d  C+i^oQ  ^  ^+  (^1  *+Bt)  e  i  i?,  &c. 

each  of  which  becomes  two-fold,  when  we  substitute  for  x 
the  two  values  of  which  it  is  susceptible  in  virtue  of  the  equa- 
tion U  =0,  or  j^  +  2  •  or  +  •*+^=:0.  By  making  the  real 
and  imaginary  part  separately  equal  to  nothing,  we  shall 
obtain  a  sufficient  number  of  equations  to  determine  ^^  £^9 

Ay^   -Ojf  &C« 

tt  may  yet  be  remarked,  that  from  the  equation 

r=(2(x*  +  ««ar  +  «*  +  fi»)-, 
we  find 

n-  ^'^ 

o  c 
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when  we  suppose 

We  shall  find  dQ^d^Qfiic.  upon  the  same  hypothesis^  by 
means  of  n+lyn-\-2,  8cc.  differentiations  of  the  equation 

and  by  suppressing  all  those  terms  which  this  hypothesis 
makes  equal  to  nothing. 

159.    We  shall  now  proceed  to  give  some  applica- 
tions of  the  foregoing  theory.    Let  there  be  the  fraction 

d  X 
■         —       I  ■  :  the  factors  of  its  denominator  are  easily 
ar  +  x' —  Xr  —  sr 

discovered ;  for  it  may  be  put  under  this  form 

j;*  (a:«  +  a:*-*-l)=jr»(jr+ 1)  (ar*-l). 

The  factor  i*- 1  may  be  resolved  into  a:*- 1  and  x*+ 1,  or 
JT- 1,  x+  1,  and  a:*+J  :  we  have  therefore 

a«  +  x7-a;*-x»=:a:«(x-l)(x+ir(r*+l); 

and  consequently  the  proposed  fraction  may  be  decomposed 
as  follows  (151,  152,  153)  : 

Adx  ^     Bdx    ^   Cdx  '' 

^Ddx    ^  Edx  ^  Fdx  ^  {Gx  +  H)dx 
+  — -r-   +  — -5—  +  — —  + 


x"  X  1+x*        • 

By  redudng  these  fractions  to  the  same  denominator^  and 
comparing  the  result  with  .p.- — ■       . — ^ ,  we  might  de- 

termine  the  unknown  numerators;  but  we  shall  rather 
make  use  of  the  methods  already  explained. 

For  tibis  purpose  we  shall  consider  separately  the  four 
factors, 

x-1,     (x+l)%     x*,    andx'+l, 

which  compose  the  denominator  of  the  proposed  fraction ;  to 
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the  first  corresponds  a  fraction  of  the  form  — ^ «  whose  de- 

w— 1 

nominator  being  made  equal  to  zero^  gives  xs  1 ;  thequanli^ 

ties  t7=l,  and  5r  =  10e±^i:fl::£3,  become  land 
d  X  ax 

I 

8;  wehaye  therefore  (155)  il=  ^s  and  the  first  partial 

o 

fraction  is  -  •  — .. . 
8    r  -1 

To  the  factor  (or  + 1)*  there  correspond  two  partial  frac- 
tions of  the  form  - — 2--   +    — i--  (156).     Having,  in 
(x  +  l)»  ar+l    ^       '  ^' 

the  first  place  Tound  that 

^*       (x^\y    \         ^      "^^"^    ^' 
we  make  jr+ 1  -^0^  from  whence  xss  ->  i,  qsi4ff  and  -  =  -  s 

to  that  the  second  partial  fraction  is >  • 

In  the  expression  for  r^^  (156)^  putting  in  the  place  of 
jI^  its  value  r^  ^^  ^^^ 

'        x+l  *(x+l) 

_  —  j»+2  J*-8  J*+4  r'— 4r+4 
4 — » 

ti         18       d 
from  which  there  arises  —  »  —  a=  ^  ;  we  have  therefore. 

J        16      8' 

for  the  third  partial  fraction^  -  '^'rr  • 

8  x  +  i 

To  apply  in  this  case  the  Differential  Calculusj  we  must 
form  the  equation  (156) 
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which  it  will  be  sufficient  to  differentiate  once  ^  and  then 
making  j=  -  1^  we  shall  hare 

Q  being  j:^— ar*+i*— x*,  the  first  of  these  equations  gives 
^o^h  *^d  *®  second  -4i=  | . 

The  factor  x'  furnishes  the  three  partial  fractions 

.^  +  ^  +  ±, 

X*  X*  X 

which  we  determine  by  means  of  the  equation 

and  its  first  and  second  differentials.  By  observing  that 
Qs=x*+^ -  JT- 1,  and  making  x  =  0/in  Qs  ^ Q  snd  rf^g* 
we  find 

Aq^-U     ^i=1>    -4gar-ls 

we  have,  therefore,  —  —,  +   --  —  -  . 
'  ^        X*         «»       X 

There  yet  remaihs  the  partial  fraction  corresponding  to 

*  jf  'r-4-  W 

the  factor  x*  + 1,  and  whose  form  is     ,/,    .     We  might 

X  +1  ^ 

determine  it,  by  subtracting  all  the  preceding  partial  frac- 
tions from  the  one  proposed  :  but  we  proceed  to  find  it 
directly,  from  the  formulae  in  No.  157.  In  the  first  place 
we  have  |2=«^+J?^— J^*— ^ »  »ext,  the  factor  x*+l,  being 
made  equal  to  zero,  gives  x=  ±,  V^^,  «=:0,  ^=1;  from 

whichwefindj±yVirT=«.2±2V^,as=l,  andttjeO: 
the  equations  which  determine  A  and  B^  become 

and  we  consequently  find  AzzBsz  --«  .- . 

We  have  thus  decomposed  the  proposed    fraction 
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dx 


^   '    , — 7 — ;,  into  the  following: 


I     dx     ,    I 


dx        ,    9  -rfy 
i  (*+!)*         S   x+l 


8  x-1 

,dx    ,    dxdx      i(j:+l)<f  r 
^    «»    ^    x^  ""  X        '      a-^+l 

The  integration  of  each  of  these  fractions  is  effected  with- 
out difficulty,  and  we  shall  have  for  the  result 

+|l(x+))  +  j^-i-U 

-  1  1  (x'+l)-  \  arc  (tan=x)+const. 
The  aggregation  of  all  the  algebraical  terms  will  produce 

the  fraction    ,  *  ,,  .    ,  »  and  that  of  the  logarithmic 
4?jr.(l+Ap) 

terms,  will  give 

4l(x-l)+41(x+l)+l(x+l)-4.1(2*-H)-li 

we  have,  therefore,  upon  the  whole, 


/dx  _ 


2-^2  X-  Sx"  ,  1  J  /ar^-l\ 


^  1  ^2ii^  -1  arc  ( tan  =jr)+  const. 
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On  the  Integration  of  Irrational  Functions. 

160.  Irrational  functions  ought  to  be  considered  as 
integrated^  in  all  cases  where  by  any  transformationi  they 
are  made  rational,  or  at  least  reduced  to  any  number  of 
irrational  quantities,  consisting  of  one  term  only  i  for  then 
we  can  apply  directly  the  preceding  rules. 

Let  us  take,  for  example, 
(l+V^^^g.^)^^   it  is  evident,  that  by  maldng  x«=2«, 

all  the  extractions  indicated  by  the  radical  signs,  may 
be  effeaed,  and  we  shaU  thus  hare  l£!l£0!=£*).  di- 
▼iding  by  i+t*,  there  results 

whose  integral  is  ' 

and  replacing  z  by  its  value  y/x^  we  shall  have 

+  6  arc  (tan=^x)  +const. 

161.  We  shall  first  consider  those  irrational  functioiis 

which  include  the  radical  ^ A+Bx+  Cx^  only,  and 

which  can  only  appear  under  one  or  other  of  the  forms 

I  -  jx  d  X 

Xd xVA+Bx^\^Gl^ and     .  ,  .  „    ,  ^^  ,  X  h&xig  a 

rational  function  of  x.  It  may  be  observed,  that  one  of 
these  forms  is  included  in  the  other ;  for  we  niay  write  the 
first  as  follows : 
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Vj+Bx+Cx' 
_jr(J+Bx+Cx^dx 
^^A+B'7+C^  ' 

and  the  numerator  of  the  resulting  fraction  then  becomes  a 
rational  function. 

Before  we  proceed  to  explain  the  method  of 
making  the  expression  ^A+Bx-k-Cjt*  rational,  with  re- 
spect to  X,  we  will  put  the  quantity  A+B  x+C  x%  under 
this  form, 

and  then,  for  the  sake  of  brevity,  making 

we  shall  have  Vj+B  x+C  x^^yS^a+P  x+x\ 


This  done,  if  we  assume  ^»+/5  x+x*^x+z,  and  square 
both  sides  of  the  equation,  there  will  result  »+fixzz  2xt 

+2%  which  will  give  ar= ,  from  whence 

By  means  of  these  values,  we  shall  transform  the  dif- 

ferential      ^^  into  another  of  the  form  Z  rf  z, 

"^A+Bx+C^  ' 

Z  being  a  rational  function  of  z,  and  also  real,  if  C  be 

a  positive  quantity;  for  if  C  was  negative,  y  would  become 

imaginary,  and  the  transformed  expression  would  become 

to  likewise. 
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In  this  case^  we  have  to  consider  ^^A+B  x—Cx* ; 
and  making 

it  becomes  ^a+gx-x*.  The  quantity  x»  -  6  «  —  »,  nwiy 
always  be'  decomposed  into  red  factors  of  the  first  d^ 
gree;  if  we  represent  them  by  x-«  znAx-^a,  it  is  evi- 
dent, that 


Then  making  V^  {x-a)  {a—xjss  (x—a)  z,  and  squaring 
both  sides  of  the  equation,  it  becomes  divisible  by  x-tf, 
and  we  have  a'  -xss(x-a)  z\  from  which  we  find 

values  which  will  also  render  rational  the  proposed  diffe- 
rential. 

162.    We  will  take  for  our  first  example  the  diffcren- 

tial    '.  — — r ;  the  first  of  the  pr^cedifig  transibr- 

vA-^B  x+C  X* 

mations  gives  -^ — |r  f  whose  integral  is  -  1 1  (2  r-fi) 

+  const.  Substituting  now  for  z  its  value  -  x+V^«+/3x+x*, 
and  for  «>  /3,  and  y,  the  quantities  which  they  severally  re- 
present, it  will  become 

+  const, 
a  result  to  which  we  may  give  the  form 

+  const. 


Combiamg  %  cpAstaot  terw^s^find  observiiig  that  ^  radi- 
cal ^C  is  susceptible  of  the  sign  ±,  we  shalMiavc 

'   •  4.  const. 

rad«Xeti»>bJie^fQrasecoM«xtapki     j  1^ ui    .  ^  jj'   I 

making  use  of  the  laslt  transformtition  in  No.  161,  we  shaU^ 

havei  T  7    ..f  ■  ,  whose  integtal  is 
yU'+l) 


—  arc  (tan  =  2:)  +  const. 


V:.  I  , 


V^'-x 
Substituting  for  z,  its  f aluej    -j- — l  ,  deduced  from  the 

equation  tf'-i-sr  <x— «)  z%  and  putting  V^  fofy,  we  shall 

have-         )-••••')-.:>  ...i>.-r.  .      :.   . 


«  and  o^bfing  the  roots.of.the  equatson 

C         C 

If  we  suppose  ^«C=1,  and  JB  =  0,  the  proposed 
differential  becomes,  in  this  particular  case,  -7===.,  and 
the  preceding  formula  gires,  for  its  integral,  -  2.  arc 
f  ten  =  y=^  "N+const. ;  for  a  and  a,  being  the  roots  of 

the  equation  ar*-  1  =0,  we  must  take  a=  -  1,  and/ «s1,  to 
avoid  an  imaginary  expression. 

We  Qow  proceed  to  shew,  that  this  result  is  identical 
^th  an  arc  whose  sine  =  x,  the  differential  of  which  we 

D  D 
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know  to  be  ■     ^  ■■  (35).    For  this  purpose  we  must  call 
to  mind  the  expression  (Trig.  26.\ 

1-tan-rf*  • 

from  which  it  follows,  that  the  arc  which  is  double  of  that 
indicated  in  the  preceding''  foramla,  has  forits  tangent 

,  and  that  consequently  it  is  the  complement  of 


I-  r* 

I'        ' 

X 


the  arc  whose  tangent  is    ■  =    ■       .  and  whose  sine  b  x 

(Trig.  26). 

Designating  this  last  arc  by  s,  we  shall  have 

/        1  a:  /  —  -  +const. 

and  incorporating  —      with  the  arbitrary  constaht,  there 
will  result  /  -r-**.-  =  /+const. 


We  will  also  obseire,  that  we  may  direcdf  reduce  the 

the  arc  of  a  circle ;  for  by  making  at  first  x^-^S  =  ^j   we 

dz  '•" 

**^  K®^  i:7=Tf^==5  »  ^*^®"  putting  •  +i  0*=  ^,  and 

2  =  ^1^,  we  shall  obtain   -    Jt ^  ,   whose  integral   is 

-  •  arc  (sin  n  tf)+const. 


dx 


164.    The  integration  of  the  expression  ;  ^.  ,f       may 

^1  — r*        ' 
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abo  be  eflSMted  by  means  of  logarithms^  a  method  which 
leads  to  very  remarkable  imaginary  expressions  for  the 
sine  and  cosine. 

By  comparing  diis  expression  with  •  ^ 


Z  s= 


'We  find  jfss  I,  BssO,  C=s  - 1 ;  and  the  general  integral 
becomes  (162*) 

1  ^_,         

-y=l  (xv/^+v/l-or*)  +const. 

.    .  .  dx 

if  we  represent  by  z  the  arc,  of  which         ■  ■■   ^   is    the 

^X  —  « 

diflTerential,  we  shall  then  have 

-  -7==1  (xs/^+\/l  -  j:')+const. 

Bat  if  we  wish  that  this  arc  should  be  nothing  at  the  same 
time  with  x,  we  must  suppress  the  arbitrary  constant ;  for^ 
by  making  xsO,  the  second  member  reduces  itself  to  this 
constant,  inasmuch  as  U  ssO. 

This  done,  and  observing  that  if  a?  be  the  sine  of  the  arc 
z,  thcn\/l— X*  is  its  cosine,  the  equation  above  will 
become 

z  s/^ = 1  (cos  z+s/^l  sin  ;«) ; 
and  if  we  suppose  z  negative,  since 

sin  (-2:)=:-*8in  iE,     cos(— ;2f)=:C0S  2f, 
we  shall  have,  in  this  case  also, 

— z  \/~ss  1  (cos  z-\/^  sin  z)f 
a  result  which  may  be  joined  with  the  preceding,  in  the 
double  equation 

±a\/Zl=l  (cos  z±\/^l  sin  z).  * 

ds 
*  The  expression  dz  ^'  Jt-^  »  ^  changed  immediately  into 

a  loga- 


PasAig  now  IB  each  iMniberaf  die  e^oatbn^  ftoni 
the  logaridnns  to  tbe  nnnbers  to  ^vUckthey  cerreqpof»d» 

we  shall  have  . .  .    ^ 

an  eqaattcin',  which  furnishes  the  two  following 

e      ^       =  cos  ^— ^—  1  sm  ^» 

If  we  add'  these  together^  we  ibaU  £nd  ,     . 

cos  ;zr—  '  t'  ■•  'tii*  r  i 

and  subtracting  the  second  fto«i  the  firstj  tlusre  will  ie» 
suit 

sin  z  = — -^..^ 

These  espresckmSitre  noMng  more  19  veality  than  pure 
•dgebraical  symbols,  winch  ttpresent,  «ffi^der  an  abridged 
form,  the  series  in  No.  36,  of/whicbrwefl^he  satisfie4» 
hj  substituting  for  the  ex|iQiie|itial  quantilies  /  /  ^h  and 
i^^M^'zzt^  their  derelopcn^ontt,  fanned  9fter  d)e  series  in 
No.  2S I  but  these  symbols,  though  we  cannot  assif^  their 
value^  under  an^  re$il  fioite  form,  are  nevertheless  of  the 
greatest  use  in  analysis^^  and  exhibit  all  the  properties  of  the 
trigonometrical  lines  which  they  represent. 

a  logaritbmic  difierential>  when  we  multiply  both  its  numerator 
and  iu  denoniinator  by  the  factor  i\/'^4"\/l  •"**•  There 
airiaei,  fromtbiaQperatioo, 

*  d  xy/^    ,  ^  .      y *d9 

«v/^i+%/r=^*     ^/^i    ""V-x  +  s/T^^^ 

where  we  may  easily  perceive,  that  the  numerator  of  the  second 
fcaction  is  the  differential  of  its  denominator ;  from  whence  we 
conclude,  as  before,  that 
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%  apWt^t«^.9  ;r  in^t^d  o|  jr^cin  the  eqii4t|0O 

e  =cosz±\/-l  sm  jr, 

it  becomes  "« 

.    ^  =C08  «  z±  v— 1  sin  »  z. 

But  we  ba¥e  also  .         r 

^=^-^~=(,=^'^~)*=  C08z±v/^i8inz)-;  .  . 
and  consequently 

(cos  z ±  v/^  sin  rya=co8  »  z ±  v/-^  1  sin  n  z. 

This  bMt  equation  leads  to  results  of  great  importance, 
which  we  sh^  develope  hereafter^  whenever  they  are  re- 
quire4f  .  .We  shall  here  confine  ourselves  to  the  use  whic^ 
,we  may  make  of  them,  in  discovering  the  factors  of  bino- 
mials, of  the  form  x"Tii",  since  this  inquiry  is  necessary, 
in  the  integration  of  rational  fractions,  of  the  form 
x^  d  X 

16S.  The  function  a^  t  ^  is  transformed  into  i^  (^  T 1), 
by  making  x= 41  y;  and  to  discover  its  factors,  it  is  only 
required  to  solve  the  equation 

yTi=o, 

which  is  the  same  thing  as 

The  expression  jf  =  cosz  +  ^-  1  sin  z,  satisfies  this  equa* 
tion  by  a  very  simple  determination  of  the  arc  z ;  for  we  have 

y»t=(cos  z+\/^i  sin  z)*=cos  »  «  +  ^~l  sin  »  z ; 

and  since,  putting  v  to  denote  the  semi-circumference,  and 
m  any  whole  number,  we  have 

sin  171  vs=0,  COSI»irs=±l, 

according  as  m  is  an  even  or  odd  number,  we  have  only  to 
suppose  /I  z  =si7i  V,  in  order  to  obtain  ^"=:  ±  1. 

That  we  may  distinguish  more  particularly  the  case  in 
which  HI  is  even,  from  that  in  which  it  is  odd,  we  shall 
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write  fertbe  first  2fif,  and  for  the  second  Siff-f-l;  we 
therefore  make 

iiz=:2  ffiv,  and  n  z=  (2i9f+l)  «*•   . 
From  the  first  hypothesis,  we  find 

and  from  the  second 

/I  n 

By  means  of  die  indeterminate  number  m^  ea  chof  these 
expressions  for  y  furnishes  all  the  values  of  which  thiis 
quantity  is  susceptible ;  for  we  may  take  successively 

01  =  0,     I9fs:l,     ffl  =  2,     msS,    &c. 

The  first  formula  gives 

^srCOSO.  Ts=l.' 

2t         . 2  IT 

j,=  C08--+^_l8in---» 
&C. 

and  it  is  evident,  that  we  shall  always  have  different  .results 
as  far  as  msrn— 1  ;  for,  by  supposing  itanf,  we  have 
y  =:  cos  2  IT  =  1 ,  which  is  the  same  as  the  first  of  the  values 
already  obtained}  and  if  we  suppose  in  =  ii+l»  then 

^^(2iy+2y  ^^^^^g  ir+il)«co8il(Trig.«2.) 

.     (2  «+2)  *        •    ^/i      I  2  TX        .    2  w 
n  ^  n  /  n 

which  leads  to  a  value  of  y,  the  same  with  the  second^ 
and  so  on  with  respect  to  the  others. 

The  second  general  formula  for  y,  which  is  relative  to 
the  equation  y"+l  =:0,  in  the  same  manner  will  only  give 
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differ^it  values  fiom  msO,  to  mfs^n  - 1>  incImiTely  i^for  if 
we  take  mssn,  then 

Sin  ^ ^-   =  dia/2r  +  -  lassin*. 

*  166.  By  this  mode  of  proceeding  we  shall  not  only 
obtain  the  roots  of  the  equation  y*7  1  sO;  but,'  with  a 
little  attention,  we  shall  discover  that  these  roots  may  be 
arranged  in  pairs,  by  bringing  together  those  which  only 
differ  in  the  sign  bf. the  rascal  ^^^  1 1  for  since 

cos  (2  «•  -/;)=cos/;,  and  sin  (2  w  -p)  =  — sinp, 
it  follows^  that 

^  =  cos^^ 2L^  ■f^/I-T  sm\     y  ■  ■ 


If 

sCOS- 


Kow  it  is  easily  seen,  that  the  numbers  ri-^q  and  »— ^  are 
both  even  oi  both  odd  at  the  same  iSme ;  we  may  therefore 
in  the  expressions  ioty^  enukxieratedaborei  confine  ourselves 
to  those  multiples  of  or  which  do  not  exceed  n  •■,  provided 
that  we  take.,  the  I  radical  \/— 1  alternately  -|»  and  — ,  and 
they  will  consequently  become 

2  iw  fp         -—       (2  m  ») 
y=cos  — _  ±  v^ZT  sin  ~r^ » 
n  ti 

t,-cos^?J^i±i2^^./~r  •  (^^+^)'^ 

jf.cos ±\/-lsm • 

ft  n 

When  n  is  even,  the  values  of  m  in  the  first  formula 
ought  to  be  all  the  whole  numbers*  from  0  to  -  inclusive*- 

ly,  and  only  as  far  as  --—  in  th6  second  ;  and  when  n  is 

X 


218  IKnGRM.  GALCDLU^^ 

ddd,tKeVahitsof:ii»mustittb6thcftfe8WetMid^      ki 


9. 


The  two  values  comprekiended  in  the  formula 
,  y:=;cos— rp-   Ar^^jCTi^n  — — -'  . .. 

gife  for  faptcwrs  of  the., first  degree  pf  the.  quantity y^—  I, 
" he- two  imaginaty  expression^  .  ^         '     .  j        ../ 

and  the  product  of  these  >«  the  expression   ^^-^        ^  ,  . 
which  compreh^ds,  all  the  real  factors  of  the  second  de- 


gree. •  *'*'-  A  - 


^     We^find,  iin^the.,9«ne  manner,  that, ^th^^^(Ctoys,pf  the 
^nddegrepofthej^uantityy+l  arp  ,  ...',;  ^^,j  ]    \  .', 

"*  '•  167 .'"^Let  uls!  take,  aVata-exAit>lebf  tHeForimdlt,  *  - 

Sniff    ■       ■  _^  .    ^^w^^'"' '*•'''   - 


the  list  of  the  factors  of  the  first  degree  contained  in  the 
functiony^l  r    ^  . ...  .  ^    ,  - 


COS     —  i;V^_l    «^"6'/ 
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The  formula 

n 
gWeSi  as  factors  of  the  second  degree^ 

y«-2^cos^   +  1 

jf*-2jfcos  ^ +1 
6 

jr'+fiy+l. 

The  first  and  the  last  of  these  factors  are  the  squares 
of  ^-  1  and  ^+  1«  of  which  only  the  first  degree  enters 
into  the  proposed  function;    it  will  be  necessary  then^ 
when  we  employ  the  factors  of  the  second  degree^  to  re- 
place the  first  and  the  last-by 

(y-i)(y+a  c>r/-l. 
We  have^  ibr  the  factors  of  the  first  degree  of  the 
funcdony'— 1 

y-1 

cosy±v^^sm-j) 

COS  — i^/nsm—). 

Those  of  the  second  degree  are 
/-23f+l 

y-2yco8  ^    +1 

y»-2ycos  ~+  1; 
o 

but  it  must  be  observed,  that  the  first  factor  of  the  second 
degree  is  the  square  of  the  factor  y— 1>  which  enters  only 
once  into  the  proposed  function. 
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By  die  formula 

jf_co8 ±v— Ism ♦ 

the  factors  of  the  first  degree  of  y  +  1,  are 
y  -  (cos  ^   i^/ITisin  5  ) 
/       Sir        ^ 3»\ 

and  the  formula  y*-2y  cos  ^    ^'*"   ^  "^  +  1  gives  us 
y-2j^co8  g   +1 

The  function  y  + 1  has  for  factors  of  the  first  degree 
y-(cos^   iv^lsing) 

^  -  \P^^  -g"  =*=v^-^  •^'^  "6  /*  or^T\/:ri 

and  for  factors  of  the  second, 
^        f-2y  cos  g  +1 

S  T 

y'-^ycoB—  +1,  ory+i 

y— 2ycos^  +  l. 
6 

168.    Such  functions  as  are  of  the  form  j*" — 2/>  j" + j 
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maybe  treated  in  the  same  manner  as  those  which  include 
only  two  terms.  By  resolving  them  in  the  manner  of  an 
equation  of  the  siecond  degree,  we  shall  find  the  factors  to 
be 

which  will  be  real,  Mp^  exceed  q  s  and  by  making,  in  that 
ease, 

we  shall  have  functions  of  the  form 

to  resohre  into  factors. 

When  we  have  J?' <:  jr,  wepttt/a:«%  j=0*",  ^=tPj^» 
and  the  function  becomes 

fl^3r-'2»-^y+fl**=/5**(jf*'-~y  +  l)} 

but  the  condition  p*  <  y,  or  «*•  <  /J**,  giving  «*  <  fi"  the 
quantity  ^^  is  a  proper  fraction,  and  may  be  represented 

by  the  cosine  of  a  given  arc  i%  and  the  proposed  function 
will  be  reduced  to 

^•(^«-.2ycos>+l), 

and  we  have  only  to  resolve  the  equation 

^*»-.fiy«COS^+l=:0, 

We  immediately  find 

y*=cos>  ±\/— 1  sin  I; 

then  assuming 

y  =:cos  z  ±\/^^sin  z, 

we  find  (164)  ^ 

y"=cos  n  z±,\/ -lAanZf 

and  composing  this  value  of  y  with  the  former,  we  obtain 
cos  n  rscos ^,     sin  n  2=:sin  i. 
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Xhw  rdatioos  wiU  be  satisfied,  if  we  tnppoBt  nzzz 
,«  «  »+!,  i»  being  any  trhdeJmmbet;  for 

cos  (2iw«^+^)=cos*,        am  (i»»+>>=:sin  *; 
we  shaU  have,  therefore, 

and  the  factors  of  the  first  degree  of  the  function 

y*'-^ycos»-|-i 

will  consequently  be  comprehended  in  this  formnk 

,-{co,i^^^-j,j„?ji^»j. 

-       If  we  had  x«»+2  ^  *'+S'=0,  we  must  stiU  a«6iuae 
.  •" 
-=cos^}  bat  we  most  take 

ir--2ycos(»-»)+li 
since  cos  ( w->)  =-co8  I.    This  done,  th«e  will  arise 

cos  «2=co8 (»-»),     sm»ji=8in(»-l)i 
and  conseqnendy 


•  The  fonnulR  in  No..  166,  167,  168,  comprehend  impli- 
citly the  theorems  of  Co<m  and  Demoivre,  and  indeed  more  than 
supply  the  place  of  those  theorems,  which  hereaAer  are  aa 
object  of  mere  curiosity.  We  have,  on  this  account,  thoaght  it 
unnecessary  to  insert  them  here.  The  reader  wiU  find  them  fiil^ 
discussed  in  the  large   7>tatue  on  tie  Difenntial  and  Lutgral 


Cakulut. 
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On.  ike  tntegration  of  Bimmial  Difikret^Hak. 

169.    The^e  cUfforaotiak  are  represeated  hj  Ab  £nw 
mula 

wbose  generality  will  not  be  affected  by  supposing  m  and  n 
to  be  whole  numbers. 

If  we  had,  £at  example,  x^dx  (a+b  x^)  t ,    we  may 
assume  xzzz^,  and  the  differential  would  become  6  z'  d  z 

{^a+iz^9.    We  may  also  consider  n  to  be,  in  all  cases, 
positire,  inasmuch  as  in  the  case  in  which  we  have  x'^'^^ 

dx  {a+tx'^'' )  f ,  we  may  suppose  xss^,  and  the  result 

z 

of  this  substitution  will  be  —z  """•—*  ^^«  (  a+iz*)  ?.  . 
To  find  in  what  case  af^^^dx  (a+bi^)  7,  may  become 

rational,  we  assume  ;ff+3x"=z*,  so  that  (A+^:r*)f=:;if ; 
we  then  find 


r-t 


and  the  proposed  differential  is  transformed  into 

an  expression  which  is  evidently  rational  whenever  !?   is  a 

n 

whole  number.    « 

The  differential  x^dx  (a+bx^)?  satisfies  this  condi* 

tion,  .since  i9fs9,  »=3,  —  =  3;  and  it  is  transformed 

n 

into 
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X....... ,(-.)" 


The  expression  /ir""*iix  (tf  +  *jr*),  is  sascepdUeof 
another  form,  by  making  the  index  of  d  between  the 
brackets  negative,  or  by  dividing  the  quantity  a+b  3^  by  jr"; 
then  we  have 

i 
and  by  the  process  preceding,  the  last  of  these  expressions 

9 

may  be  made  rational,  whenever is  a  whole  nam* 

n 

ber^  or  what  is  the  same  thing,  whenever—  +^  is  an  in- 

n      q 

teger. 

The  differential 

a!^dx(a+hx^)^ 

is  of  this  descriptiony  since 

fn  ^i    p       1      tn    I  o      6     ^ 
»       8     jT      3      ff       jT      3 

In  applying  to  the  differential 

the  substitution  indicated  for  the  first  form  of  this  differen- 
tial^ we  shall  make 

from  which  we  deduce 

and  if  we  transform  immediately  the  expression  j^***-'  ix 
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(a+is^)^ ,  hj  means  of  the  equation  preceding,  we  shall 
evidently  obtain  the  aame  result^  as  if  one  had  at  first 
given  it  the  form 

170.  Since  it  is  not  possible,  in  every  case,  to  integrate 

the  expression  xf^^'^d  x{  a+b  x" )  t ,  the  method  of  pro- 
cedure which  first  suggests  itself,  is  to  endeavour  to  reduce 
it  to  the  most  simple  cases  which  it  can  include,  as  we  have 

done  in  No.  154.  with  respect  to  f  a  i /^av,  *  which  is 
reduced  to  Z*-—!. .  We  shall  effect  this,  by  the  as- 
sistance of  the  remark  in  No.  148.,  in  which  we  observed, 
that/  u  d  vsi/  V  -  fv  du\  for  if  we  decompose  the  quan- 
tity a?"  -"  *  d  X  (  a+b  •  >  into  two  factors,  of  which  one 
being  integrable,  may  be  represented  by  d  v,  and  the  other 
by  tf ,  wc  shall  make  the  integration  of  die  proposed  expres- 
sion, depend  on  that  of  vdu,  which,  in  certain  cases,  wUI  be 
more  rimple  than  the  given  differential,  as  we  shall  proceed 
to  shew.  This  method,  which  is  at  once  extensive  and 
curious,  is  called  Integration  fy  Parts. 

For  the  sake  of  abridging  the  results,  we  shall  write  ^  in 

i 

the  place  of  ^  >  supposing  p  to  represent  any  fractional 
^number,  the  formula  will  then  become 

Among  the  different  ways  of  resolving  this  differential 
into  factors,  we  shall  choose  that  which  dfaninishes  the 
index  of  x  without  the  parenthesis ;  which  is  effected  by 
writing  the  proposed  differential  thus, 
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By  this  means  die  factor  ir^-^^  dx{a'¥i  ^)  *  is  integitble, 
whatever  be  the  value  oip  (149.)  •  Tepresenting  k>  tiierefoi^ 
by  d  V,  we  have 

whence  there  results 
but 

Substituti^g  now  this  last  value  in  the  preceding  equation, 
and  collecting  into  one  the  terms  involving  the  integral 
/«*•— iJx(fl+*  j?»)',  wefind 

Irop  ii^ludi  we^et  (4).jii *..  i.*/*?""^  J.t  (a?*.*  «*)' 

It  is  readily  seen,  that  since  we  may  reduce,  by  this  for- 
mula, the  determinatipn  of  f^oiT^^'  d^  (a  +*  a:»)^,  to  thdt 
oifaf^^*^^d  X  (a-^b  jf)'',  we  may  also  reduce  this  last 
to  that  of /x*— ***~*</a?  (tf  +  ix")',  by  writing  »—« in 
the  place  of  m,  in  die  equation  {A);  then,  by  changing 
tft'-n  into  191*- 2 »^  in  this  last  equation,  we  shaU  be 
able  to  determine  yx** "~*"~^ </*(/! +i;e")',  by  meansof 
/••-*"-*dx(ii+Ax*)%  and  soon. 

In  general,  if  r  denote'  4^  number  o(  reductions,  we 
shall  at  last  come  to/**"""'— ^  dx((i+b  x^)V  and  the  last 
formula  will  be 
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*[/?  «  +  m  — (r— 1)  «] 
It  is  erident^  from  this  formula,  that  if  m  be  a  multiple 
t)f  If,  Aen  fsT-H  x(a+*j*)''willbea  finite  algebndcal 
quantity;  for  in  that  case  the  coefficient  m—rnssO,  and 
£herefore  the  term  containing/** — '"  —  *rfic(tf+*j:")^ will 
▼anish.  This  result  agrees  with  what  we  have  already 
found  in  Ho.  169, 

17 1 .  There  is  ano^ther  method  of  reduction,  by  which 
the  exponent  of  the  quantity  within  the  parenthesis  may  be 
diminished  by  unity  $  for  this  purpose  it  is  sufficient  to  ob- 
Aenre^  that 

and  that  the  fortnote  (A),  by  changing  m  into  m-k^n,  and 
plntb/i—1,  gives 

Substituting  this  value  in  the  preceding  equation^  we 
have(JJ) , /«-- »rfx(a+*>/« 

{p  n+m) 
By  means  of  the  formula  (B)  we  may  take  away  succes- 
sively from/?,  as  many  unities  as  it  contains;  and  by  the 
application  of  this  formula,  and  also  of  formula  (A)^  we 
may  make  the  integral /Jf'^^tfx  («+ A  jc*)'  depend  on 
/jf'-"'*^*rfx  (ii+*x*)'— ',  r  n  being  the  greatest  multi- 
ple of  n  contained  in  m-  1,  and  /  the  greatest  whole  num- 
ber in  p. 

The  integral  fx^dx  {a^hx^Y^^  for. example;  may  be 
reduced  b|r  the  formula  iA\  successively,  to 

/x♦i/x(tf+*xV^      /«</x(fl+*x^)*> 


F  F 
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mi  -by  Afe  ^(^miila  *(fe)  fx^dx{a^b  x')^  U  reduced  to 

/«^<c  (fl +^*)^>  anil  diat  agim  tof-x^iv  (iri-+«^J*. 
172.  It  18  evident,  that  if  m  arid/i  were  negative,  the 
tdtniuliBe.'(A)  and  (J5  )  wbulA  not  answer'the  purpose  for 
which  liheyliave  been  investigated :  in  that  casethey  wouIS 
'ihcri^ase  "the  exponent  of  x  without  the  parenthesis,  as  well 
as  thkt  ot  ^the  parenthesis  itsletf .  tf,  however,  'we  reverse 
^e'm,  we  shafl  fend  that  they  then  apply  to  the  case  under 
consideration. 

Frdhi'ihe^ftJhhula^(ai)^e-dfedu!c'e       ' 

sixWit\ite~m+H,  In  *ihfe  place  v>(4h,  ^tid'Hh^cbihesiC) 

f^-^dxCa'¥i<xryp 

a  m  ^ 

'  a  jfdrihiilil  Whkii  (diminished  the  exponent  of  x  without  die 
parenthejhj  iince  *f»+te  —  1  bec'bnies  —  i»n|-^'— ^,  when 
we  put  —  i9f  in  the  place  ofi*. 

Tb  nevferte  <he  fbnhula  (B),  wfetAe 

ar{a+hx'^P'-(m'^np)f;i?^-^dx(a'^b9^)'^ 

p'na 
1then,  writing/?  +  1  in  the  pUce  ot^,  we  find  i[2)) 

,_...  aria^hx^y^\^(tn+n+np)^^^ 

{p+l^na 
This  formula  answers  the  object  in  view,  since /?+!  be- 
comes — />+!>  when  p  is  negative. 

The  formula  (J),  (£),  (C),  (27),  cannot  be  applied 
^Ikftti^tbehr^eiiOrtiinators  Vinhli.  ^s  is  Cte  ^te  i^hh  the 
formula  (il),  lor'etttofpte,  "wben  M^  >J-^'J7 ;  but  in  ftH'M^ 
cases  the  proposed  function  is'integrable,  either  algebrai- 
cally, of  by  logarithms. 


nOSfiBAL  CAUU^VS.  SSI 

173.    Let  the  formula  be  /^^/       ->  where  m  is  an 

integral  and  ^ositi^e  nugili^ ;  ^e  find  b][  the  formuk^il), 
making /isslj^ib-^ly  ii=s2,  /y^:— ii 

writing  iKii^  the  glacf^  of  m—  1,  it  becomes 

|fwepTOtOfi«w;s«SFtlx4y'^«8?.^ 
with  the  odd  numbers,  we  shall  have 

/x  dx  / — ^ — 

_==-VTrxr^con8t. 

/ar^i?  j:^  1       y^J — ,2     p  x  dx 


&C. 

From  which  we  find 
xdx 


/xdx  J 

;^==.  =  -'Vq^r?+ const. 

Pydx  /l^.    1-6    .,1.4.6   ,,    1.8.4. 6\   , 


&c 
The  law  of  these  ralues  is  evident. 
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]^a8$ing  now  to  the  even  values  of  m^  and  tttpposini; 
m^%  mss^,  m=s€f  &c.  we  find 

J  -/nr?       a.  ^2»/  vi-«» 

&c. 
In  all  these  cases  the  proposed  integrals  wUl  depend  upon 

/  s  arc  (sm=:*)  +  const.  (So.) 

and  if  we  represent  this  arc  by  il,  we  shall  have 

/.,£f_=^+.  const. 

174.  We  now  proceed  to  find  the  formulx  for  those 
cases  in  which  m  is  a  negative  number.  We  have  then» 
by  formula  (C)  (172.) 

Vi^t"     ^  "  m         '^     m    J     vT3p"  • 

and  wridng  -  iw,  in  the  place  of  -  m  —  1,  it  becomes 

dx VIT^  m-g    /*         rfg 

arVl3?  ""      (m-  l)ap— *  '^m^lj  ••- Vl— x** 
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We  cannot  here,  suppose  m  s=  1,  since  that  Talue  would 
render  the  denominator  =  0 ;   we  must  therefore  previ- 

/d  X 
—  We  shall 

find  it  easily  from  what  has  been  said  in  No.  l6l ;  but  we 
may  also  arriye  at  it  in  the  following  manner:  make 
1 — **a:z* ;  from  which  we  have 

, J  ^     —  zdz 

and  consequently 

dx      ^  —  dz 

an  equation^  the  integral  of  whose  second  member  is 
and  substituting  for  z  its  Value,  we  have 

mnldplymg  by  l+^J-*%  the  two  members  of  tbe  frac- 
tion comprised  under  the  sign  1,  we  shall  get 


-i.[(>+i5ZS):]=_„[(i±^)-] 


we  shall  have  then  finally 

And  making  irf  ssS,  m=5,  &c.  we  shall  find 

/dx       _  _  Vl-jr^ 
a  VTH?  2  A* 

f    dx  ^/rrp^s  f^Jj^ 


Sic. 

Again,  making  9»=:2,  mB4,  mssS,  &c.  we  shall  find 

dx  ^/TTTp   . 

—  +  COMt. 

&c. 

From  these  two  series  of  equations  we  shall  be  able  td  de- 
duce»  as  ii^  the  |pr^K:ediBg  ^^«  on^  cbs^  pf  f«i»ti|Ias  inte- 
grated by  logarithms^  and  anpther  clas^  which  i^l  be 
entirely  algebraical. 


On  Integration  by  Series. 

175.  HijC  integral  oi  Xdx  is  eauly  fopp^,  when  we 
have  expanded  the  fuiction  ^  in  a  series,  since  in  that 
case  .nothing  remains,  but  to  apply  the  rule  in  No.  146,  to 
integrate  every  terjpa  in  succession.  Thus,  let  X-ziA  «*+ 
B  «*  +  »+C**  +  «»+/)«"  +  '•  +  &c.  J  if  we  multiply  the  two 
members  of  this  equation  by  d  x,  {»id  then  separately  int^ 
grate  every  term  of  the  secondi  i^e  shall  get 

If,  in  the  expansion  of  JT,  w«  meet  with  any  term  of 
the  form .-  ,  the  integral  corresponding  to  that  term  will 
heAl*  (147). 
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176.    The  most  simple  functicHa  of  i  that  «an  be  ex- 
panded in  a  series,  is ,  which  1>ecome8 

1  X  X*  A*      .     fl. 

fton  whftok  #e  kaiv 

r^  =f  -  J^  +  4  -  J^+&c.+  const. 

but  we  also  know  that  /  --— •  =:  1  (a+x)  :  therefore 

l(«^*)=--_.+  ^-;j-,+  &c.  +  const. 

To  find  ^e  Mature  and  value  of  the  constant  quantity,  we 
have  only  to  makei?=:0;  for  then  the  equation  becomel 

1  dssCOOSt* 

and  consequently 

4iTeittlt  eiMtfoittiable'to  that  iaJNb.^9* 

Let  the  differential  be       ■  r>  which  nu^y  be  |iut  under 

^die^fonm    '"tn  f/,  cBBid  whidi  comeqaenfly  belongs  to  an 

ire  wfcosfe  tatngferit  =  * :  by  reduciiig  -j^  feto  «  strie*, 
we  find 

and  l>y  integrating  c^ch  term  separately,  we  have 
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j»        jT*         afi  x^     ,    f,        , 

-  — "  —  +  —  —  —  +  &c.  +  const. 

If  we  wish  to  deduce,  froovthis  equation,  the  value  of 
the  least  arc  whose  tangent  is  - ,  we  must  suppress  the  ar* 

bitrary  constant,  since  the  arc  sought  for  is  ;=0,  when  «6sOf 
and  we  shall  have 

arcr^tan-^f^i^f-^+jl-J^+Scc. 

a  result  which  agrees  with  that  in  No.  S7;    but  here  the 
law  is  manifest. 

x^  d  X 

By  operating  in  the  same  manner  upon  ^ »  we 

find 

a*  +  «»    ""(111+ IK      (w+»+l)a** 
«*  +  *•  +  * 

1 77.  The  object  o/  integration  by  series  being  to  ob- 
tain approximate  values  of  the  integrals  which  we  cannot 
obtain  accurately,  it  is  of  consequence  to  have  several 
series,  so  that  we  may  be  able  to  choose  that  which  becomes 
convergent  upon  the  substitution  of  a  proposed  value  of  or. 
Those  series  which  proceed  by  positive  and  increasii^ 
powers  of  x,  or  ascending  series  in  general,  do  not  con- 
verge, unless  when  x  is  very  small ;  whilst  those  which  pro- 
ceed by  the  negative  powers  of  x,  or  descending  series, 
become  convergent  only  when  x  is  very  large. 

To  obtain  a  series  of  this  kind  in  the  example  given 
above,  we  must  change  the  order  of  the  terms  of  the  bino- 
mial a"+«",  or  we  must  put  x  in  the  place  of  a  in  the  de- 

velopement  of  ,  and  we  shall  have 
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and  it  will  become,  after  multiplying  hjtx^dx  and  inte- 
grating, 

^3^ix  1 


/ 


,+  &c.  +  const. 
This  series  would  fail,  if  any  one  of  its  dtoominators, 
'which  are  comprised  in  the  formula  fii—m— 1,  should 
become  equal  to  nothing,  which  would  be  the  case  if  m  +  1 
were  a  multiple  of  n :  in  this  case  the  expanded  differen-  * 

tial  would  contain  a  term  of  the  form  a  (• —*>-£,  whose  in- 

tegralis  tf  C'"-0"*1  jr. 

If  in  the  series  above  mentioned  we  make  m=0»  iir=2, 
and  a=:  1,  it  becomes 


/ 


- — -  =  -  -  +  — -^  -  — — +  &c.  +  consL 


dx 
but  although  the  expression ^  is  the  differential  of  the 

arc,  i^ose  tangent  Is  r,  we  should  not  therefore  conclude, 
that  the  preceding  series  is  the  developement  of  this  arc, 
since  it  becomes  infinite  when  i  =0.  The  consideration 
of  the  arbitrary  constant  will  remove  this  difficulty,  if  we 
consider,  that,  in  order  to  know  the  true  value  of  a  series, 
we  must  always  begin  with  the  case,  in  which  it  is  conver- 
gent.   Now  the  series 

_i  +  J_-_L+&c. 

converges  so  much  the  faster  as  x  is  greater,  and  it  vanishes 
when  X  is  infinite.    The  equation 

o  G 
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arc  (tan.=rr)a:  —  +  ---j.  — — ^ +&c.  +  coii$t. 


will  become  in  this  extreme  case  arc  s  -  sr  const.,  and 

S 

substituting  this  value  of  the  constant,  we  shall  have 
arc(t«i.=x)=r-l+Jp-^+&c. 

We  might  also  integrate.the  rational  fraction  — — 

{I5l\  by  expanding  the  quantity.^ into  a  series;  but  this 

method  would  lead  us  to  results  very  complicated,  and  sel- 
dom convergent  i  besides,  this  manner  of  integrating  is 
in  this  case  almost  useless ;  since  we  know  how  to  reduce 
this  differential^qi^antity  to  arcs  of  circles,  or  to  logarithms, 
the  values  of  which  are  easily  found  from  the  common 
tables. . 

178,  Theformula  j:*-*£/j:(fl  +  Ax")f  is  easily  inte- 
grated by  the  expansion  of  the  quantity  (tf + 3  Jf)  t  into  a 
series ;  from  which  we  obtain 


am-^n 


+  const. 
If  we  wished  to  have  a  descending  series  with  respect 
to  x^  we  must  give  the  proposed  differential  the  foim 

jr*+  f        i/jr(A-hix-")    J   and  we  should  find  by  ex- 


.^* -^-i 


panding  (3+fl  a:"*)t/multiplying  by  «:*•+  -^       rfjr,  and 
integrating  tl\e  result,  that 


I 
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^1^  mq'^{p-2q)n  '> 

+  const. 
Whenever  ii  and  3  are  both  positiTe^  or  jran  odd  number, 
we  may  make  use  at  pleasure,  of  either  this  or  the  preceding 
series;  but  when  q  is  eyen^  the  first  formula  will  become 

imaginary  from  the  factor  a  t »  if  a'  be  negative,  which 
VAX  also  happen  to  the  second,  if  ^  be  negative. 

d  X 

179.    Let  us  take  forezample     ^      ■; »  a  quantity 

which  is  the  differential  of  the  arc  whose  sine  as  x;  we 
shall  have  . 
1  ,     1   *      l.»  ^      1.S.5   .      US. 5. 7^     ^ 

and  consequently 

/Jx  la*       1.3  jr»,   1.3.5x7 

7rxF=^-^i 3  "^i:r5 +271^6-7 +'^^-+~^^^^  . 

By  suppressing  the  constant  the  series  will  vanish,  when 
jr=0;  it  will  consequently  express  the  valtie  of  the  least 
arc,  whose  sine  =:  x,  as  in  No.  37. 

We  shall  here  add  a  few  results,  which  are  easily  ob- 
tained from  what  has  preceded,  and  are  useful  in  diem- 
sdves. 

Jx  dx  1.         ^ 

V  X  —  X^        VX  .  V  1  —  X  ' 

have  J  ^     ;  but  from  the  preceding  series,  we  have 
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therefore, 
P     dx  /       1*  ^  1.5**  ^  1.3.5  i^       a.     \  y- 

2d.   rfxVT7]rri»  =  (fi„)*x*rfj:^l  ^^)*; 


now 


V        2a/    "^        22^      e.44fl*      2.4.6  8^^^ 
therefore^ 

v3  2  5.2fl       2.47.4a^ 

1.1.3  2  J?i         ^     \    . 

gives 

•*  -V3       2  5.2a       2.4  7.4a» 

1.1.3        «»  e,     \«       , 

;  -&c.y2  *V2  ««  + const.. 


2.4.6  9.8a» 
3d 


;7=.  gives,  by  expanding,  ^^-j-^ 


into  a. 


series,  and'integcating  the  terms  of  the  expansion,  when 
multiplied  by  d>. 


1  r».    1.3  x*        1  .3.5    x^    ,^ 

2  5       2.4    5        2.4.6     7 

+  const 

1.3  1.3-5 


■2.4.4i*~2.4.66jr* 
—  &c.  +  const. 
This  series,  which  includes  the  transcendental  quantity  Ix, 
is  by  so  much  the  more  convergent,  the  greater  the  value 
of  X ;  we  may  obtain  another  series  for  this  integral,  which 
is  entirely  algebraical,  and  which  will  be  the  more  convetr 
gent  the  nearer  x  is  to  unity.  For  this  purpose  we  must 
'  make  x^X^ru^  a  transformation  which  gives 
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expanding  M  +2  J  "*,  multiplying  each  term  by  u  ^*Ju^ 
and  integrating,  we  find 

VaV  83.2     4.4S.4     2.4.(j7.8  ^ 

and  since  uzzx—l^  the  terms  of  this  series  are  so  much 
the  less^  the  less  the  value  of  x  —  1 . 

180.    The  object  pi  the  reduction  qf  differentials.;  Into 

series  is  to  transform  them  into  a  series  of  terms  each  of 

which  is  separately  integrable^  and  it  is  not  always  ne^^s- 

sary  for  this  purpose,  that  all  the  terms  should  be  quantities 

•  s* 
of  the  form  i4  x»  4/r. 

If  we  have,  for  example. 


when  ^  is  a  very  small  quantity,  we  may  expand  i/i  —  ^*  a* 
into  a  series,  converging  ^th  great  rapidity,  inasmuch  as 

in  the  proposed  difieren^al  a^  is  always  <^  1,  oif  account 
of  the  radical  i/flTF";  we  find 

and  we  shall  have,  in  consequence,  to  integrate  the  '  ex- 
pression 

J    vTZir^         *  2.4  2.4,6  / 
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each  term  of  nrfuch  is  comprised  in  the  general  fonniila  « 

.  >  considered  in  Nos.  ITS,  174.    Substituting 

in  the  place  of 

die  expressions  ghren  in  No.  113,  we  shall  derive  firom 
tbancfe 

+  &c • • ••••  + const. 

We  might  also  treaty  in  a  similar  manner^  the  differen- 
tial 

Jx  dx  1 


by  vedodng  into  a  s^es  the  quantity 


It  is  proper  to  remark,  that  the  formula 
du 

which  is  met  with  in  some  applications  of  this  Calcnlns  ta 
mechanical  problems,  reduces  itsel  to 
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-  1    p  dx 

bj  mdung 


ifi— «=i9i«,  and  I.  ag  tf. 


On  fAe  Integration  i^  Logarithmic  and  Exponen- 
tial Quantities. 

181.  Let  U8  first  take  the  formula /P  d  x  (lx)r, 
'where  P  is  an  algebraical  function  of  «r ;  by  applying  to 
this  the  principle  of  reduction  indicated  by  the  formula 

Judv  sz  uv  —fvduj  and  making  for  greater  shortness 

/Prfx=N,  weget 

fP  dx  0  xr::zN  {I  xT-nfi^il  xT-'  N. 

If  we  represent  /  —  N  by  M,  and  change  in  the  p]:;eceding 
formula  N  into  M,  and  n  into  i9—  1^  we  shall  hate 
filN{\psr-^-M(\xr-^^(n^l)r^^(\xT'^^M. 

By  a  series  of  similar  reductions^  we  shall  obtain 
/Prfx(lx)-s:-y(lxy-iiAf(lx)— i  +  ii(»- 1)1,(1  xy—»^ 

-ii(«-.i)  (i»-2)  JT  (ix)— »+&c.  y 

and  consequently  the  proposed  integral  will  be  algebraical^ 
in  the  case  in  which  n  is  a  whole  number,  and  where  the 
quantities  represented  by  N,  M,  L,  iT,  are  all  algebraical 
functions;  the  examples  which  follow  will  illustrate  this 
more  completely. 

.    182.    The  di£Ferential  3rdfs{\x)  gives 

fPdxzzfi^dx^^^^^N, 
fli»+ 1 
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and  consequently 

If  in  this  equation  we  change  succeseirely  n  into  n^l, 
n—Q,  &c.  we  shall  find 

&c. 

By  Gondnuing  these  reducdon^  and  then  ascending 
frpm  the  last  to  the  firsts  we  shall  obtain  the  following 
general  formula : 

%/  IW+1 

It  is  obvious  that  this  series  w&l  terminate  in  all  cases 
in  which  /i  is  a  whole  positive  number. 

By  taking /IS  1,  and  ii  =  S,  we  get 

/^^x(r.)=£:i:{(ix)-^}+cd„.t. 

When  »»= — I,  we  hav* 

/ili\xf=  -l-(lx)-+»  + const. 
j:  «+ 1 

In  general^  the  differential  —  IT,  in  which  17  denotes 

X 


f\ 


const. 
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an  algebraical  function  of  1  x^  wiH  become  algebraical  by 
tnaUng  ISrrrv.  .     •  - 

When  n  is  negative,  or  fractional,  Ae  scries  proceeds  in 

infinitum  by  making  «=  -  -,  for  instance,  there  arises 

1.3.5  ^      ■) 

+ : —7+  8w:.i  + 

183.  Instead  of  making  use  of  the  formula  in  the  pre- 
ceding No.  in  Mrhich,  -trhen  it  is  negitrive,  tfcfe  ^exponent  of 
1  X  increases  without  limit,  we  may^  by  a  method  which  we » 
shall  now  ^oceed  to  state,  reduce  the  integration  of  the 
formula/P  Jar  (1  j?)-"  to  another  of  the  iormfVdx  (1  xy\ 
if  i7  is  a  whole  number,  or  at  least  to  wie  of  die  form 
/Fd  X  (1  jr) T"  +  "•,  where  m  is  the  greatest  whole  number 
contained  in  ». 

The  differential  P  i  *  ( 1  x)— •  may  be  put  under  die 

Ax  d  X 

forin  P  X —  (/r)— ibtottheintegralofthefactor —  (/x)""» 

X  X 

being    ■■■'',    .^-j  t  we  shall  get 


/ 


Pd*  Px 


(1  xf  {n-  1)  (I  x)— » 

i£  we  make  successively 

d(Px)-Qdx,      d(QH)^Rdsc,      d(«jr)=Si/^,&c. 

and  then  change  n  into  «-  1,  «— 2,  &c.  we  shall  obtaii^ 
by  continuing  tbe  reduction  indicated  above^ 

U  H     . 


J 
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Pdx_  ^  Px Qx 

proceeding  with  this  series  till  we  meet  with  a  term 

"*"  — — — ....i-.^    /  .  if  /I  be  a  whole  number. 

or  a  term 

^ ^I /*  Vdx 

where  m  is  the  greatest  whole  number  contained  in  m; 

184.    If  we  take  Pbx",  we  shall  have 

/jTJ  J  _  _         <■  +  »  w  +  1    /^  iTdtt   , 

(lx)r  ~      («-l)(li)— »      «-iy(l»)— »' 

and  continmng  this  reduction,  bf  changing  n  into  a—  I, 
0—2,  &c.  we  shall  get 

(larr   -      («-l)(lx)— »~(ii-l)(«-«)axr-* 

(»i4-iyz"+' 
■(«-i)(«-2)(«-s)  (ix)— * •;•" 

.\J     Ix     


/ 


(«--l)(«-2), 
by  supposing  »  to  be  a  whole  number. 

The  preceding  formula  leads  us,  when  j»ss  i,  to 

/dx     _  '       I 

^TiHr ""  -(1,-1)  (ix)-i  +  ^^"'^• 

It  gives  no  result  when  ir=:  1 ;  but  if  we  had  at  the  same 

dme  i«s  - 1  and  «= 1,  the  differential^  ,  which  ^risea 

x\x 

front  that    hypothesis^     would    have    for  its    integral 
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1  (1  k)  +  const.,  since,  by  making  1  x  a  »,  it  would   be 

intnsfonned  into  .«-^  • 
u 

It  should  seem  that  the  integral^  -^^    ,  upon  which 

r^t^  depends,  when  «  is  a  whole  number,  ought  to 

constitute  a  peculiar  transcendant..    We  may  reduce   it 
however  to  a  more  isimple  form  by  making  j:^ +  *;=;;•;  for 

then  we  have  aT  d  x  «  -~,  lr=  -^i-*,  and  consequently 
»+r        i»  +  i 

We  shall  hereafter  expand  this  latter  quantity,  into 
a  series,  which  likewise  Jias  a  relation  to  exponential 
functions  I  for  by  putting  Iz^^u,  we  shall  havez=/*, 

dzzz^     and  /'^  a  C^-A^t^  a  formula  whose  exact 

integral  has  not  yet  been  found. 

185.  W^  8hall  now  proceed  to  the  integration  of 
exponential  functions  ;  we  shall  remark  in  the  first  place 
that  the  equation  d  .  «f =«* dx\a  (2?.),  gives 

^dx'=i  J-.  i/ .  fl',  and  consequently /a'Jxs  —  +  const. 
\  a  Ifl 

We  also  infer  from  this  that  dxes  •^~  -    by  this  meanr 

V  d     i^ 

the  differential  Vd  x  becoming    —  /     ,  is  changed  into. 

^^,  when  we  make  tf^a^  and  is  entirely  algebraical 
u\a 

with  respect  to  »,  when  Tis  an  algebraical  function  of  a'. 
We  fii^d  by  this  transformation 


f 

186.     Let  us  consider  the  differential  P(fdx:   we 
stkall  decompQse  it  intp  two  {9^%qv$.a^d'x  v^  i^k  tbe  9ite- 

gral  of  the  first  is  ^ —  a'i    and  we  consequentlj;  have 

'  /Pa'4.x=^Pa^-  ^^/^dP.    Making 

dP=^Qdx,    d'Qr^Jtd'x^    dR:=:»d'x,  tic. 

ind'conthmitig'AeiHreceding  Mductiony   wt  duUobttta 

this  series : 

fP^dx^^^P^^J^.Qa'^J^.R^...^ 

the  sign  +  corresponding  to  the  case  in  whic^  n  is  odd, 
«Qd  tbe^  aign.  —  tp^  tli^t  in  whi^h  n  is.  eye^.  '. 

By  integrating  at  first  the  part  Pd  x  of  the  proposed 
differential,  Pn^  d  x,  and  tnTkingJ^Pd'o^siN,  we  geft  tbi^ 
cedu^tion: 

/p4'4^V^^^N-{U)fN.d!d^\: 
and  by  proceedingt  wi A  it,  and  supposing /iyrdx  9  JV, 
/M  d  x:^Lj  we  find 

fP(fdpcz=,cf'N^(\a)a'M-{'(\dfifL..,±i}affG<fdx. 

187.  The  ap^licati^ii  oF  the  first  formula  in.  the  pfe- 
ceding  will  lead  to  an  exact  integral,  whenever  P  is  a  ra- 
Qonal  and  integer  {unction ;.  foi:  in  th^t  c^m^  the  nun^bec 

of  the  quantities  0=  1^ ,  i2=:4^,  5=  4^,  &c.  wiU 
^    ux  (Lx         .  43^ 

be  limited;  the  last  will  be  constant  (18.)>  and  consequentlj 

.  /  To*  d  j:  will  be  changed  into  VJ^cf  d  x:z  F^  +  const* 

la 


Let  us  takej  for  example,. P=;JiP:  the  eqwdon 

becomes,  in  ihis  case, 

J  ,  la        I*-^ 

from  this  we  dechice 

anil  b;  cpi^tiwng  this  proceee^  we  Qbttua^.  iriiea  0.  !3  t 
vrhole  positive  number. 


»(fc— i'>...i 


•  ♦•,»••)' 


(1^      3 


+  const 


188.  The  second  formula  in  No.  186.  only,  afplie^^to 
those  cases  in  which  the  quantities  N^/Pdx^  M::^/tI  dx^ 
L=i/lifdxy^*  majF- W «blaiited-  algfsbratetHy :  -it  may 
be  successfully  applied'  to  the  example  in  the  preceding 
No.,  when  ^  is  a  whole  negatire.  numbet.  .  ,We  hate 
then 

P^  JL,  N=/Pdxz^^  ^ i- 


/flf  Jlx.        _    '      i**  .     lii      /^  dx 

from  whence 

/Vrfr_  fl*  <»^  Ifl 
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(n-  l)(«-2)  •  .IJ        X 
Vft    cannot    proceed  with   the    reduction    bejood 

/  ;  for  the  equation 

/d'dx  _  _  or  \a      Off  dx 

gives  no  result,  when  «  =  1. 

We  again  in  this  example  'meet  with  the  transcendant 

/  -i — ^ ,  of  which  we  have  spoken  in  No.  184 1  and  if  we 

could  obtain  the  expression  for  it^  we  should  at  once  obtain 
the  integral/^  a^dxiox  all  the  cases  in  which  n  is  a  whole 
number. 

189»  When  n  is  a  fraction^  the  two  series  which  we 
have  made  use  of  m  the  two  preceding  Nos.  Iirfll  not  ter- 
minate. If  we  had  for  example  n  =r  —  ^,  we  should  find 
by  the  first  j 

r^^dyi  J^(l.\  I      ,      1>3 

'  J    m/T  "^  WJ  t       2^^  U      4  «•.(!*)* 
i^'^;^,3-i-&c.'j-Pc6nst.' 
and  by  die  second 

^;t--^^^It  ""^tt  +t78:5  • 

?4(l^+&c.}+const. 
1.3.5.7  J 

It  is  necessary  to  observe,  that  in  the  case  in  which  the 
proposed  formula  is/tf'«»+^rf4r,  n  being  a  whole  num- 
ber, we  may  reduce  It  to  ftf  xj  dj^  by  means  of  the  first 
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series,  if  ff  be  posidTej  and  bj  means  of  the  second,  if  n  be 
negatiye. 

190.    Replacing  if  in  the  function/P  4f  dx^hj  its  de* 
Telopement  (£7.)j  we  shall  have 

lfl^/Px^dx+  -J^/P^rf*  +  &c. 
l.«-3^    .  1.2.3.4-^ 

a  result  which  will  furnish  us  with  a  new  developement  of 
J'P  <f  dxj  whenever  we  can  determine  the  functions 
fPdx,   fPxdx,....fPi^dx,&c. 
IfP^jr^,  we  shall  get 

-^  «  +  l       l(«  +  2)       l,2(«  +  3) 

+ ii-i —  +  &c. + const* 

^+* 
and  m  this  series,  we  must  put  1  x  in  the  place  of ,  ^ 

when  «  is  a  whole  negatire  number,  and  equal  to  - 1 . 

yV  dx 
The  application  of  this  method  to  the  integral  / 

gires  the  deyelopement 

y'^^ « «i  •  x  iLf  +  j^o^y  .   ^(1<»^*  ^ 
^"^  ■*"l.l      1. a. 2       1.2.3.3 

+  &c.  +  const. 


a^(\af 


1.2.3.4.4 

If  we  suppose  a'sz,  from  which  we  get  x=  — ,  and 
1  jT sU  z  - 1 1  J,  this  result  will  be  transposed  into 

+  I  -JL^_.  +&C.  + const. 
^4  1.2.3.4 
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tSl.    There  is  yet  another  method  ^  integnrting 

an  eijpoHential  fuRCtion,  such  as  ■  -, ;      it    is    to 

compare  it  with  the  difierential  of  the  function  f*  P, 
which  is  ff(,^P-hPdx)9  »id  in  whidi  P  represent!  an 
algebraical  function  of  x«  The  example  proposed  being 
very  simple^  it  is  sufficient  to  niake  l+r=:j^:  we  have 
then 

(l+x)»  ?^  el     \x  a*/j* 

and  with  a  litde  attention  we  easiljf  discover  that   — ^ 

being  the  differentisd  of .-  ,  we  mTOt  tdce  /*==-,  from 

.  ■   z  z 

whidk  W1&  get  the  integral  —  +  const.    Replacing  z  by  its 

fZ 

▼alue,  we  find  C^lfAS  =  --^^  +  const. 


On  the  Integration  of  Circtdar  Functions. 

I«S.    Let  us  talce  the  formula/-^ rf  x  arc  (sin = x)  j  if 
we  at  first  integrate  the  factor -T  J  x,  and  observfe  that 

ix 
d  .  arc  (sin=x)=   ■         ^,  making  also/ JTi/x^r,  we 

shall  have 

the  integration  of  the  proposed  formula  will  then  be  re^ 
duced  to  that  of  an  algebraical  function^  if  Tbe  alge* 
braical. 
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TfldLing  for  ^namfUfs^dx  arc  (sins^r),  ve  shall 
find  r= : ,  and/a:*  d  x  arc  (8m=x)  =: 

arc  (sins:  J)— l  /    ->  : 

the  formula  r    .        m  has  been  already  considered  in 
Nos.  173.  and  174. 

193.    Since  d .  arc  (cos  =  x)  = ,  , 

dM 

we  shall  have^  in  the  same  manner  as  above,  i 


d.  arc  (tan =x)  =  ~^, 


Vdx 


/^V  d  X 
1 — ^' 

aad  the  integration  of  these  formulae  will  depend  merely 
upon  diat  of  an  algebraical  f unction,  whenever  V  is  alge- 
braical. 

194.  If  %  represents  an  arc,  whose  sine,  cosine,  or 
tangent  are  expressed  by  a  function  of  x,  that  is  to  say, 
if  we  have  dzs^Xid  x,  Xi  being  a  given  function  of  jt, 
we  shall  obtain  yJTz*  J  x  by  a  process  similar  to  that  in 
the  preceding  articles.    Let  f  Xd  x= F,  we  have 

fz^Xdx^r^-'nfrz^-'^dzs 

and  substituting  for  J  z  its  value,  we^  get 

By  following  this  fluediod,  we  shall  diminish  continually 
the  exponent  of  z,  which  will  finally  =0,  whenever  n  is 
a  whole  positive  number. 

1 1 
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The  most  simple  case  is  that  in  which  Jfsl,  or  where 
js  is  an  arc  whose  sine  =x ;  we  then  find  succesively 

and  these  values  give  fj^dx^ 

-«(«-l)(/i-2)z»- Vi-x*  +  &c. 

a  series  which  terminates  when  n  is  a  whole  positive  num- 
ber. 

If  we  had  Xdxzudz^or  X=  JTi,  the  integral/ JT  2*rfx 

would  be  changed  into/ 2 ""d  z= +  const,  j  and  if  we 

fi  + 1 

substitute  for  z*  any  algebraical  function  of  jzr,  the  integral 
.    considered  with  reference  to  z  would  be  comprehended  in 
some  one  or  other  of  the  formulas  which  are  enumerated 
in  the  preceding  pages. 

195.  Before  we  proceed  to  the  more  general  functions 
of  the  quantities  z^  sin  t,  cos  Zj  &c.  we  must  call  to  mind 
that  by  Nos.  32,  33,  we  have 

rf.sin«2=     ndzcosnz,    znd/dzcosnz=      -  sin  /i  z  +  const. 


n 


d  .  cos  n  z:ss  —  n  d  z  sin  n  z,  fdz  sin  nz^s cos  »z  +  const. 

ndz  p        dz                1 

^•^^"•«^=     (^^T/il?'  J     (^^Tifzf^      -tan.«z  +  const. 

ndz  P      dz                 1      , 

rf.C0t«Z--7-: ^5,  /      ,-; rr- = COt  «  Z  +  COUSt. 

(sm  n  zf  J     (sm  n  :Cf           n 

J                '        ndzsvanz  /• 

4I.SeC«Z=  -7 rj-,        /    . -——        - 

(cos  n  zy  J     (cos  n  z)*           n 


^  d  z  sin  n  z  1 

-sec  n  z  + const. 


—-— ;; +  const. 

n  COS  nz 
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J  ndz  COS  nz  P^ 

(am  n  z)*  •/      (sm  n  zy 


ndzcosnz  rdzcosnz^^l  ^^^^  nz  +  con%t. 


nsinnz 

196.  From  these  integrations  results  that  of  the  ex- 
pressions 

rf  z  (^  + JB  sin  ;r  + C  sin  2  a  +  D  sin  3  25 +  &C.) 

1/  z  (^-f-  J3  cos  z+  C  cos  2  z  +  2)  cos  3  z  +  &c.) 

which  give 

A  z— jBcos  z-|Ccos£  z— JD  cos  3  2— 8ic.  +  const. 

-^z  +  B  sin  z+^C  sin  2z  +  JD  sin  32  +  &c.  +const. 

197.  It  is  of  great  importance  to  observe,  that  we  may 
reduce  every  rational  function  of  sin  z  and  cos  z,  to  terms 
of  the  form 

A  sin  mz,  or  A  cos  m  z. 
This  operation  by  which  the  integration  of  all  differentials 
of  this  kind  is  reducible  to  that  of  the  formula  in  the  pre- 
ceding No.  likewise  facilitates  the  numerical  estimation  of 
the  formulsB  resulting ;  for  in  many  cases  the  use  of  the 
sines  and  the  cosines  of  multiple  arcs  is  more  commodious 
than  that  of  the  powers  of  those  quantities. 

The  formuliB  fTrig.  26.) 

sin  a  cos  i=  |  sin  (/i  +  ^)  +  ^  sin  (a—b) 
cos  a  sin  ^=  ^  sin  (0  +  i)~|  sin  (a-i) 
sin /I  sin  *=  — J  cos  (tf +  i)  +  i  cos  («-*) 
cos  acosi=     I  cos  (/!  +  *)  + i  cos  (a  —  *) 

are  the  elements  of  the  transformation  to  which  we  have 
just  alluded ;  for  if  we  take  *=«  in  the  two  last,  they  will 
give 

sinii*=  — I  cos2fl  +  i 

cosii^ss     i  cos  9  a  A- i, 
by  observing  that  cos  (a  -  ^)s;cos  Os  1.     Again,  since 


•^  const. 
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sin  a^^sina^ .  tin  a,    cos  o^scos  «^  •  cos  «, 
.we  shall  have 
'^  •   sin  ^=(—i  cos  9^1  + i)  81110 

=  —i  cos  20  8111  a  +  i  sin  tf 
cos  a'sz   (I  co^  2 0 -I- i) cos 0 

=      i  cos  2*0  cos  0 +i  cos  a. 

These  two  results  inclade  the  products 

cos  2  a  sin  05  and  cos  2  0  cos  0, 

which  we  shall  be  ;^le  to  express  iii  terms  of  sines  of  the 
multiples  of  a,  hj  the  last  of  the  formulae  enumerated 
abore^  by  simply  making  i=s2a. 

This  operation  is  very  simple^  and  it  is  evident  that  in 
this  wayj   as  we  have  just  seen,  we  may  proceed 

from  sin  ifi  to  sin  0%  to  sin  o^,  8ic. 
from  cos  o^  to  cos  a*,  to  cos  ^fii  ftc. 

,  108.  Instead  of  deriving  formulae  for  particular  cases^ 
we  shall  proceed  to  deduce  general  onesy  from  the  equa- 
tions (164.) 

(cos  x  + VTi  sin  xy:=it6i  n  j?  + vCTi  gin  nt^ 
(cos  X—  V^— 1  sin  x)"=:cos  nx- ^^  sin  n *. 
By  adding  these  two  equations  together,  we  find 

gnu  if  1  =  ^cos  ^  +  ^~  gin  xf  +  (cos  X-  v^^sin  x)*, 

2  ' 

and  again  subtracting  the  second  from  the  first,  we  get 

•_  ^  _  _  (cos  X  +  ^~An  xY -  (cos  x—  V— 1  sin  xf 

2V~ 

These  expressions,  although  afiected  with  imaginary  quan- 
tities) are  not  on  that  account  the  less  real)  since  all  the 
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imagiMry  parts  disappear  by  expandmg  the  powers  of 
the  binomials  contamed  in  them.    In  fact,  we  have 

(cos  x+  \/~8in  j:)'*=*cos  2*  +  ?  V^  cos  2*-*  sin x 
-     '^ ^  'cos  ^-^  sin  jr»^&c. 

(cos  2— •ITi  sin  ap)"=cos  jp*--  -  v^  coe  ar»-"»  sin  t 

11(11—1)       ^    ,  .      «    « 
^    -     >        ^cosjf- »  sin  Jc^+Sic. 

and  substituting  these  series  in  the  abovennentioncd  n- 
pressions,  we  find 

cos  nxsscos  p^"'"  -cos  i**"»  sin  j* 

/I  (»-l)  (/f-2)  («-S)    •    ^    A  •    J»     - 

1  •2S  .o  .4> 

1  .2  .9 •«  .9 

199.  By  the  formulae  m  the  preceding  No.  we  deve- 
lope  the  sines  and  cosines,  of  multiple  arcs,  in  terms  which 
involve  the  powers  of  the  sine  aiid  cosine  of  the  simple  arc ; 
let  us  now  proceed  to  the  inverse  problem,  or  that 
in  which  it  is  required  to  express  the  powers  of  the  sine 
and  coune  of  the  simple  arc,  by  the  sines  and  cosines  of  its 
multiples : 

Let  _ 

cosx+v^-^1  «na:«:» 

cos  jr— V^^  sin  xsv, 
we  have 
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C08x=J(«+v),      8inr=-^=r(«— v); 
firom  which  we  obtain,  in  the  first  place^ 

cosjfs  —  (u  +  vY. 
2* 

Bj  expanding  the  second  member  of  this  equation^  we  shall 
get 

cosi*=  !.{««+  gte"-^t>+^^^^'V-»t;* 
2»  I  1  1.2 

but  in  the  expression  (m + 1;)%  we  may  change  v  into  t^^  and 
reciprocally^  which  will  give 

cosx»ssi  yv'+  ?t;«-i«+^i^zi2v—*»* 
2»  I  1  2 

+  1.2.3         '^     '«*+&<=.}; 

and  by  adding  together  the  two  results,  we  have 

2*  I  1  ^  -^ 

We  may  give  to  this  equation  the  foIloMong  form : 

but  the  question 

cos  n  *=|  (cosx+v^— 1  sinar)*  +  i  (cos  jr— V— i  sin  x)* 

bebg  true  for  any  value  of  n  (]9S.)i  gi^^^  ^^ 
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«"  +  t;*=:2[cos  »x, 
and  in  general, 

besides^  it  is  readily  seen,  that  ti  t;=l ;  we  shall  havej 
therefore 

{8C0SIIJF+— C08(«-g)g4-   ^^/^""^^C08(«-4)X 

or  what  is  the  same  thing,  dividing  the  whole  by  8, 
S*  cos.x*  =  |co8  «  j:  +  ^cos  («-2)  x  +  ^iip^cos  («-4)x 

,   «(/!— 1)    (if  — 2)         ,       ^x      .   o       7 
-^  'o  \ ^^cos(«-6)x+&c.  i 

a  formula  which  is  always  applicable,  whatever  be  the 
value  of  «. 

By  continuing  this  formula,  as  in  that  o£.  Newton  for 
a  binomial,  we  shall  meet  with  the  cosines  of  negative 
arcs,  whenever  »  is  a  whole  number,  and  these  a^e  pre- 
cisely the  same  as  those  of  the  corresponding  positive  arcs; 
we  shall  put,  therefore,  cos  (m-n)  x  in  the  place  of  cos 
(n^m)x\  and  in  this  case  the  formula  will  admit  of 
abridgement. 

In  the  developement  of  (u  +  v)*,  when  » is  a  whole  num- 
ber, those  terms,  which  are  equidistant  from  the  extremes, 
iiave  the  same  coefficient ;  the  same  remark  will  apply  like- 
wise to  the  formula 

cos  n  x+  7  cos  («-2)  x+   —ZJcos  («-4)x 
1  1.2' 

+  ^i!LliH!LZ?Icos  («-6)  x  +  Stc. 
1.2.3  ^ 

and   the  cosines    also  which  are  equidistant   from    its 
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extremes^  are  equal  to  each  other;  for  the  first  term 
cos  n  X  corresponds  to  the  last  term  cos  (,n^2n)  x,  or 
cos—nx,  which  is  the  same  as  cos  fixi  the  term  in- 
vplviag  cos  (m^2m)Xy  which  has  m  before  it^  corres- 
ponds to  the  term  involving  cos  (-  /i  +  2  m)  x,  wUch  has 
*  m  after  it ;  and  since 

cos  (— «  +  2  «f)  ^=cos  — («  —2  m)  jrscos  («  — ?  m)  j:, 

we  may  omit  the  terms  which  include  the  cosines  of  nega- 
tive arcs,  hy  doubling  all  those  which  include  the  cosines 
of  positive  arcs. 

We  may  therefore,  by  stopping  at  the  term  where  the 
arcs  become  negative,  write  the  formula  thus  • .  •  2"  cos  x*  =: 

j2cos  « x+  —  cos  («-2)T+i.^i^Zilcos  («-4)  x  +  &c.l 
\  1  1.2  > 

We  ought  however  to  observe,  that  when  n  is  an  even 
mimb^,  d»e  original  for^iula  involves  a  tenn  equidistant 
from  each  of  the  extremes,  and' which 

«(«-!) («-§  +  0 

IS  represented  by  - —  ■ cos  («  -  «)  ar ; 

.  1.2 - 

2 

and  because  cos  0=1,  this  reduces  itsdf  to 

"C"-^) (§  +  0 

'-^ i 

and  since  this  term  has  no  other  corresponding  to  it,  it 
ought  not  to  be  doubled  like  the  others,  unless  we  pre- 
viously divide  it  by  42,  as 

«i.2 -: 
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By  such  a  method  wc  shall  finally  get  2"-*  cos  ji*s= 
^cosj:  +|cos(«-2)x+  "  ?Z     cos(«-4)t  V 

1.2.3 

taking  care  to  terminate  the  series  when  we  meet  with  the 
negative  arcs,  and  also  when  n  is  even,  to  take  only  half 
die  coefficient  of  the  qosine  of  the  arc^  which  is  evanescent. 
By  attending  to  these  observations^  it  ^U  be  very  easy  to 
construct  the  following  table : 
cos  «  =  cos  X 
2  cos  jr*=:cos  £x+l 
4  cos  I'scos  9  x  +  S  cos  x 
8  cos  jr^=cos  4x  +  4r  cos  2  x  +  S 
16  cos  jc^scos  5  x+5  cos  3  2*+  10  cos  x 
82  cos  2^ sscos  62" +  6  cos  4  x+ 15  cos  2  2*+ 10 
64  cos  r'^sscos  7x  +  7  cos  5  j:  +  21  cos  3x+35  cos  x 
&c. 

200.     In  order  to  determine  sin  x*,  we  shall  make  U8e 
of  the  equation 


smxiz^l=^{u^v), 


and  we  shall  find 


""^'•(2^=17^''-*^"' 


or 


1.2.3  » 


Ist.  Let  n  be  an  ev«n  number,  or  a  fraction  with  an 
even  numerator ;  in  this  case  («  -  v)" =(»  —  «)";  and  there- 
fore we  shall  also  have 

K  K 


258  INTEGRAL   CALCULUS. 

8ina:*=    —  («—£/)*, 

By  expanding  the  second  member  of  this  equation,  and 
adding  it  to  the  former  expression  for  this  quantity,  there 
will  result 

1  •  ^ 
1  •  ^  •  «} 

or>  what  is  the  same  thing 

«  sin  i*= i 5  »•+«•-?««(«"-•+«•"-*) 

(2  V  -  !)•  ?  1         - 


^ft(a-.l)^,^  (^-♦^.^-« 


1.2 


) 


1.  X  •  ^ 

a  result  which  is  identical^  except  in  signs,  with  that  im  the 
preceding  No. ;  we  may  therefore  write.it  as  follows : 

(2  V^ysinj"^ 
cos  nx cos  («— 2)  j:+— i .  C08(«— 4)  x 

i -^ /  cos  {/I-  6)  X  +  &c. 

1.2.3  ^ 

The  imaginary  part  disappears,  since  niA%n  even  number  \ 
and  we  have  (2  v^  -  l)*=  ±£'';  the  upper  sign  prevailing 
when  n  is  divisible  by  4,  and  the  lower  when  it  is  merely 
divisible  by  2. , 

We  may  apply  4o  the  second  member  of  the  equation 
the  same  reasoning  as  in  the  precediag  artide ;  and  since  m 


is  a  whole  number^  we  may  from  thence  conckide  that  it 
18  only  necessary  to  confine  ourselves  to  those  terms  which 
ipvolve  positive  ar cs^  provided  that  we  take  the  double  of 
each.  Likewise,  since  n  is  even,  there  will  be  a  term 
containing  cos  (ii-^fi)x=:l,  which  it  will  not  be  neces- 
sary to  double ;  dividing  the  whole  by  2|  we  shall  get 

±2*~*  siniK*« 
5  cos  nx — cos  (it— 2)r+  ■  ^   *"'  -cos  («-4)x 

«(«-!)     («--2)  .  «\^l       ftr^ 

-  f~23 ^    ""^     "*" 

taking  care  ta  stop  when  we  come  to  an  arc  which  is  eqiial 
to  nothing,  and  only  to  take  one  half  of  the  coefficient  of 
that  term. 

2d.    If  i»  be  an  odd  number,  we  then  |iave 

(v— «)*=:—  («— v)*, 
consequently 

and  the  developement  of  the  second  expression  gives 
**"  (2  V'-I)"    <  1  ( 

.(.-i)(.-2)^,„3^,e^^^  i 

Adding  this  to  the  first,  and  making  necessary  reductions, 
we  shaJl  find 

*  "°  **=  (8^ -J)'    I  «•-"«'"-  7"  ^  (-—-t;-') 
1* «  •  o 
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But  by  No.  198, 

sin  n xs        J  I  I   \  (cos  ar  +  ^  — 1  sin  r)* 


--(cosflr--V<-irinx)«  }  «^  ^—^  (tf*-v"), 

whaterer  be  the  value  of  n ;  and  to  the  product  »  v  is 
always  equal  to  unity :  thus^  we  shall  have  in  general 

^"-"-^"-"•ssa  v^-T8in(«-f»)x, 

and  consequently 

2  sin  a:* as y= ^  5  sin  «  «-  7  sin  («-2)x 

«(«-  l)(ii~2)    .     .       _.       ,4^ 
-     ^    g  ^  3     ^  sin  (n-6)  X  +  &c. 

The  imaginary  factor  does  not  affect  this  formula  ignore 
than  the  preceding ;  for  n  being  an  odd  number, 

the  upper  sign  applying    when  n—l  is  a  multiple  of  4fp 
and  the  lower  when  «  —  1  is  merely  a  multiple  of  2. 

We  may  here  also  limit  ourselves  to  those  terms  which 
involve  the  sines  of  positive  arcs,  by  taking  the  double  of 
each  of  them :  for  it  is  obvious,  from  the  same  reasons  as 
in  the  preceding  articles,  that  the  coefficients  of  .those 
terms  are  equal,  which  are  equidistant  from  the  extremes  i 
and  alsoy  that  one  of  them  involves  the  sign  of  a  negative, 
and  the  other  the  sign  of  a  positive  arc.  Likewise,  since 
the  number  of  terms  is  even,  and  since  they  are  alter- 
nately negative  and  positive^  the  terms  corresponding  to 
each  other  will  have  contrary  signs ;  but  the  sign  of  a  ne- 
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gstdve  arc  is  itself  negative.  The  difFerence  of  the  sign  is 
dius  corrected)  and  the  two  terms  may  be  combined  into 
one. 

From  these  considerations^  and  by  dividing  the  whole 
by  2,  we  shall  get  " 

±2*""*  sin  x^ss  I  sin  n  x sin  («— 2)  x 

We  shall  be  able  to  deduce  from  the  two  formulae  in 
this  article  the  values  contained  in  the  following  table ; 
sin  X  ss     sin  X 
2  sin  r*=:  -cos  2  x+1 
4  sin  3:*=  —sin  3  x+S  sin  x 
8  sin  jr*=     cos  4  r— 4  cos  2  x+S 
16  sin  x*=     sin  5  X  —  5  sin  3  x-f  10  rfn  x 
32  sin  2:^=  -cos  6x4-6  cos  4  jt—  15  cos  2x+10 
64  sin  x'^sx  —sin  7  x+7  sin  5  x  — 21  sin  3  j:+35  sin  x 
&c. 
This  is  the  case  when  /i  is  a  whole  number:  if  n  be 
fractional,  it  will  be  necessary  to  have  recourse  to  the  first 

formula  in  the  preceding  No. ;  for  by  making  xs=  ^  —  z* 

2 

we  would  have  cos  a:  =  sin  2: ;  and  consequently  the  expression 
for  cos  x"  in  terms  of  the  cosines  of  the  multiples  of  x, 
would  become  that  for  sin  z"  in  terms  of  the  cosines  of  the 

multiples  of  ^  —  zi^  or  of  the  compliment  of  the  arc  z. 

2 

201.  Let  it  be  required  to  integrate  the  differential 
dx  cosx^;  we  shall  first  deduce  from  the  formulx  in 
No.  199 

cos  ir*«s  -  cos  4  x+  -  cos  2  X  +  -  , 
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aiid  we  dialt  get 

fd  X  cos  x*=  -  fd  X  cos  4  j:+  -  fdx  cos  2  x-fi  -  /*« 

1     .  ]  3  x 

=  —  sin  4x  +-  sin  2x+ k  const. 

32  ^4  8    ^ 

This  example  shews  very  clearly  the  method  of  inte* 
grating  all  differentials  of  this  kind. 


202.    The  formulas 

sinj?=  -— y 

2V 


/^    -l_^-^V   -!• 


1 

cos  xs=    ;;— ^- — — 

2 

changing  the  functions  of  sines  and  cosines  into  exponen- 
tials, reduce  also  the  integration  of  the  one  to  that  of  the 
other. 

We  may  likewise  change  the  differential  rfx  sin  x*  cosi* 
into  another,  which  is  comprised  among  the  binomial  dif- 
ferentials :  it  is  sufficient  for  this  purpose  to  make  sinxesz, 
hem  which  there  results 

cos x=  V^l-z%       rf X  =  ■■—— :  (35.) ; 
and  Mre  finally  get  *  '' 

fdx  %v^3r  cos  x^^f  z"^  d  z{l-  z*)"^ . 

By  applying  to  this:  last  expression  the  reductions  indicated 
in  NoSf  170— 172^  we  shall  be  aUe  to  deduce  a  conoplete 
algebraical  integral,  if  m  be  an  odd  number ;  if  m  be  eveo, 
we  shall  make  it  dependent  on 

/dz(\^z')^, 

/•      d  z 

and  this  is  reducible  to  /  -.    or  to   an  arc  of  a 
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civcle,  if  n  be  a  whole  number.  Iti  «ll  other  cases,  we  diiall 
reduce  the  integral  of  -die  proposed  fomula  to  that  of  the 
analogous  difieremial  of  the  most  -sio^k  fcmn. 

It  is  endent  that  we  may,  ia  a  stmibr  manner,  .trams* 
form  diffenNitials  which  involve  odier  trigonometrioal 
lines. 

203.    The  formula  (A),  (B),  (^),  and<2)),  in  Nos. 
170, 171|  179f  may  be  easily  tsansformed,  so  afB  to  com- 
prise the  differential  tfz  sin  ;r  cos  z" }  but  we  arrive  im- 
.  mediately  at  the  same  result,  -^y  decpmposiqg  tlbe  differen-      ., 
tial  into  factors.  ,      ;  -     ' 

If  we  at  first. put  it  under  die  form  dz  sin  x  cos  af  sm  z*""*, 
the  first  factor  tf  z  sin  z  cos  z*  may  be  integ|gcate|4f  because 
d  z  sin  z  s=  —  1/  •  cos  z  ;  and  we  shall  find 

/dzmn  z^icos  x'^fd  Z  sin  z  cos  z*  sm  i****^  =: 

L-coiz-  +  »  sinz— ^+'?^/izcos:r+»siiiz^*; 

and  since  cos  z"  +  *^cos  >:•  .  cos  «'z=cos  z"  (1  -sin  z*), 
we  get 
f'd  z  cosz*  +  *sin  T^-^^zifdz  cos  z*  sin  z'^^^-^fdz  cos  z*«iz*« 
Substkuting  this  in  the  first  ecfuation,  and  findhig  the  value 
oifd  z  .  cos  z*  sin  z*,  there  will  result  {A)  • 

r^  *.:•«.«  ^^.  ^  sin  z*—^  cos  2*  +  '  ,  m  — 1   J,      .      -_. 

fa  %  sm.  z"  cos  z"3  —  ...  +  ■  .    *^d.  z  sin  z^*~*cos  z*. 

We  have  likewise/iz  cos  z*smz^=/d;scosz«in»*,  cosz"— *=? 

— --  sin  z"*  + »  cos  z"- "*  +  -2^1  /i  z  sin  z"  +  *  cos  z»-^«; 
iw+1  «w+l  "^ 

also 

sin  z-+«5=ffln  z» .  sin  z*=sin  z'^iX  -cos  z*), 
and  consequently 
fdz  sin  Z-+*  cos  z'^-^^fdz  sin «•  cos  Z'-*-./rf z  sin  z-  cos  z». 
This  value,  substituted  in  the  expression  for^rf  z  sin  a*  cos  z% 
leads  to  sin  equation  from  which  we  deduce  {B) 
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m  +  fi  m  +  n 

By  changing  successiTely  m  into  m -2)  m— '4,  &c.  in 
the  firsi  formula,  nintOK— 2»  /r-4,  &c.  in  the  second, 
and  by  employing  '  these  fonnulee  alternately,  we  shall 
succeed  in  taking  away  from  the  exponents  m  and  n  be- 
neath the  sign  /,  the  greatest  multiples  of  2,  which  are 
respectively  contained  in  them.  Wd  thus  obtain  an  alge- 
braical integral  of  the  formula /J  z  sin-;z*  cos  z%  when  one 
of  the  exponents  m  or  n  is  odd ;  but  when  m  ind  n  are  both 
even;  we  terminate  with  die  differential  d  z  cos  j2I°  sin  2®, 
whose  integral  involves  the  arc  z. 

Ifi  for  example,  we  apply  these  formulae  tofd  z  sin  z* 
cos  ;z*,  the  first  will  give 

-.      .     4         -         sin  r'cos^;*  .   3  ^ ,     '.      .        ^ 
fd  z  sm  z^  cos  z^=i- -^^      ■  +  g/ rf z  sm  z^*  cos  «* j 

and  from  the  second  we  shall  hanr^ 

rj       •        a  a       sinz'coSZ    .      -,        .       a  « 

fa  z  sm  z*  cos  z*a= 7—-^ +  fd  z  sm  tt  cos  z*  ; 

returning  agam  to  the  first,  making  tn  it  m =2  and  nzzO, 
we  shall  obtain 

-  J      .  ,  2          sin  z  cos  z  ,  I   y.  ,            sin  z  cos  z  .  ;» 
fdzsinz^zz -^— ^  +-/rfz=r ^ +  g: 

and  now  ascending  from  this  integral  to  that  of  the  pro- 
'    posed  differential,  there  will  result 

•  fd  z  sin  z^  cos  z*s=  -  ^  sin  2'  cos  z'+  —-  sin  z*  cos  2 
O  0.4 

3.1.1     .  3.1.1 

-^  ..   ,    ^  sm  2  cos  z  +  .,    .    ^  z  +  const. 
0,4.2  0.4.S 

ITie  differential  /rf  z  sin  z*  cos  z^  being  treated  in  the 
same  way,  would  lead  us  successively  to 

rj      '     A          s         sin  2' cos  a*      3  ^  J      .      ^  , 

fd  z  sm  2*  cos  »'= ^ 4.  -  y  a  z  sm  2-  cos  i' 


INTBGRAL  CALCVLU8.  265 

^  .      .      «                  $in  z  COS  z*        1  /•  J 
J^d%usk  z»cosz=—  3 +  -^/Jzcos  zi 

a.iid  siace  /J  zcos:^zz  —  sia  js,  we  should  finally  get 

1  3    1 

yj  z  sin  z^  cos  z*=:  -  ;;  tin  z*  cos  z^  +  ~^  sin  z*  cos  z* 

7  T  mO 

3.2.1   .       _     a     3.2.1    .         ,  .^ 

-  ~r-- sinz  cosz— —-r-^  •****+ ^^"*'^* 
7«**S  7»o.9 

204.  This  last  example,  and  all  those  in  which  one  of 
the  exponents  m  and  n  is  an  odd  number,  are  reducible  to 
integral  algebraical  functions,  by  observing  that 

fd  z  sin  zv  +  ^  cos  jfl^fdz  sin  z  .  cos  z^  (sin  z*)' 
fi  z  sin  z**  cos  z^'^^s^fdx  cos  z  .  sinz'  (cos  z*)', 
also  that 

(sinz*)'=(l-cosz*)',  (cosz»)»=(l-smz*)», 
and  finally  that 

dzsinz=i-cl.  cosz,    <f  z  cos  z=:if  •  sin  z. 
We  from  hence  arrive  at 

by  making  cos  z=tf,  or  sin  zesuy  and  the  integrals  of 
these  differentials  are  obtained  by  expanding  the  integer 
powers  of  l—«\ 

205.    When  «=:0,  the  formula  (^)  becomes 

J- J      '     m         sin  z*"-*  cos  z      iw— I  .    ^    * 

jdz  smz":= + jdz  sm  z**""*, 

which  finally  leads  us  to  fdz  sin  z,  or /dz,  according  as  m 

IS  odd  or  even. 

The  formuh(B),  when  we  make  m  sO,  becomes 

-,            ,     sinzcosz"  — *      n— I   ^  i  ^  ^^«  .«_» 
/dz  cos  z*s= + jd  z  cos  z"*"  , 

L  L 
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which  leads  tofd  z  cos  z^  or  tib'f  d  z,  iccordiag  as  n  is 
odd  or  even. 

206.    The  reductions  Indicated  in  No.  SOS,  may  be 
likewise  applied  to  the  two  differentials 

•  ^  ^  ^**"  ^^  dt  z  cos  z*  ^ 

cos  2*     '  ain'z*    ' 

but  it  is  proper  to  remark,  that  it  is  only  necessary  to  con- 

iff 

sider  one  of  them ;  for  if  we  make  z^-  —  v,  we  shall  hare 

dzss  —  Jy^  sinz^Gosy,  cosz=sin^;  and  the  substitu^ 
tion  of  these  values  in  the  first  expression  will  give  it  the 
form  of  the  second,  and  reciprocally. 

By  changing  +«  into  —ii,  in  the  formula  (4).  cited  in 
the  No.  above-mentioned,  there  will  result 

yV z  sin  z"*  _  i      sinz**^^      i»^l.  /*</z  sin  :^"^* 

cos  z*  iw-/f  cos  z*~*      m—nj         cos  ;2f 

We  readily  see  that  this  reduction  leads  to 

/J z  sin  z          ^     p  d  z 
r  ,  or  to  / , 
cos  z"              -/    cos  z* 

according  as  /»  is  odd  or  even. 

The  first  of  these  expressions  becomes  -  /  ~  ,  when 

we  make  cos  zosi/,  and  is  easily  integrated :  the  integral  of 
the  second  is  obtained  by  a  reduction,  which  we  shall  now 
proceed  to  consider. 

If  we  make  n  negative  in  the  formula  {B)  of  No.  205, 
we  shall  find  ^ 

/dz  sin z^  _      1       sin  f  "^ ^  _  in^  1)    pdz  sin  z* 
cos  z"*        iw— «  cos  z*"*"^        m^n  J    cosz*"*-*' 

from  whence  we  shall  get 

y^d z  sin  t"*  _      1       sin  z"*  +^  ^  m-w    /tf  z  sin  c" 
cos  z*  +  *  ""  «  +  1  cos  2"~+"^        fT^xJ     cos  z-     ' 
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a^d  chaogmg  m  ipto  /f — 2,  there  will  resuU 

/\lxski\r_     1      8inar-^^_  m^n  +  g    ndzAa^ 
Jf      cosz»,  ""^-1  cosz—*""      «-l,  J    C08Z»-*' 

-This  formula  compr^endiiig  tke  case  ifl  which  utaa, 

maybe  applied  to  the  iotegration  pf  ^;  and  in  the  se- 

Teral  forms  it  terminates  in 
*  J  z  sip  z* 


-p 


— -^ — j-e^/dg  skt-af^T 

cos  2  "^  - 


according  as  m.  is  o4d  or  even. 

The  second  of  these  Integrals  has  been  considered  in       '  ' 
No.  203 ;   and  the  firs^  by  means  of  the  formula  {A),  in 
No.  SOS,  \maJuog  n^-r- 1,  i$  reducy>le  to 

/dz  sin  z  p  dz 

cos  z  -'  "^^J  ^z' 

according  as  m  is  odd  or  even :  we  shall  cpn«Ider  eacli  of 
these  integrals  separately  in  the  following  pages. 

We  may  also  observe,  that  the  4rst  of  these  reductions 
becomes  inapplicable,  whennvsm,  and  the  second  when 
*=5f  1 ;  and  that  this  last  gms  thp  integral  immediately, 
when  maa— £. 

207.  I*et  us  take,  for  another  example,  C ^^        • 

«/    smz"*cosz"' 

by  changing  at  the  same  time  +#»  into  -  jw,  and  +«  into 

—If,  in  the  formula  giyen  in  No,  208,  we  shall  find 

\    *^      ^    ^  '  +^i±i  f      ^^ 

sin  25*  cos  i»       m\n  sina(*  +  »  cosa'^-*      f»+  nj  sinz*  +  *cosz* 

\      ^^  ^^.  1  .>»4-l    f         dz  ' 

sinsTcos**""      «i4-»  sin  z"— »  cos  ;z"  +  *      w+itt/ sina- co8z*  +  *' 

froni  whence  there  will  result 
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sinPloiF^  «  +  l  Mnjzr-*co8a:*-f-*       if  +  l«/  sin  jT  cos  z- 

Changiog  m  into  01—2,  in  the  first  of  these  equations,  and 
n  into  19— £  in  the  second^  we  shall  obtain  two  new  for- 
mulae, (C)  and  (D), 

sinz^cosa;"  ™      in— 1  sin  «"•  — ^cosz^^         m— I  </  rina:*— •cosj 

J  Anzr  Qosz""  ii-lsinz— *C08  2;"^*         «— 1    ^  sina"co»2*— * 

These  two  formula?-  may  be  applied  alternately  in  the 
same  form  as  those  in  No.  2OS9  in  the  example /li  tsm^ 
cos  z^,  and  will  thus  successively  diminish  first  the  exponent 
of  sin  Zf  and  then  that  of  cos  z  ^  and  by  continuing  these 
reductions  as  far  as  possible,  we  shall  arrive  at  one  of  the 
,  fbUowing  integrals : 

/dz  p  dz  i^      rfz 

sin  z*       1/    cos  z*       J   sin  z  cos  s  * 

208.  We  shall  proceed  therefor^  in  this  article,  to 
explain  the  method  of  integrating  the  four  foUowiog  dif- 
ferentials : 

dz  dz  dz  cos  z  dzwaz 

sin  z '         cos  z  *  sin  z    '  cos  z    * 

The  first  becomes  successively 

dz    _  if  z  sinz  ^  rfz  sin  z  ^^dx 
sin  z  ""    sin  z*   ""  1  -  cos  z*  ""i-x*' 
by  making  cos  zssx;  its  integral  is  therefore 


Vrr; 


/rfz             1,1+a:           ,|l+cosz      ,^l-co8z 
-T =s  —  41  ; ^a=  —  4  1  _ =5  \'.  a  +  c6nst 

smz  "     1  — X  1— cosz        vi+cosz^^^ 
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For  tbe  second  ve  have 

dz    ^  d z  coBZ      dt  cosz  ^    dx 
COS  z  ""    cos  z*    ^  1  —  sin  «*  "^  1— x** 

by  making  sin  zas  jr;  and  cooseqaendj 


4/  cosz  Vl— :|/     *    l-8inz         vi-smz 

The  third  and  fourth  are  evidently  logarithmic  differen- 
tials, so  that  we  have 

r*rf«  cos  z  •   •  ^        /»  4/z 


*/       smz  ,/    tanz 

y»_zjinz  ^  _  I  cog^g^const.  =/il  z  tan z=  /*- 
cos  z  "^  ^  c 


f»rfz  sin z  _       I . ^  __  r  J  -  A />  rfz 

cotz 

By  adding  together  these  two  last  fcMrmoltt,  we  shall  find 


/d  z  ,  sin  z  ^  . 

-r =i  — -  ^const.=:ltanz4-const. 
smzcosz        cosz 

lay  give  to  the  inte 
«/   sinz         a/TT 


smzcosz        cosz 
We  may  give  to  the  integrals 
^^    «.  iV'l-cosz 


+  const. 

^     «nz  4/j+c^ 

and 


^   «~  «         V|-8in7 
a  more  ample  fonn.    It  is  known,  dut 

tan  i  (il  +  B)  .  tan  H^-B)=^|^, 

tan|(.^+jB)     »in  A-^m B     ^\    ^ . 

This  bring  premised,  assnmmg  cos  £s  1,  and  cos  A  vcot  z» 
or  making  ^=0,  and  ilsz,  the  first  formula  will  become 

rx     1    \a     1  —  cos  « 
14-cosz    . 


and  will  consequently  give 


f: 


.a=l.  tan|  z-¥comt^ 


If  we  assume,  in  the  aeoood  fbn9UJb»  AxJi^  I,  ^^d 
«OjB=siji  Zy  or  mdi^Azz  | ,  ^d  Bs=;j^  wt  shall  have 

•  .  tan(?  +  2\ 

l»..«(r-f)=c«(J.|)=--^, 

therefore  i±SL^  -  ftan  t^r  +  f)  >; 

and     /*— ^    ssl.tan    /^7  +  |^   +  const. 

^    cos  2  \  4       ^  / 

By  carefully  remarking  the  connection  of  the  different 
formulse  constructed  in  the  articlea.precedi]}g|  it  will  be 
readily  seen^  that  the  integral  of  dz  sin  z^  cos  z",  may  be 
obtained  in  all  cases  in  which  tn  and  n  are  whole  numbers^ 
whether 'Positive  or  negative  j  tins,  is  not  tl^e  case  when 
these  exponents  are  fractional.  We  must  then  have  re- 
course to  series,  ei;^ept  ii^  ^  very  small  number  of  ca^ses^ 
the  intention  of  which  is  obvious  and  immediate.* 

tSpeNole(K> 
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A  general  Method  qf  obtaining  Appfioximate  Fidaes 

of  Integrals. 

209*  The  •developement  of  integrals  into  series  does 
not  lead  to  an  approximation^  unless  where  the  series 
are  convergent,  which  does  not  alwajrs  happen:  it  is 
oh  this  account  that  Analysts  have  sought  for  means  of 
arriving  at  approximate  values  of  integrals^  whatever  be  the 
nature  of  the  differential  functions  which  may  be  proposed. 
The  theorem  of  Taylor  leads  us  in  a  very  simple  manner  to 
the  formulae  which  Euler  has  constructed  for  this  purpose  % 
but  before  we  enter  upon  this  subject  we  will  enumerate 
and  explain  some  terms  which  have  relatioh  to  the  different 
points  of  view  under  which  Analysts  are  accustomed  tp 
consider  integrals. 

The  necessity  of  adding  an  arbitrary  constant  to  an  in* 
tegralf  in  order  to  give  it  all  the  generality  it  implies^ 
shews  that  these  functions  are  doubly  indeterminate,  since 
We  cannot  assign  their  value  by  simply  fixing  that  of  the 
Variable  upon  which  they  depend ;  but  that  it  is  also  ne- 
cessary to  determine  their  constant,  which  admits  of  all 
possible  values.  •  We  determine  this  constant  in  common 
cases,  by  making  the  integral  vanish  for  a  given  value  of  x. 
We  have  already  seen  several  exampfes  of  this  method 
(164,  176,  177),  which  in  general  amounts  to  the  same 
with  what  follows. 

If/jrrfx=:P+C,  P  denoting  the  variable  functiom 
immediately  deduced  by  the  process  of  integration,  C  the 
arbitrary  constant,  and  if  the  integral  ought  to  vanish  for  a 
value  of  X  =sa,  which  changes  P  into  A ;  we  shall  then 
have  the  equation  ^+C=:0,  from  which  we  deduce 

C=-il,    and  fXix^P^A. 
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Under  this  form  the  integral  fXdxis  nothing  more 
than  the  difference  between  the  valiie  of  the  function  P, 
when  xesa,  and  that  which  it  acquires  for  every  other 
value  of  the  same  variable.  If,  for  example,  x  s  A, 
changes  P  into  J5,  there  arises 

fXdx^B-A. 

It  is  proper  to  remark,  that  this  result  may  be  obtained 
immediately,  without  the  determination  of  the  arbitrary 
constant ;  by  simply  taking  the  difference  of  the  results 
arising  from  the  substitution  of  the  values  xsa,  and  x^h^ 
which  severally  change  the  expression  jP+C  into  il  +  C 
and  B  +  C. 

The  value  xs^r,  which  makes  the  integral  vanish^  Is 
called  its  origin  \  and  we  then  'say,  that  the  inttgral  9UgJd 
to  commence  when  x=:a.  If  we  stop  at  the  value  of  x=  J, 
we  then  say,  that  the  integral  is  complete  when  x=b. 

The  two  values  jrr=0  and  xssb^  are  designated  by  the 
common  name  of  the  limilf  of  the  integral. 

Every  integral  which  we  express  without  fixing  its  ori- 
gin or  indicating  its  limits,  is  called  an  indefinite  integral^ 
and  ought,  in  order  to  be  complete,  to  include  an  arbitrary 
constant. 

When  we  assign  these  limits,  the  integral  is  definite. 
.  If  they  are  x=tf  and  xeti,  for  instance,  we  then  say,  that 
the  integral  fKAx  ought  to  be  taken  from  x  =s  z  to  x  zz  hy 
and  this  is  determined  ^  calculating  the  value  of  the  variable  part 
of  the  integralf  both  when  x  zza  and  x  =b  $  and  then  subtracting 
the  first  result  from  the  second.  In  this  case  it  is  quite  un- 
necessary to  connect  with  the  integral  an  arbitrary  constant, 
since  it  would  disappear  by  the  subtraction. 

It  is  important  to  make  ourselves  familiar  with  these 
expressions,  which  are  often  used,  and  which  the  consider- 
ations immediately  following  will  render  still  more  signi- 
ficant. 
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S10«  Thk  beiag  premiaed,  the  seite  of  Tkylor  giviogi 
when  f  bccGimei  »^k, 

^^dx  1      7?  1.2      JP  1.2.S 

18  not  sufficient  Co  detefmine  the  value  which  a  functioa 
assumes  under  these  circuinstances,  when  we  only  know 
its  differential  coefficients  i  since  the  primitive  value  jr  re-  . 
mains  indeterminate, '  which  consequently  corresponds  to 
the  arbitrary  constant:  but  the  difference  between  this 
value,  and  that  whicib  answers  to  »4-A>  bwig  only  depen- 
dent on  this  series : 

dx  1/^ dx>  hinds'  i.a.s  *  * 

is  entirely  known. 

If  we  make  /JTd  xzzy,  we  shall  hare 

the  differential  coefficients  of  tiie  given  fanctiofis  x  will  be 
all  determinedf  and  the  series  will  become 

1       dx  1.8      H?  1.2.3 

To  deduce  from  this  formula  the  value  oifXd  x  from 
ssza  to  x:^b,  it  will  be  sufficient  to  assume  A=:A~aj  and 
to  replace  »  by  a»  in  the  function  X,  and  ks  differential 
coefficients,  which  we  will  represent  in  this  case  by  A^ 
A,  A\  &c.:  we  shall  find^  between  the  limiu  irs^  and 

The  preceding  series  is  in  general  so  much  the  more 
convergent  the  smaller  the  interval  b  —  as  but  when  it  has 
too  large  a  value  we  diinde  it  into  a  number  of  parts  suffi- 

MM 
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ciently  great  to  make  the  intervals  themselves  suffieieiitly 
small ;  and  we  calculate  separately  the  value  of  the  inte- 
gral, relative  to  each  of  these  intervals.  We  suppose,  in 
order  to  simplify  the  formulee,  that  the  interval  b-ais  di- 
vided into  n  parts,  each  equal  to  « ;  and  that  the  quand- 
ties  A,  A'f  A",  8ic.  are  severally  changed  into  J^^  Ay^  A"t 
&c.  ^2»  -^iy  As" 9  ice,  when  we  substitute  in  them  a  +  a, 
0  +  2»,  &c.  in  the  place  of  a;  we  shall  have  at  first,  be- 
.  tween  a  and  a+a, 

—  + + +  &c. 

between  a  +  »   and  a  +  2a,  ,     . 

1  1.2         1.2.3 

between  a  +  2  «>  and  a  +  3  «, 


j9^  a  ^  Aq  *     ,    A2  a' 


+  ^±r_  +  ^yL  +  &c. 
1        1.2      1.2.3 


The  $um  of  all  these  series,  which  are  n  in  number,  will 
compose  the  total  value  oi  f  X  d  x^  between  the  limits 
x^a  and  x^zb,  which  will  consequently  be  ...(I) 


a  , 


a» 


^tJ  +^,   +^ +il»«i) 

fJTdx^^    +    f^   (A'+jt,'^A,' +il'--x) 

+  r:7:i(^"+^i"+^«" +^"--o 

+  &c. 

211.  If  we  were  to  take  a  so  small  that  we  might 
confine  ourselves  to  its  first  power,  the  preceding  result 
would  be  reduced  to 

fXix^^Aa+A^a+jIga +-4*«i«, 

a  series  whose  different  terms  are  nothing  morc^  than  the 
successive  values  of  the  quantity  Xdxt  when  we  substitute 
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in  it  Oy  a+a^  a+2a,  &c.  in  the  pbce  of  x ;  and  make 
dxssa.  It  18  under  thb  point  of  yiew  that  we  conceive 
the  integral  y*  X  ({  x  to  be  the  sum  of  an  infinite  number  of 
elements,  severally  equal  to  the  consecutive  values  of  the 
differential,  corresponding  to  the  different  changes  which 
are  experienced  by  the  variable  x.  (See  the  note  at  page 
179). 

It  yet  remains  to  be  observed,  that  the  sum  of  this  se- 
ries, whatever  be  the  number  of  its  terms,  provided  that 
they  all  have  the  same  sign,  will  be  less  than  n  «  ji^  if 

A^  denotes  the  greatest  of  the  quantities  A,  Ai,  A^ 

il»^i,  and  that  the  contrary  will  be  the  case  \i  A^  be  the 
least  of  them.  We  infer  from  thence,  that  if  the  function 
X  does  not  change  its  sign  between  the  limits  x=a  and 
xss^,  and  if  M  and  m  be  its  greatest  and  least  values  in 
this  interval,  the  integral  /  X  ^  t,  taken  between  these 
limits,  will  be  <  ifcf  (*  -  j)  and  >  m  (J— j). 

212.  The  difference  between  the  two  values  of  ^,  cor- 
responding 'to  x^a  and  x^b,  may  also  be  obtained  by 
commencing  from  the  last  of  these  values,  by  means  of  the 
formula 

^'    '      dx  l^da»   1.2      dx"   1.2.3  ^ 
in  which  y,  answers  to  x— A,  which  also  giyes 


^    ^'     dx\       dx"  1.2      ax^   1.2.3 


-  &c. 


To  apply  this  last  series  to/Xdx,  it  will  be  necessary 
in  X  and  its  differential  coefEcitots,  to  change  x  into  i ; 
and  supposing  that  from  this  substitution  we  get  the  quan- 
tities  B,  F,  B'\  &c.  we  shall  find  between  the  limits 
xssa  and  x=zb, 

J  *  1  l.a  1.2.3 
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When  we  divide  the  mtenral  *-a  into  n  parts,  each 
equad  to  a,  we  obtain  fjrom  the  above  formula,  between 
the  limits  0  -f  «  and  a^ 

between  a+2a  and  j+« 

1  1.2   ^1.2. S 

between  ^+3  m  and  a-f  2  • 

Ae  «um  of  dieae  series  whitfh  are  likewise  n  in  nitinber« 
gives,  between  the  limits  x=b,  r=a ...(II.) 


fXdxM^l 


^    (^,+4,+i«, +-^;> 


-  &c* 


21 S.    By  reducing  this  last  series  to  the  forms  affected 
with  the  first  power  of  a,  we  should  have 

an  expression  whose  difference  from  the  true  value  would 
be  +>  if  ^t  hi  the  corresponding  expression  in  the  pre* 
ceding  No.  was  •— ^  and  vice  versa,  always  supposing  that 
the  quantities  ^,  ^|,  jf^  &c.  are  all  of  the  same  sign,  and 
compose  a  series  either  constantly  increasing,  or  ccmstantljr 
decreasing. 

The  same  may  be  proved  of  the  series  (I.)  amd  (II.);  bul 
we  shall  not  in  this  place  stop  to  demonstrate  it ;  we  shall 


perely  obser?«>  that  in  consequence  of  dis  remarky  wo 
may  take  for  greater  accuracy  one  half  of  the  3um  of  theae 
last-mentioned  ezpressionsj  Mid  consequently  between  the 
limits  xzza  and  x-zib^  we  shall  have  the  formula  (IIIO 


fXdx^  < 


) 


iA^-^A^+A^ +^.^i+iCv4+A)] 


35. 


+  7^  .i(^'-^;) 

1.51.3.4    ^ 
+  &c.  * 

d14.  The  consideration  of  curve  lines  conducts  us 
likewise  in  a  very  simple  manner  to  the  principle  conclu- 
sions,  established  in  the  preceding  articles. 

Since  we  express  the  area  of  a  curve  whose  ordinate  is 
X{j6\hjfXdx^  iSBCZ,  fig.  35,  represents  this  Fio. 
curve*  and  ^be  the  origin  of  the  abscissa,  and  Xae  PJM, 
the  expression  Xdx  wiU  be  equally  the  differential  of  the 
segments  BAfP,  DEMP,  and  of  the  segment  AC  MP, 
which  commences  at  the  origin  of  the  abscissa ;  thus  the 
ordinate  which  limits  the  segment  on  this  part,  will  be  ab* 
solutely  indeterminate.  The  ordinate  M  P,  which  forms 
the  other  limit,  is  likewise  indeterminate,,  as  long  as  we 
assign  no  particular  value  to  the  abscissae  4  Pi  but  whea 
we  assign  the  abscissa  of  the  first  and  of  the  last  ordinate, 
the  segment  will  be  completely  determined. 

If  the  variable  function  P of  the  integral/ JT d  X9biP+C% 
be  supposed  to  vanish  at  the  point  B,  it  will  express  i«i- 
mediately  the  value  of  the  areas  B  CA,  BED,  MMP^ 
consequently  if  we  should  wish  that  the  segments  should 
commence  from  the  ordinate  A  Cj  we  must  subtract  from 
the  above-mentioned  areas  the  space  BCAx  this  space  re- 
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presents  the  constant,  determined  upon  the  condition  that 
the  quantity  P4-C  should  vanish  at  the  point  A ;  but  when 
we  consider  at  the  same  time  the  two  limits  of  a  segment, 
it  is  of  no  use  to  trouble  ourselves  with  the  constant ;  for 
whether  we  suppose  the  areas  to  commence  from  the  point 
By  or  from  the  point  Ay  upon  the  axis  of  the  abscissae,  the 
segment  DEMP  for  example,  is  equally  obtained  by  the 
difference  of  the  segmenu  BMP,  BED,  or  by  that  of 
the  segments  AC  MP,  znd  AC  ED. 

215.  The  inspection  of  fig.  35,  will  readily  shew  that 
the  area  of  the  segment  of  any  curve  is  always  comprised 
between  the  sum  of  a  series  of  inscribed  rectangles,  PR, 
P'R',  P'  R!\  &c.  and  that  of  a  Series  of  rectangles  cir- 
cumscribed P' 5,  F'S,  F"S\  &c.  the  first  series  con- 
structed upon  the  least  ordinates  of  each  of  the  curvilinear 
trapeziums  P'M,  P' M\  P"  M'",  &c.  and  the  second  on 
the  greatest.    It  is  obvious,  that  if  we  take 

AP^zza,  PP:=^FP'^P'P",iiA:.^m, 
we  shall  have 

PM-A,  FM!^A^,  F'M'^^A^  f^'JJf"=^„  8tc. 
the  sum  of  the  inscribed  rectangles  will  be 

Aa+Ai^+Ai^a+A^a-^-^C.  (I.) 

and  that  of  the  circumscribed  rectangles  will  be 

A»+^««+-^3«+&c.  (2.) 

We  easily  see  that  the  diflerence  between  the  rectangles 
inscribed  and  circumscribed,  is  equal  to  the  rectangle 
MRQN,  which  is  equal  to  the  sum  of  the  rectangles 
MM\  M M!',M'M",  &c.  and  that  consequently  this 
diflerence  may  be  made  as  small  as  we  chuse,  by  dimi- 
nishing the  distance  of  the  ordinates. 

In  fig.  S5,  where  the  ordinates  form  increasing  series, 
the  inscribed  rectangles  are  formed  upon  the  first  ordinate 
of  each  curvilinear  trapezium ;  and  the  circumscribed  rec- 
tangles upon  the  last  \  but  if  they  should  pass  through  a 
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maximumy  ^s  in  the  figure  36,  this  would  be  the  case  In  the  Fio. 
part  C  M'y  which  precedes  the  maximum,  whilst  the  con-  ^^' 
trary  would  take  place  in  the  part  M'Z,  which  follows  it ;  in 
this  case  the  series  (1),  which  is  at  finst  less  than  the  curvili-^ 
near  space,  would  become  greater,  and  the  series  (2),  which 
is  at  first  greater  than  this  space,  would  then  become 
smaller. 

216.  We  shall  approximate  still  more  to  the  true  ralue 
of  the  segment  of  the  curve  proposed,  by  taking  instead  of 
the  rectangles  inscribed  and  circumscribed,  the  sum  of 
the  trapeziums  terminated  by  the  chords  of  the  arcs  MM^ 

These  trapeziums  having  the  same  altitude  P  P',  and 
each  ordinate,  except  the  first,  being  common  to  two  tra- 
peziums, their  sum  will  be  reciprocally  equal  to  the 
series 

m  [^,+^,+.13+ ^.-i+i  (^+i^J  ], 

the  value  of  which  is  intermediate  to  those  of  the  series 
(1)  and  (2). 

Finally,  it  is  evident,  by  the  figure  87,  that  the  curvili-  Jio. 
near  area  PMNQ  is  <  dian  the  rectangle  Q  E,  and  >•     37. 
than  the  rectangle  PF;  the  one  constructed  on  the  greatest, 
and  the  other  on  the  least  of  the  ordinates  which  are  com- 
prised between  the  limits  A  P  and  jiQof  this  segment.  [ 

217.  The  application  of  the  formulae  (III.)  of  No. 
213,  may  present  some  difficulties.  It  cannot  be  applied 
when  the  function  X  becomes  infinite;  and  near  those 
values  of  the  abscissa  which  make  X  infinite,  it  is  not 
sufficient  to  diminish  the  interval  «»  or  the  distance  of 
the  ordinates,  in  order  to  compensate  the  effect  of  their 
rapid  increase :  we  must  still  have  recourse  to  transfor- 
mations by  which  this  rapid  variation  may  be  counter- 
acted. 


/; 
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Let  us  take  for  example  Xss  ,    t  it  is  evident 

diat  when  Jt  becomes  nearly  equal  to  unity  a  very  slight 
ichahge  itt  the  value  of  this  variable  produces  a  very  consi- 
derable one  in  that  of  X ;  if  therefore  we  should  wish  to 

find  the  value  of  the  integral  /  ■     .  —  ,   from  x  »  0  t9 

f;  tsl^if  ^being  a  very  small  quantity,  it  would  be  ne- 
cessary near  the  second  limit)  to  increase  very  considera- 
bly the  number  of  the  intermediate  values  which  are  given 
to  X. 

The  same  integral  cannot  be  calculated  immediately  as 
fsr  as  X  3=  1  •  for  in  that  case  X  becomes  infinicey  whilst 
the  value  tS/Xdx  is  not  so,  since 

—^  =«  -  2  v^i  -2  +  const. 

This  difficulty  arises  from  the  passage  of  the  quantity 
Vi^-x*  from  the  denominator  to  the  numevator,  in  the 
course  of  the  integration ;  and  will  occur  in  general  when- 

r 

ever  JTis  of  the  form       nc*  »hd  when  w^  have  p  <,f' 

(a-x)9 

To  remove  it,  we  must  make  a-xtsz^  which  will  give 
x=^a-^jfitdxs^'^qt'-^^dz,  and  Xdxa  -qFx^^^—^dz^ 
a  quantity  which  is  no  longer  infinite  when  x^aor  z^O, 
if  the  function  F  continues  finite  under  these  circum- 
stances. We  must  then  calculate  the  value  of  the  integral 
fVz^'^^'^'^dZf  from;zf3=0  to  ;2=^,  >  being  a  very  small 
quantity,  and  we  shall  thus  have  the  part  of  the  value  of 

/V'dx  '  . 

•  ■"    p  y  wUch  corresponds  to  the  interval  comprised  * 
ia-xii 
between  xzza  and  xrra  — ^ 

/►  yi  X 
r  f rom  x^m 
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to  X'zza^if  by  simply  making  xsza—z^  since  die  srnaU- 
ness  of  the  Tariable  z  comprised  between  theTeiy  narrow*'  . 
limits  0  and  >,  allows  us  to  simplify  very  much  the  diffe- 

/•  x^  is 

the  differential  to  integrate  after  the  above-mentioned 
transformation^  would  be 

By  reducing  die  fraction 

into  a  series  arranged  according  to  the  powers  of  z,  we 
should  get  by  stopping  at  the  squares  of  that  yariablej 

•/    3VlJ    V        4fl       32a^/  2     V        6a       16?/' 

This  result,  which  vanishes  ^en  z=sOj  will  give  by  the 
substitution  of  }  for  z  the  value  of  the  integral  sought  for 
from  x=ia  to  x^sa-^^  the  other  part  of  the  integral  may 
be  calculated  by  means  of  the  series  in  No.  218. 

In  general)  diflermt  transformadons  which  long  practice 
and  great  readiness  in  analysis  can  alone  suggest,  will  ren- 
der these  series  applicable  in  many  cases  which  at  first 
sight  do  not  appear  to  be  reducible  by  any  of  the  methods 
enumerated. 

£18.    The  integral/^f.   '^5  not  being  obtainable  by 

the  reduction  of  e    7  into  a  series,  except  in  the  case  in 
which  X  is  very  large,  we  shall  proceed  to  shew  in  what 
manner  Enler  has  calculated  its  value  from  rsO  to  xs  1, 
by  means  of  the  formula  III  in  No.  £1S. 
W^  may  at  once  change 

N  N 


/ 
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the  part  e    '*  vanishes  when  a:=0,  which  is  likewise  the 

case  with  the  second  part  e  "f,  as  we  shall  proceed  to 
shewl    We  have  for  this  integral 

'     ^      -l     dX         ^1    \       d^X         -JL/  I-       «\ 

'    i/x  x*'    dx^  .  Aflf*      «*/ 

If  we  make  xasO,  these  expressions  vanish  (58),  and  conse- 
quently the  quantities  A,  A^  A*^  &c.  will  he  evanescent 
likewise :  then  substituting  «,  £«,  3  a,  &c.  in  the  place  of 
X,  we  shall  obtain  the  values  of -^j,  A^^  ^/',&c.  A^^  Al^  A^^ 
Sic.  and  from  x=:0  to  x=:«^  we  shall  have 

*"2   1.2  «*fl* 

+7:^,['-=G-i)+'--(i^-s4.)+"- 

•  ^ 

--       *^^        ^«"*   /I     _   g      ■      6    \ 

2  1.2,3.4  \ffipf     ir^a^      «*aV 

+  &C. 

When  we  wish  to  stop  at  the  limit  a:=l,  we  must 
make  «s  -,  and  there  results  for  that  case  /    e^^rf  r= 
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+iri^).-f+^^^*"f+^-2^^^'^ 

eL    1  Id  81 


+ 


« 


By  timiting  ourselves  to  the  tetms  aboTe*writteny  and 
inaking  nsslO,  we  shall  find,  according  to  Euler,  the  va** 

loie  oife^7 dxta  a  millioneth  part  of  unity  nearly,  and 
we  shall  obtain  its  value  with  an  accuracy  twenty  times  as 
great,  if  we  make  xiss^O. 

The  details  contained  in  this  and  the  preceding  article 
are  sufficient  to  shew  how,  by  the  assistance  of  transfor- 
mations, and  by  calculating  the  value  of  an  integral  in  se- 
veral, we  may  approximate  to  it,  even  when  the  series 
which,  express  it  are  only  convergent  for  very  narrow 
limits. 

219.    The  series  mentioned  in  Nos.  19.  and  21.  give 

likewise  two  general  developements  of  the  integral/JT^x. 

If  we  designate  by  C  the  value  of  this  integral  when  xasO, 

dJT  d^Jf 
and  represent  by  Ay  A,  Af^  &c.  the  values  of  X,  --,  -t—  , 

it  X    4  X 

8ic.  under  these  circumstances,  we  shall  have 

a  teqes  in  which  C  occupies  the  place  of  the  arbitrary 
erattant^ 

If  we  commence  with  tfie  greatest  value  of/Xdx, 
which  is  represented  by  y,  to  arrive  at  that  which  corres- 
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ponds  to  xsO,  and  which  is  denoted  by  C,  it  is  evident 
that  we  must  make  *=  -jt,  in  the  formula  in  No.  21» 
which  will  give 

^     dx  I      dx^  \.%     Jpl.2.3^ 

substituting  in  this  equation  for^,  ^^    ^^-^^^  &c.  their 

0  X     dx 

values,  and  disengaging  fXdx^we  shall  have 

•'  1        dx    1.2       <fx*    1.2.S 

« 

C  denoting,  in  this  case  also^  the  arbitrary  constant. 

The  process  of  integration  also  conducts  us  to  this  de- 
velopem^t :  for  if  we  divide  the  differential  Xdx  into  die 
twq  factors  X  and  dx^  and  integrate  the  second,  we  shall 
hzref  X d  xssX x—f  X d X '^  but 

y*    jv       PdX       ,         I   ^dX       1    p\d*X 

&c. 

d*  AT 

putting  successively  for/x  dX,fx*  -t — .,  &c.  their  se- 

9  X 

veral  values,  there  will  result 


/ 


1      da:    1.2       rf  x»  1  .2.3.  . 


and  in  order  that  the  expression  for  the  integral  may  be 
complete,  "iire'  inust  add  an  arbitrary  constant  to  dm  deve- 
lopement,  by  iirhich  means  itMfill  become  similar  ft  the 
preceding.  This  series  was  first  given  by  John  Bi^mouilK^ 
whose  name  tt.bears  {.  and  it  has  th«  siuoae  relation  to  the 
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ferential. 

220.  Hitherto  we  have  only  considered  the  diflFereiiT 
tial  coefficient  of  the  first  order ;  but  if  we  knew  the  dif-  \ 
ferential  coefficient  of  the  second  order  only,  it  would  then 
require  two  successive  integrations  to  obtain  the  primitive 
function  from  which  it  is  derived.  Let  X  be  the  diifi^ren* 
tial  coefficient  of  the  second  order  of  the  function  y^  we 

shall  have-7-J[  =  X,  and  multiplying  both  sides  hydx, 

there  will  result  «-^  zzX  d  x ;  now  -7-^  is  the  diffisrential 
ax  dx 

of-j^j  taken  upon  the  supposition  thattfjr  is  constant: 
dx 

we  shall  have  therefore  7^=  /^  dx.     UP  represents 

that  primitive fuhction  of  x  which  is  equal  to/X dx,  and 

C  the  arbitrary  ^onstant^  there  will  arise  -^  =:P+Ci 

multiplying  the  two  members  of  this  equation  by  if  r,  we 
shall  find  dy^zPdfc-^  Cds^  and  by  integrating  we  shall 
get  y  zi/Pdx  +  C x-k^C,  C  denoting  a  second  arbi- 
trary constant.  If  we  replace  P  hj/Xd  x,  there  will  re- 
fvlt g^fdxfXdx-^- C  x-^-Cf  an  expression  which  indi- 
cates two  successive  operations. 

We  may  reduce  this  expression  to  two  simple  integrals, 
by  the  method  of  integration  by  parts}  for  restoring  P  in 
the  place  of /X  d  x,  we  shall  have 

^fPdxzzPx'-fxdP^x/Xdy^/Xxdx^ 
and  consequently 

y:=:X/Xdx-/XdX'^CX'i'C.' 

We  now  proceed  to  differentijds  of  the  third  ordor.  Let 
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X  be  die  difierential  eoeffident  of  th^  f uncdon  y,  lebtive 

to  this  order :  we  shaU  have   _^  s  X,   from  whence 

^^«Xrfx;  but  ^=d.^;  th^^refore  ^  =/Xrfx  +  C, 

wlucfa  gives  r^  ^ia/Xd^x.^  Cdx.    Int^rating  again 

there  will  result^  a^/dx/Xdx-k-  €*+  C,  orfion 

what  we  have  remarked  above 

iS^x/Xdx'^/Xxdx  +  Cx'^C. 
d  X 

From  this  we  deduce 

dy^xdxfXdX'-dxfXzdx-^Cxdx^Cdx, 

and  by  integrating  we  get 

y^/xdx/Xdx-'/dx/Xxdx-hiCx^-^Cx^C', 

C*  being  the  constant  introduced  by  this  last  integration. 
It  is  easily  seen  that 

J  X  dxfXdx^\x'  fXd  x^\fX9t  d  X 

fdxfXxdx^xfXxdx^  fX^ix\ 

substitutuig  these  values,  and  cbnsolidatii^  all  the  sinular 
termsy  we  shall  find 

We  will  now  shew  in  what  manner  successive  integrals 
are  denoted :  when  X  designates  the  difierential  coeflicient 
of  the  second  order^  we  have  i/*ys  Xd  x%  and  by  tivx^ 
die  integral  of  each  member  we  find  dy  zzfXdx^^  and  now 
integrating  a  second  time,  there  zmesyssf/Xd  x^^f^  XJm^^ 
We  have  in  the  same  manner,  when  X  denotes  the  difib- 
I       i^ntial  of  dKe  third  order. 
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aad  '80  09  for  the  higher  orders^ 

Each  differentiation  introducing  but  one  power  of  dx^ 
we  may  leave  this  power  only  under  the  different  signs  /, 
which  will  furnish  us  with  the  following  relatiod^  : 

fXiaH'^dxfXix,   ffXix^^fdxfXdx, 

fXd3?^dx*fXdx,   ffXd^^fdx^fXdn^dxfdxfXdx 

fffXdx^^SdxSdxfXdH,iU. 

where  it  is  necessary  to  observe,  that  each  ugn  y*  embraces 
all  those  which  follow  it. 

This  being  premised,  by  neglecting  the  arbitrary  con- 
stant, and  integradag  by  resolution  into  partSj  as  abovd, 
we  shall  find 

/  Xdx^fXdx 

pxix""^    i  ixfXdx-fXxdx] 

I 

pXdx>zz-L[i;^fXdx-irfXxdx+fX3^dx'^ 

1.2.3 
&c. 

The  numerical  coefficients  of  these  expressions  are  the^ 
same  as  those  of  the  powers  of  the  binomial  a— ^;  and 
whilst  the  exponent  of  x  without  the  signs  diminishes  b j 
unity  in  each  term,  in  proceeding  from  the  left  to  the  right, 
its  exponent  under  that  sign  increases  by  the  same  quan« 
ttty. 

We  shall  restore  the  arbitrary  constants  which  are 
omitted  in  this  formula,  by  writing/X  dx-k-C  far/ Xdfc, 
fXxdx^C  {or/Xxdx,  /A>V*  +  Cr  for/Xar*d», 
and  so  on  for  the  others :  for  the  constants  C,  C,  CT,  &c. 
being  multiplied  into  the  different  powers  of  x,  admit  not 
of  further  reduction. 
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921.  The  diflferentials  of  which  we  have  hidborto 
treated  are  taken  upon  the  supposition  that  dx  is  constant* 
since  these  are  the  onlj  difierentials  which  include  but  one 
diflFerential  coefficient.  In  fact^  if  we  Stuppose  dx  variable 
likewise,  ^ehzrt  {l\6.)  d*  ysxq  dx*  -^-pd^x'^  if  therefore 
the  differential  Ud  x^  +  Fd^  x  was  proposed,  it  is  necessary . 
in  order  diat  tins  expression  may  have  any  meaningi  that 

d  V 
V'szp  and  tr=g,  from  which  there  results  I/a  -7—  ;   and 

dx 

this  condition  being  s^sfied,  we  hfive  only  to  integrate 
Vd  X.  It  is  easy  to  extend  this  renvirk  to  dlSerentiab  oC 
any  order  whatever. 


On  the  Application  of  the  Integral  Cakulm  to 
the  Rectification  of  Curves,  to  the  Quadrature 
of  Curvesy  and  Curve  Surfaces,  and  to  the  Cur- 
vature of  Solids. 

On  the  Quadrature  of  Curves. 

229.  The  general  problem  of  the  Quadrature  of  Cunre& 
seduces  itself  to  the  integration  of  the  differential  Xdx, 
where  X  represents  that,  function  of  x  whieh  is  equal  to 
the  ordinate^  of  the  proposed  curve  (76.).  We  have  al- 
ready explained  in  the  preceding  pages  the  principal  analy* 
tkal  methods  which  have  been  hithei^  discovered,  of 
effecting  this  integration,  whether  accurately,  or  by  ap- 
proximation I  and  our  only  object  in  the  present  chapter  is 
the  applicatbn  of  these  methods  to  curves  which  are  most 
commonly  known. 

The  curves  which  have  the  most  simple  integration 
are  the  parabolas  of  different  orders,  represented-  by  the 

I       m 

eqttationy*K|i  «*:  from  dns  we  get  jfsp'»  x'S  and  con- 
sequently 
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fXdx:sfp*n*dx:=,      ^     m         +  const. 

All  these  corves,  as  ve  see,  are  juairaUi\  that  is  to 
•ay,  we  lunre  a  finite  algebraical  expression  for  the  surface 
of  the  segment  comprised  by  their  arc^  the  axis  of  the  ab« 
scissa,  and  the  ordinate.  It  is  very  easy,  when  we  have 
the  expression  of  this  segment,  to  calcubte  that  of  any 
otherspace  included  between  a  portion  of  the  curve  and  right 
lines,  which  forms  with  the  abscissse  and  the  ordinates,  po- 
lygonal figures  whose  areas  are  determinable  by  Elemen- 
tary Geometry ;  we  shall  see  some  examples  of  diis  a  little 
further  on  i»9Q.  SdO). 

The  curves  proposed  pass  through  the  origin  of  the 

absdssaf  since  we  have  at  the  same  time  x=0  and  y  sO ; 

if  we  wish  to  express  their  area,  conmiencing  from  this 

point,  we  must  suppress  the  arbitrary  constant,  since  the 

1 

expression  ?jlL  ^    »     vanishes  when  we  make  xsO.    To 

cbtain  the  value  of  the  area  B  C  M  P,  fig.  38,  compre-  Fig. 
hended  between  the  ordinates  JB  C  and  Mf,  which  cor-  3^* 
xespond  to  the  abscissae  ABssa  and  AP^x,  it  will  be 

sufficient  to  subtract  from  "r    ^"^   »   which  expresses 

«+« 

the  area  A  CMP,  Ae  quantity IZl  a  V"  which  is  equal 
to  the  area  AC  Mi  and  we  shall  thus  get 

»c«P."£,i^  ■-'■)■ 

Vfhea  the  exponent  n  is  even,  the  expression  !!L£.  x^r 
o  o  «+« 
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is  susceptible  of  die  double  sign  ± ,  ai^ d  since  in  that  case  * 
the  same  abscissae  A  P  belong  to  two  branches  of  the 
curves  ACM  and  Acm^wt  have  two  segments  AC  MP 
vhA  AcmP\  tb«t  wbiph  {:omprise$  the  positive  ordinates 
has  a  positive  value,  and  the  Pther  has  a  negative  value. 

When  the  exponents  tn  and  n  ate  both  odd,  the  quan- 

tity  :f  "  has  but  one  ^ign,  and  continues  always  positive» 
whatever  be  the  value  qf  x ;  but  it  is  easily  seesi  that  in 
this  case  one  of  the  two  branches  of  the  proposed  curve  has 
its  abscissae  and  ordinates  negative  at  the  same  time  \  it 
follows  therefore  from  this,  that  the  s^reas  corresppnd^g  to 
negative  ordinates  and  abscissae  ought  to  be  considered  as 
positive. 

If  n  only  is  odd,  then  the  quantity  x  *  becomes  ne* 
gative  at  the  same  time  with  x  \  but  in  this  case  the  two 
branches  of  the  proposed  curve  are  on  the  same  side  of  the 
abscissas,  and  the  ordinates  continue  always  positive. 

From  these  remarks  we  may  conclude,  that/^tf^*Ai 
rfa  curve  is  positive  nvhen  the  nbscissa  and  ordinate  have  the 
same  sign^  and  negative  tuhen  their  signs  are  different, 

AH  parabolic  segments  hs^ve  a  ppnsta^t  ratio  to  the  rec- 
tangle ADMPj  constructed  upon  the  abscissa  and  the 
ordinate ;  for  the  expression 

n         1     2±2  n  i     5? 


m  +  n-^  m-^-n 


n 


1 


which  is  equal  to x  y,  since  y = »  »  x  •  . 

nt-^n 

When  H=m,  the  parabola  becomes  a  right  line,  since 

in  this  case  we  have  y  =/?»  a:  j  the  segment  ACM  P  be- 
comes the  triangle  AMP,  whose  area  by  the  formula 
above  given,  is  equal  to  i  jr^ ;  which  is  also  known  from 
Elementary  Geometry^ 
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By  makiog  »  =  £  and  m^l,  we  have  the  common 
parabola,  and  we  find  -J-  r^  for  the  value  of  the  segment  < 
ACMP. 

223.  We  wiii  now  proceed  to  find  the  value  of  this 
segment  in  curves,  represehted  by  the  equation  3^  ^^p. 
l^his  equation  is  deducible  from  jp^p^^^  by  changing  m 

i.  -" 
into  -m\  webxvey^p*^  \  and  consequently 

L    J!z? 

fJTdxzi^-l^^  "    +  const. 
«  — Iff 

The  curves  proposed  are  hyperbolas  of  different  or* 
ders  referred  to  their  asymptotes,  and  are  composed  of 
several  brancbesi  such  zsUMF,  fig.  39,  inscribed  Within  p^c. 
the  angles  which  the  asymptotes  form  with  each  other.  If  39« 
we  reckon  the  segments  from  the  origin  of  the  abscissae^, 
they  will  comprehend  the  indefinite  space  which  is  in- 
cluded between  the.  part  C  Foi  the  curve  and  its  asymp- 
tote A  Ty  the  value  of  this  space  is  infinite,  or  finite, 
according  as  m  is  greater  or  less  than  /i.  In  fact,  to  get 
the  value  of  the  space  BC  M  P,  taken  from  the  abscissa 
A  B=sa  to  the  abscissa  A  B:zib^  we  must  (2090  successively 

TXiTkexzza  and  X si  in  the  expression  ^P"  xlT  ,  and 

n  —  m 

then'  subtract  the  first  result  from  the  second }  we  shall 

i  ^^ 

get  BCMPss    ^f^  (i^  -g?.  V    If  we  now  sup- 

pose  ^1 =0 ;  the  point  B  will  coincide  with  the  point  A9  and 
the  space  JB  CAT iP  will  be  changed  into  YAMP;  now 

the  iquantity  a  **    will  be  infinite  or  nothing,  according  as 
we  have  m  >^  or  •<»:  in  the  first  case, 

m-n     0 
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and  in  the  secondt 

I  i 

If  — w^  ^      n-m 

Supposing  tf  to  be  of  a  determinate  magnitude,  and 
making  h  infinite,  we  shall  then  get  the  indefinite  space 
XBC  Uf  which  will  be  infinite  if  m  be  less  than  n,  or 

iBnxte  and  equal  to  ^/^*  a  ~  if  «  be  greater  than  «.    It 
m  —  n 

follows  from  hence,  that  when  m  and  n  are  unequal,  one  of 
the  asymptotic  spaces  is  finite,  and  the  other  infinite. 

The  reason  of  this  diiference  is  founded  on  the  greater  or 
less  rapidity  with  which  the  curve  approaches  to  its  asymp- 

tote;  and  since ^KiP])  ,  and;rsL^,  it  is  easilfseen  that 

m  n 

when  we  have  m>'  n,y  decreases  much  more  rapidly  than 
X,  and  that  consequently  the  curve  approaches  much  more 
rapidly  to  the  asymptote  upon  which  the  abscissse  are  taken« 
than  to  that  which  is  parallel  to  th'e  ordinates  and  vice 
versa, 

L    —2 
By  putting  y  in  the  place  off^x    "  ,  in  the  expresnoa 

it  will  become  -— ^  x  y,    and    the  value  of   the   area 
n  —m 

rAPMr^mil  be  ^^^  +  const.     It  might  seem  that 

the  expression  - — £»  ought  to  vanish  when  x=0;   bat 
n  —  fn 

what  we  have  just  proved  shews  the  necessity  of  makiag 
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ao  inference  of  this  kind  .before  we  have  substituted,  m 
the  pbce  of  y^  its  value  in  terms  of  »• 

224.    When  «=»»  we  have  xyzzpn,  or  x  y=pi  if  we 

change  p »  into/?,  which  we  are  at  liberty^to  do,  the  curve 
in  question  is  the  common  hyperbola,  and  is  also  equila*  . 
tend  if  the  angle  of  the  co-ordinates  be  a  right  one.  The 
general  expression  for  the  area  found  in  the  preceding  arti- 
cle, presents  itself  in  this^nse  under  an  infinite  form,  what- 
ever be  the  value  of  x,  and  the  differential  of  this  expression 

being  Z — f ,  has  for  its  integral /i  1  x + const.  The  asymp- 

X  ' 

'  totic  spaces  are  both  infinite  in  this  case ;  for  x  becomes 
so  both  by  the  supposition  of  xssO,  and  by  that  of  x  being 
equal  to  an  infinite  quantity. 

Let/ystf'and  UMV^  fig*  40,  one  of  the  branches  of  Fie. 
the  equilateral  hyperbola,  v^hose  power  is  equal  to  0%  and   ^\ 
A  C  its  axis ;  if  we  draw  B  C  a  perpendicular  to  the  asymp- 
tote from  the  vertex  C,  we  shall  have  ABssa;  and  since'the 

areaBCJ»fP=«»li4P-fl»l.il5=ii*1.4^,ifweas- 

An 

sume  A  B  equal  to  unity,  there  will  result^  since  t .  1 3(^ 
BCMPss  I,  A  P.  We  shall  have  in  the  same  manner 
I.^P'=JBC^P',l.i4P"=BCJf"F',&c.  from  which 
it  follows,  that  if  the  absdssae  APjAPyA  P\  &c.  are 
taken  in  geometrical  progression,  the  corresponding  areas 
B  C MP,  B C MP',  B C  Jlf  P",  &c.  will  be  in  arithme- 
tical  progression. 

2£5.    The  hyperbola  which  we  have  just  considered, 
being  equilateral,  has  only  furnished  us  with  Naperian  loga-  ' 
rithms ;  but  by  varying  the  angle  of  the  asymptotes,  and 
always  taking  A  Bs=lf  we  may  obtain  an  infinite  number 
of  other  systems  of  logarithms.    Let  UMF,  fig.  41,  be  pjo, 
any  hyperbola  whatever;    drawing  the  ordinates  PJtf,     41. 
Pi  Ml,  &c.  parallel  to    the  asymptote  AY^  we  shall 


894  niTEGRAI*  CALCVLVS. 

be  abk  to  prove,  by  a  proceee  of  reasoning  aitalogons  to 
that  in  No.  76.  that  the  paraOlelogram  P  Jif  JR/^  is  the  dif« 
ferential  of  B  CM  P.  Now  if  we  dr^iw  P'Q  perpendicular  to 
PM,  we  shall  ^niFQ-PP'.  $inFPQ=PP\  sinX AYi 
representing  by  « the  angle  of  the  asymptotes,  we  shall  hare 
FQ  =  <f  JT  sin  tf»  and  consequently  PM  RP^::iyd  x  sin  m. 

1         '  d  r 

If  we  substitute  for  v  its  value  *  ,  there  will  result  —  sin  « 

for  the  diflerencial  of  the  aresl  BCMP^  and  consequently 
BCMP  «  1.  jr  =£  l.i4P,tikiligiJih^fot the  modulus  f«7.) 
The  modulus  of  common  logarithms  being  0,4342945 
(29),  will  give  sin  ^=5  0,4342945^  from  which  it  follows 
that  the  asymptotes  di  the  hyperbola,  whose  ax^as  are  ex- 
pffcssed  by  th^  common  tabulav  logarithms,  nsake  with 
each  other  an  angle  of  25°.  5b\  16".  19'",  nearly.  • 

226.    By  making  AC==a,AP=::x,  and  P  -^=y,  fig. 
Fig,  45.  the  equation  of  the  circle  AftE  will  be  ^^  =t  2  /i  x  -  j:'; 
♦2.  and  the  differential  of  its  segment -^  N  P  will  have  for  its 
expression  dx  v  2a  x  —  x"^,  which  is   transformed   into 
— rf»V?— 17*,  by  making  x^a^u^  and  which  is  also  re- 
ducible to  rf«  (at -'«*)— *,  of   ^^    ;>,   by  the  fonnulm 
{S)  in  No.  171,  and  the  complete  integral  of  it  is 
-4 (^" ')  ^2iix-a'*  +  4ii*. arc  ( cos=  ^^^^ , 

when  we  substitute  for  u  its  value,  a  result  which  vanishes 
when  x=0. 

We  easily  recognise  in  the  part 

4(tf-T)V^2tf  x-jr'i 

the  expression  for  the  surface  of  the  triangle  PC  N,  and 
consequently  find  that 

•  See  Note  (L.) 
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la\  arc  (co8=.  1=^)  oxiAC.zfcAN 

is  the  value  of  die  sector  AC  N. 

By  supposing  x=^a,  in  the  ^3q)ression  for  AN P,  it 
becomes  |  a* .  arc  (cos  =  —  1)  «4  tf*  »,  designating  by  w 
the  seini-*cifcuniference  of  the  circle  whose  radius  is  1,  and  it 
then  becomes  the  expression  for  a  semi-circle :  we  shall  have 
therefore  for  the  whole  circle  a^w=±la.2air,  as  we  have 
already  proved  in  the  Elements  of  Geometry. 

The  developement  ot/d  x^  2aT-x*,  which  has  been 
found  in  No.  179)  gives  approximate  values  of  the  area 

APN.  m 


227.    The  ordinate  of  the  ellipse  being  ^  ^Qax 


a 


the  elliptic  segment  ^  JIf  Pwill  be  ^qualto  --fdx'^/^ax—xS 

and  as  it  commences  at  the  same  time  Mrith  the  circular 
segment -4NP,  we bs^ve  ANP  :  AMP  ::  a\h\iox  it  may 
readily  be  inferred  from  No.  209,  that  when  two  differen- 
tials are  in  a  constant  ratio,  the  integrals  are  likewise  in 
the  same  ratio,  when  these  integrals  vanish  simultaneously. 
It  appears  from  the  above,  that  since  the  area  of  a  cir- 
cle described  on  the  axis  major  of  an  ellipse  as  a  diameter, 
is  to  the  area  of  the  ellipse,  or  the  major  axis  to  the  minor, 
the  area  of  the  latter  must  be  equal  to  that  of  a  circle  whose 
radius  is  a  mean  proportional  between  its  semi-axes  \  for  it 
follows  from  the  above-mentioned  proportion  that  the  area  of 

the  ellipse  is  7  a* X  - ,  ox  is  ah^  and  this  last  qflandty  evi- 
dently represents  the  area  of  a  circle  whose  radius  is  equal 
to  VTJ. 

228.    The  hyperbola  referred  to  its  major  axis  is  ex- 
pressed by  the  equation 
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fVom  whence  we  conclude  that 

a 

^[liis  integral  may  be  found  by  means  of  logarithms  (161.) 
or  it  may  be  expanded  into  a  series  ;  but  instead  of  stop- 
ping to  calculate  these  results^  we  shall  proceed  to  the  con- 
sideration of  elliptic  and  hyperbolic  sectors,  whose  differen- 
tial expressions  are  of  very  frequent  occurrence. 

Fig.         229*    Let  ABal0Bg.  42.  be  an  ellipse  whose  semi- 
^2.    axis  major  ^C= J,  and  ^ose  semi-axis  minor  JBC=^, 
making  CPex,  there  results 

a 
It  is  evident  that  the  sector 

ACM^CMP  +  AMP, 
and  that 

d.ACM=d.CMP+d.AMP, 

CMP^  IcPxPM^ltf^^^rz^, 

a 

The  last  of  these  differentials  is  affected  with  the  sign  — » 
because  the  area  AMP  decreases  when  x  increases ;  and 
they  give 

i.ACM^-lt-4i^. 
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If  we  make  -<  s  1^  the  elliptic  sector  JCM  will  be 
a  * 

changed  into  the  sector  jfCNj  whidi  belongs  to  the  ctrde 

AEae  descrbed  upoii  the  axis  major  aa  a  diamelert  wq 

shall  have  therefore 

bttt  -     .■f_^_  bring  Ae  differential  of  the  arc  AH.  we 

obtain  the  same  tesnlt  as  ftwn  the  JKlencnts  of  Geometry, 
which  is 

ACN  ^ia^AN  ^IaC-a  AN, 
2  2 

and  since  the  sectors  ACN  and  ACM  have  their  commoh 
origin  in  the  points,  we  may  then  conclude  (228.)  that  the 
elliptic  sector 

ACM  5=  *  ACN  ^IbC  X  AN. 

a  -     2 

tSO.  In  the  hyperbola  XAi  corresponding  to  the 
same  axes  as  those  of  the  ellipse  A3  ah,  and  whose  equa- 
tion therefore  is 

^        a  ^ 

the  sector  ACR^CQR-AQR,  which  gives 
d.ACR  ^d.CQR  -  JAQRi 

and  since 


CQR  «  i  C<2  X  e*  «  i  ff  i/F^T?; 


we  shall  have 

1  3      aVt 


d.ACR 


2  fl  Vx»  -  «** 


\ 
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from  whence  we  see  that  the  differentials  of  the  hyperbolic 
and  elliptic  sectors  are  identical,  with  the  exception  of  the 
ugns  pf  the  quantities  iarolved. 
p(Q^         fiSl.    The  hyperbolic  sector  ACM,  fig.  41^  is  equal  to 
41.   the  asymptotic  space  BCMP  i  for 

JCM  =  BCMP  +  JBC  -  AMP, 
and 
jjgfy^^ABxBCxsinB  ^  APx  PM  x  sin  B^^j^p 

232.  The  preceding  examples  are  sufficient  to  shew 
in  what  manner  the  Integral  Calculus  is  applicable  to  the 
the&ry  of  curv'es ;  nevertheless  we  cannot  quit  this  subject 
without  giving  some  of  therery  interesting  results  which 
Geometers  have  obtained,  on  the  subject  of  transcendeiftal 
curves. 

In  the  logarithmic  curve,  whose  equation  is^sl  x,  we 

haveyyrfxs=/rfxlx=i'lx— j7  +  const, (182).  The  variable 

part  of  this  expression  becomes  equal  to  nothing  when  x  s  0 ; 

1  1  III     1 

for  by  making  xs  »-i  it  takes  the  form -,  which 

tn  w      ftt 

is  evanescent  when  m  is  infinite  (58);  it  from  hence 
appears  to  be  unnecessary  to  add  a  constant  to  the  integral, 
when  we  wish  to  express  the  value  of  the  segments  com- 
FiG.   mencing  from  the  point  A,  fig.  48. 

By  making  xs^jEs  1,  we  obtain  the  expression  for  the 
asymptotic  space  cAEx,  which  is  finite  and  equal  to— 1. 

If  we  consider  the  axis  of  the  ordinates  as  forming  the 
line  of  the  abscissa,  we  shall  have/xi/y  s=y*</jr=x,  for  the 
space  COMXf  terminated  by  the  axis  AC,  for  which  the 
expression  is  algebraical :  we  have  added  a  constant  to  it, 
since  it  vanishes  at  the  same  time  with  x.  The  space  cAEx^ 
which  corresponds  to  xzzAEzil,  has  by  this  formula  the 
same  expression  as  by  the  preceding,  the  sign  not  being; 
considered. 


43. 
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We  haTe  hitherto  supposed  die  modulas  eqwd  to  unity ; 
if  it  be  denoted  by  M,  we  should  have 
ydxlogx^xlogx  '-fMdx-nxlogX'-MxzxxAfxJ^zzMx. 

2S3.    The  equation  of  the  cycloid  being 


there  results 


it  would  be  easy  to  infte^te  this  expression  by  means  of 
^rcs  of  circles;  but  we  may  obtain  a  more  simple  result  by 
making  x  s»d  a  ^j^y  which  gives 

In  fact,  z  representing  the  ordinate  QM,  fig.  44>9  referred.  Fig. 
to  the  line  CK,  the  differential  of  the  area  ACQM  will  be   ^* 
expressed  by  * 

zdx  =  -  (^^^-^^dz  ^  ^  j^  ,/5^;T?. 

and  consequently 

ACQM  =  -fd*  ^2az-z^  +  const. 

At  C,  where  z  =  2^,  the  integral  fdz  ^2az  -  ««  is 
equal  to  the  area  ^  mq  of  the  generating  circle,  and  it  is 
evanescent  at  the  point  K,  where  zsO  $  consequently  the 
space  ACKis  equal  to  the  semi-circle ^mj^.  For  any  point 
Qt/dz  ^laz  —  «^  will  give  the  area  of  the  segment  gmn 
corresponding  to  gn  s  QM^  and  we  shall  have 
ACQMszgmqg-gmn,  KMQs:ACK-ACQM=gmn. 

The  rectangle  ^iT,  having  its  altitude  IKssgq,  and  its 
base  Alssgmq,  will  be  quadruple  of  the  semi-circle  gm  9^9 
and  if  we  subtract  from  this  rectangle;  the  sp^e 
ACK  s  g^igy  there  will  remain  AMKI «  Sgmqg.    It 
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follows  irom  this  that  die  space  AKjLA,  eompAmi  be« 
tween  the  curve  of  the  cycloid  and  its  axis^  ta  tripk  ol  the 

generating  c|rqle. 

284.    It  yet  r? maips  to  ipea)(  of  spirals ;  and»  we 

shall  first  consider  those  whiph  are  represented  by  the  equa* 

Fig.  tionu=ar  (104Viii^hich^is  eqo^d  to  the  arc  0N,&g.4S, 

and  ussAM.  Since  this  is  a  polar  equation^  the  difierential 

of  the  area  will  be  --— (^1)}  putting  for  u  its  Talue» 

«*/*•  +  * 
and  integrating,  there  will  result    ■     >■ .,  +  const. ;,  but  the 

oonstaat  tkiay  be  suppressed  if  we  reckon  the  areas  frona 
the  line    AO^  where  /=0,  and  consequent^   the  area 

ACMzz^'  After  one  revolutieir  ot   the  radius 

4i»+a  - 

vector,  we  shall  have  the  space  AQMB  zz  -^-^ — y~^»  * 

being  the  semi-circumference  of  the  circle  ONi  when  the 
radius  vector  returns  to  the  posttioa  JAifc  we  shall  have  die 

spice  JCMBC'M'  =  J^""  "*"  ^^^  '^ ' ,  and  so  on  for 
other  positions  of  AM. 

In  the  spiral  of  Archimedes  (104),  azs^-i  ^=1, 

^n(iJCM^TT^%  a  sesult,    wUkJli   beoomes^    wbea 

^c»^«,  equal  to ^. 

In  the  hyperbolic  spiral^  where  n  zz  —  Ij.  we  find 

ACM  a» +  coast. 

2/ 

The  affea  of  thb  curve,  wiiich  Makes  an  infinite  number  of 
revolutions  round  the  pwst  A^  h  infiatie  wbt»  i  «■  a;  we 
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mwt  fuyceeiJimeht^  ia  thi^  caic  ini  tiie  hfpvAi^A^f  ^nd 
tlie  areas  comprehended  between  the  two  disMK^es  corvesr 
ponding  to  t^i  and  t^Cy  will  be  found  to  be 

^  Vl   ' 


5  a-;)-,. 


finally  in  the  logarithmifc  spiral  (ll^)^  t^xl  u,  dfsa  ~  ^  and 

the  diflferential  --—  becoming  — —  ,  ^ives  ^C-W  =;.— . 

This  area  is  nothiag*  whea  ii=:0>  in  which  case  f  is  infinite ; 
fortius  curve,  as  well  as  the  preceding  makes  an  infinite 
avmber  of  revolutions  round  the  pole  A. 

£95.  The  diflferentiat  of  the  are  of  a  cvnre  when  re- 
ferred to  rectangular  co-ordinates,  is  expressed  by  Vdx*+{h/* 
(75);  if  we  substitute  in  this^'expression,  instead  of  Af^,  its 
value  deduced  from  the  differential  equation  of  thie  proposed 
ourve^  k  wQi  assume  the  form  X  i)r,  and  its  integral  will 
give  the  kngth  of  the  arc  of  this  curve.  To  daaoand  the 
length  of  the  arc  of  a  eunre^  it  to  demand  *itSfv«^Airiairj 
since  the  ai;curate  solution  of  this  problem,  afibrds  u8 
the  means  of  assigning  a  right  line  whose  length  ie  e%aai 
to  that  of  the  arc  in  question. 

236.  We  shall  take  for  our  first  example  the  parabolas 
of  different  species,  which  are  represented  by  the  equatioa 
y:=fij^f.  ft  being  any  number  either  whole  or  fractional : 
there  results 

the  paraboKc  arc  wiH  therefore  be  expressed  by 

This  integral  may  be  obtained  under  a  finite  and  algebra!- 
caT  fcrm,  when  the  exponent  fi»— d  it  eq«al  to  unity^  or  is 
€ontwie4  hi  it  aay  number  of  tiraea  exactly  (109)* 
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In  die  first  place  let  9ii-^2sl,  from  wKkh  it  foUiiws 
that 'ffssf,  and 

/(I  +nyx^-'')dx  =  ^  A  +?p*x  y  +  const. 

the  curve  proposed  will  be  determined  by  the  equation 

jf'^px''^ otif*zzp^x\  and  consequently  is  the  parabola  oi 
the  third  order,  which  is  the  evolute  of  the  common  para- 
bob  (99).  If  we  reckon  the  arc  from  the  point  where 
^ssOf  we  shall  have 

By  making  successively  2ff-2s|,  s  |,  &c.  there  wX 
result  A=:^  f  ^  &c.  which  shews  that  the  parabolas  repre- 
sented by  the  equations  y*  =/?*  cr^f  ^  =  /^  x^i  are  recti- 
fiable :  the  rectification  of  all  other  parabolas  can  only  be 
effected  by  approximation. 

For  the  common  parabola,  in  which  iies2,  we  have 
fdx  (1  +4py)* :  by  die  fgrmula  {B)  of  No,  171,  we  find 
/ir(l +4/>^^i«4x(l+4/x»)*  +  i    P         dx 

and  since 

/Ax  1 

;7=^-=-  (i2/ir  +  Vl+4pV)+  const, (168), 

there  will  result 

/rfx(l+4/iV)*  =  \x{\  +  4pV)*  +-^l(«px  +  i^i+4pV;  +  const. 

This  is  the  value  of  any  arc  of  the  common  parabola; 
we  may  suppress  the  constant  in  this  expression,  if  we 
suppose  the  integral  to  commence  when  a:=0. 

The  arc  of  the  hyperbolas  determined  by  the  equation 

ytspx-\  is  expressed  by /x— -»dlr  (r**+*+i»yr, 
which  cannot  be  integrated  unless  by  approximatfon. 
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•    ,   •        odx 
«37.    The  diflferential  of  the  arc  of  a  circle  is    .  ., 

or    ■   "^       (75),  according  as  we  employ  ithe  equation 

^*=tf^-.x*or/=2flJt— X*;   neither  of  these  expressions 
admits  of  uitegration  except  by  approxination,  for  which  . 
purpose  we  have  already  given  several  series  (179). 

238.     We  now  proceed  to  the  ellipse,  and  we  shall 

assume  for  its  equation  /=^  {a^-x^)  5  the  differential  of 

a 

Its  arc  will  be^^^^^TJl'";^^}  makingforgrtatersim- 

plicity,  the  major  axis  ^ssl,  and  the  square  of  the  excen- 
tricity  0^-'j^a  1— 3^s^,  the  arc  will  b^ome 

/Vr\/l~^V_    We  have  already,  in  No.  180,  deduced 

a  series  which  gives  an  approximate  value  of  this  integralj   > 
when  e  is  very  small,  and  which  will  apply  to  all  ellipses 
of  inconsiderable  eccentricity. 

If  in  this  series  we  suppose  x=  1,  and  put  -  in  the  place 
of  A  which  in  that  case  becomes  a  quadrant,  there  results 

1    ^         1    ^     1,1.1.3  .      1.1.1.3.3.5   J,      ^     \ 
i'V* ""  J '      i:^lA.         2.2.4.4.6.6  /' 

a  series  which  converges  with  great  rapidity  when  #  is  a 
small  fraction.  ' 

239.  The  differential  of  an  elliptic  arc  is  expressed  in 
a  very  simple  manner,  by  means  of  the  arc  corresponding 
to  it  in  a  circle  described  on  the  axis  major  of  the  ellipse 
as  a  diameter.    Let.  JBA^=:^,  fig.  42,  we  shall  Jiave  ^g* 

CP=:T=8tn0,    vTT^*^*' 
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and  consequently  i 

MO.    The  equation  of  the  hyperlxda  being 

/  we  have   — — 7 — — n-^ — for  the  differential  of  ita  arc  a 

making  a  =5 1 ,  a*  +  6*  =  1  +  *^ = A  ^is  arc  will  be  expressed 
jjy    /     ^v  ^T  —J  jjjj^  jjjj^-   when  ^  is  nearly  equal  to 

unity,  be  developed  in  a  series  by  a  process  analogous  to 
that  in  No.  180* 

241.  It  now  only  remains  to,  make  a  few  remarks  am* 
ceming  the  rectification  of  transcendental  curves.  The 
equation  of  the  cydoid  being 

we  thence  deduce 

a  differential  whose  integral  is 

= — 2^2ii(^-y)  +  const. 

But  It  is  evident  that  ^2^(2^-^)  is  the  expression  for 
^-  the  chord  mj>  fig  44, of  the  geseratii^  eirck;  and  aa  the 
**•  variable  part  of  the  integral  vanishes  at  the  pobxt  Z^  wkece 
^s 2/1,  it  follows  consequently  tliat  it  expresses  the  arc 
MKi  we  have  therefore  MKzz2mg,  Aii:=2qg,  and  there- 
fore AMzzAK  ~  MK^2(gq'-tng)\  these  results  agree 
with  that  in  No.  lOS. 

24«.  To  give  an  example  of  the  application  of  the 
formula  ^»*a/^  +  a«\  which  expresses  the  differenuat 
of  die  arc  of  a   curve  referred  to   polar  co-ordinates. 
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(110)9  >«e  sliall  take  the  case  of  the  spirals  which  are 
represented  by  the  equation  u^af^i  and  we  shall  have  to 
integrate  the  differential 

Whm  AS  ]» we  have  simply  Afr(/^+l)i,  a  differential 
of  the  same  form  as  that  for  the  arc  of  the  common  para- 
bola ($36) ;  from  which  it  follows  that  it  is  the  rectifica- 
tion of  this  curre  upon  which  depends  that  of  the  spiral  of 
Archimedes. 

In  the  logarithmic  spiral,  we  have  /sin,  which  gives 
V|?S*+d»*=</«V^;  the  arc  of  this  curve  has  therefore 
for  its  expression  u^  +  const.,  or  simply  iiV'S,  com- 
mencing from  the  origin  of  the  radius  vectors  j  and  we  see, 
that  though  there  is  between  this  origin  and  any  point  of 
the  curve  at  an  infinite  distance  from  it,  an  infinite  number 
of  revolutions,  yet  they  include  an  arc  of  finite  length,  which 
IS  equal  to  the  diagonal  of  the  square  described  on  the 
radius  vector* 


On  the  Cubature  of  Solids  terminated  hy  Curve 
SurfaceSj  and  on  the  Quadrature  of  their  Sur- 
Jaces;    on  the  Rectification  of  Curves  of  double 
Curvature. 

243.  The  curve  surfaces  which  Geometers  first  con- 
sidered, were  those  of  revolution,  since  the  differentials  of 
their  areas  and  of  their  solid  contents  have  a  more  simple 
expression,  than  those  which  correspond  to  curve  surfaces 
in  general  * 

If  u  represent  the  solid  content  of  the  body  generated 
by  the  segment  -4 MP,  fig.  46,  of  any  curve  AZ  revolv-    ^'o. 
ing  round  the  axis  AB  taken  in  its  plane,  it  is  evident 

*  See  Note  (L.) 


40. 
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that  its  loluttie,  whkh  k  tttiAtnaced  by  tlie  circvkr  hme 
described  by  the  ordinate  PMj  u  a  functian  of  ihm  ib* 
8cis8a^P=x.  If  we  take  another  abscissa  ^P',  and  if 
we  draw  a  second  ordinate  M'P*  and  the  right  lines  MR 
and  SM",  parallel  to  PP\  we  shall  see  that  the  volume  u 
is  increased  by  the  whole  volume  generated  by  the  curvi- 
linear trapezium  PMMP^  whilst  it  revolves  round  PP^^ 
and  that  this  last  body,  which  is  comprized  between  the 
cylinders  generated  by  the  rectangles  MP  and  M'P^ 
differs  so  much  the  less  from  either  of  these  bodtea^  the 
nearer  the  points  M  and  id'  are  to  each  other,  so  that  the 
limit  of  the  ratios  of  these  three  bodies  co  each  other  ia 
united ;  we  may  therefore,  when  the  limits  alone  are  con- 
cerned, take  the  cylinder  described  by  the  rectangle  MP* 
for  the  body  generated  by  PMMP*.  The  base  of  this 
cylinder  being  the  circle  described  by  the  radius  PMziy^ 
its  volume  will  be  i^y*  X  PP'^  «■  representing  the  ratio  of 
the  circumference  of  a  circle  to  its  diameter;  and  we 
shall   find,   by   the   same   reasoning   as,  in  No.  76,  that 

_=wy%  whence  u-=:^fif^dx.     When  therefore  we  have 

the  equation  of  the  curve  JMZ,  we  may  substitute  fory 
its  value  in  terms  of  x,  and  by  integration  we  shall  obtain 
the  value  of  the  volume  of  any  segment  of  the  body  which 
is  generated  by  this  curve. 

d4*4.  To  find  the  differential  of  the  area  of  the  sur- 
face of  the  same  body,  it  is  necessary  to  observe  that  its 
increment,  or  the  area  described  by  the  arc  MOM''  which 
approximates  perpetually  to  the  chord  MM\^  will  itself 
approximate  to  the  area  of  the  curve  surface  of  the  trun- 
cated cone  which  is-  described  by  this  chord  ;  and  in  rea- 
soning of  limits,  we  may  assume  one  for  the  other.  But 
the  area  of  the  curve  surface  of  the  truncated  cone  d^ 
scribed  by  MM',  will  be  expressed  by 

^^MMiMP^MP), 
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awi  if  we  aomffte  it  ifnth  the  imtremwi  of  ^  sibmssa 
PP',  we  shall  get 

.»^(i»/^  +  M'P)5 
Of,  tMng  tlie  1hnk»,  JM^P*  becomes  identical  with  MP  or 
^,  and  MM  =  1/  i  +  ^^  (75) ;  consequently  the  differ- 

endal  coefficient  of  the  area  described  by  the  arc  JM  is 
equal  to  


and  therefore  £»y  v  d!r^+c/^*  is  the  differential  of  this  area. 

We  may  obtain  immediately  both  this  expres^on  and 
that  in  the  preceding  No.,  if  we  consider  the  curve  ^MZ 
as  a  poljrgon  ;  for  then  the  element  of  the  volume  is  die 
cylinder  generated  by  the  rectangle  MP,  Md  dui£  ^  iihe 
area  of  the  surface  is  the  area  of  the  truncated  cone  de- 
scribed by  the  chord  MM. 

245.  We  shall  not  dwell  long  on  the  application  of 
these  expressions,  which  in  themselves  present  but  little 

difficulty^    If  we  take  the  equation  to  the  ellipse  ^  ==r; 

^ax  -  X*),  we  shall  find  that  the  volume  of  the  body  '^faich 
it  generates  by  revolving   round  its  axis  majoc,  or  d^ 

tk^gated  eltiojoid*  is  equd  to ,    since  a  segment  of 

this  4ipdy  hat  fwks.eiipcession 


y^(€kix-ar")(Jx=Z^(^Kr«-y)    +  const. 


(243). 


When  /s=r(^  the  proposed  body  becomes  a  sphere,  and 
e  espressicm*  ic^  its  volume  becomes 
is  found  1)y  the  Element  of  Geometry. 


the  espressico*  ic^  its  vohime  becomes  ^^-t^,  the  Jame  that 


*  Prdaie  Sp'herord. 


47 
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If  the  abscissae  of  the  ellipse  commenced  at  tts  centre^ 

or  if  we  employed  the  equation  y*=:-j(fl'— x*),  we  should 

cr 

have  the  same  result,  observing  that  in  order  to  compre- 
hend the  entire  body,  it  would  be  necessary  to  take  the  in- 
tegral from  jr=tf  to  x=s  -a.  The  volume  of  the  segment 
would  then  become 

y^~{fl^^x')dx^^—  (3tf«x- J*)  +  const. 
a"  3a' 

and  we  should  also  have 


/' 


for  the  expression  for  the  area  of  its .  surface.  This  in- 
tegral is  easily  shewn  to  be.  dependent  on  the  area  of  a 
circular  segment  whose  abscissa  is  x  and  whose  radius  is 

•^  .1         ;  when  we  suppose  «ss3,  it  becomes 

/2wadx = 2vax  +  const, 
and  gives,  by  taking  it  from  xziza^  to  ar  =  -  a,  iiva*  for  the 
value  of  the  whole  surface'of  the  sphere. 

246.  We  now  proceed  to  consider  curve  surfaces  in 
general,  by  referring  them  to  three  planes  perpendicular 
to  each  other,  by  means  of  the  three  co-ordinates  AP^x^ 
Pic.    PArc=y,^Af+2,fig.47. 

The  segment  APGMMQ^  having  its  base  APAfQ 
upon  the  plane  of  the  x,  y,  and  which  is  terminated  by 
the  two  planes  PM'MGy  QM'MH,  respectively  parallel 
to  that  of  the  y,  z,  and  that  of  the  x,  z,  and  by  the  curve 
surface  proposed,  is  necessarily  a  function  of  the  two  in« 
dependent  variables  x  and  y ;  it  may*  be  extended  succes- 
sively in  the  direction  of  each,  or  vary  with  respect  to  them 
both  simultaneously.  In  fact,  if  we  suppose  y  to  remain 
constant,  and  x  to  be  changed  into  AP+Pp,  this  segment 
will  be  increased  by  the  segment  PGMMfmlmpg^  and  also 
by  the  segment  QJHiMM/ffnqh^  if  we  suppose^  alone  to 
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vary  by  the  quantity  Qg:  finally^  if  x  and  jf  become  si- 
multaneously AP+Pp,  AQ-^Qq,  the  same  segment  wiD 
then  be  terminated  by  the  planes  plfNg,  qN'Nh,  and  will 
difier  from  its  primitiTe  value  by  the  two  segments  already 
mentioned,  and  by  the  prism  M'm'N'n'nMmN^  which  is 
nothing  but  th6  increment  of  the  first  segment  when  we 
make  y  alone  to  rary,  and  that  of  the  second  when  in  this 
last  we  suppose  x  alone  to  vary.  « 

In  order  to  abridge,  we  shall  represent  by  Pm»  Qn^  and 
MNy  the  two  segments  and  the  prism  of  which  we  hare 
been  just  speaking  \  we  shall  also  represent  by  u  the  func-  < 
tion  of  s  and  y  which  expresses  the  rolume  of  the  segment 
APGMM'Q.     This  being  premised,  the  differential  coe£Sp- 

cient— -,  relatiTe  to  the  variable  x,  expressing  the  limit  of 
or 

the  ratio  of  the  increment  of  the  function  to  that  of  this 
variable,  wiU  be  equal  to  the  limit  of  the  ratio  of  the  seg- 
ment Ptn  to  the  increment  Pp  of  the  abscissa.  If  we 
afterwards  make^  or  AQ  alone  to  vary,  which  will  change 

Pm 
Pm  into  Pm  +  MN,  the  ratio  ^-  wiU  be  increased  by  the 

Pp 

M'N 
quantity  -^ — ;  and  the  ratio  of  this  last  with  the  incre- 

M 
ment  Q;  of  y,  will  have  evidentiy  for  a  limit  -^  or       ,   ; 

we  shall  know  therefore  this  difierential  coefficient,  if  we 
succeed  in  determining  in  a  function  of  the  variables  x  and 

y  the  limit  of  == »»•    Now  the  prism  M'N  approxi- 

mates  to  the  parallelopiped  formed  on  the  base  MwfNn 
and  the  ordinate  MM\  and  may  be  made  to  differ  from 
it  by  as  small  a  quantity  as  we  please  i  but,  if  we  take  one 
for  the  other,  since  we  are  now  reasoning  of  limits,  we 
may  substitute  Mnf  x  iUVxM'Jf,  for  the  prism  M'N  \ 
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ipd  since  M'nt=Pp\  M'n'^^O^iXia&xzxio  == — =:  is 

redaeed  to  M'Mtnt.    JtiOkmz  boat  thie  tkit  — JL«£s 

«ad  that  la  onler  to  obtain  the  value  of  the   f^gnitnt 
APGMM'Qi  it  i«  neoeesary^  by  ineans  of  Integiationj  tp 

remount  from  the  differential  coefficient  - — —  tothefunc- 
2A7.  Although  the  differential  coefficient  j— -  is  re- 
lative to  two  variables,  we  may  nevertheless  arrive  -at  its 
primitive  f unotson,  by  the  metliods  given  for  the  integsatioa 
of  functions  of  one  variable  only,  inasmuch  as  each  of  these 

M  coofiidevod  w  ooBstantM  its  turn.    la  £act|  ^^e^^s 

«-,-£,  we  shall  have  —r^  dy  =  zdy;  and  taking  the  in- 
dy  dy  "^  "" 

tegral  of  each  member,  considering  y  alone  as  variable, 
there  will  result  -7-  ^fzdyy  from  whence  we  shall  deduce 

Jtdx  «  4jc/zJy : 
ax 

fntegtating  again,  but  wUk  veferenoe  to  i*  ahme,  'vie  dnD 
«nd 

A  ^/dx/zdy. 

If  we  only  consider  this  investigation  in  a  light  purely 
analytical,  it  is  evident  diat  the  constant  which  it  will  be 
necessary  to  add  to  complete  the  first  integral,  may  involve 
X  in  any  manner  whatever :  and  thsit  which  we  annex  to  the 
second  integral,  ought  to  be  considered  as  any  function 
whatever  of  jr ;  and  tl»«  is  die  case,  because  evefy  function 
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o£  X  ovglbt  to  disappear  as  a  constant^  when  we  differentiate 
with  reference  to  y  only,  and  the  same  must  happen  to  erery 
function  of  y,  when  we  differentiate  solely  with  reference 
to  X, 

The  order  in  which  the  integrations  succeed  each  other 
is  indifferent  ( 1 22\  If  we  had  first  considered  x  as  wiable, 

a  —  ^ 

we  should  have  had  ^  =  -^  ;  and  from  this  we 

should  have  successively  deduced 

^  «/z  dx,  and  u^fdyftdii. 

This  result  and  the  preceding  may  be  written  as  fol- 

lows  $ 

u  =iffzdydx^  and  u  =ffzdxdy, 

making  the  two  differentials  to  succeed  the  last  sign/,  of 
integration,  which  is  allowable  if  we  keep  in  mmd  that 
each  sign  is  relative  to  one  of  the  variables  only. 

To  illustrate  and  confirm  the  principles  preceding,  let 

us  suppose  z  =  YT^ '  *^^  ^'"  ^^^"^^ 
The  first  succession  of  integrals  gives 

a  result  in  which  X'  represents  an  arbitrary  function  of  x, 
added  in  order  to  complete  the  integral ;  integrating  agam 
with  reference  to  x  j  and  making/X'  dx  =  X,  we  find 

»/^arc(tan  =  f)  +  X. 
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The   integral   / arc  Aan  s=  ^)  is  obtainable  in  series, 

substituting  in  the  place  of  arc  Aan  =  S\    its    develope- 

ment  ^  -  •'^-  +  -?--,  -  &c.  (176);  and  as  it  is  neces- 

saiy,  after  this  integration,  to  add  a  function  of  y,  which 
being  represented  by  IT,  we  shall  finally  get 

If  we  proceed  in  an  inverse  order,  taking  the  second 
succession  of  integrals,  we  shall  find 

/L^^Urc  rtan  =  f)  +  F', 

-/S-arc  (tan=f)  +  r, 
but  if  we  observe  diat 

arc  /tan  =  -  ^  =  -  —  arc  (tan  =  ^^ , 

we  shall  have  after  the  final  integration  and  the  addition  of 
an  arbitrary  function  of  x, 

and  as  we  may  comprehend  the  term  -\y  in  the  arbitrary 
function  Y,  this  result,  which  will  be  thus  changed  into 

will  be  identical  with  the  preceding,  as  we  may  easily  con- 
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vince  ourselves  by  substituting  for  the  arc  Aan  s  ij  the 

series  by  which  it  is  expressed. 

£48.  When  we  consider  f/z  dxdy  2a  expressing  the 
volume  of  z  body,  it  is  necessary  to  pay  attention  to  the 
limits  between  which  each  integral  ought  to  be  taken,  and 
which  depend  upon  the  nature  of  the  surfaces  by  which  the 
proposed  body  is  terminated  laterally. 

'  The  most  simple  case  is  that  in  which  the  body  is  con- 
nected by  four  planes,  parallel  two  and  two  respectively  to 
the  co-ordinate  planes  CAD,  BAD.  If  we  suppose  that 
the  first  two  correspond  to  the  abscissas  x^a^  and  x=a% 
and  the  second  to  the  absciss®  yss^,  and  y=i',  we  must 
take  the  integnlfzdx,  from  x=sa  to  xs^,  considering^ 
as  constant  i  and  if  we  call  the  result  P,  it  will  remain  to 
take  the  integral/P  d^^  homy^b  XOy^b'. 

When  the  proposed  body  is  terminated  laterally  by 
curve  surfaces,  the  extreme  values  of  one  of  these  variables 
are  connected  with  those  of  the  other,  as  we  shall  see  in 
the  following  example,  in  which  it  is  proposed  to  find  the 
volume  of  a  sphere  whose  center  is  in  A^  and  whose  radius 
is  equal  to  r. 

We  have  J^  +  y*  +  2*  =  r\  and  consequently 
Sftdxdy  ^ffdxdy  Vr^-x»-.y»; 
we  find  at  first,  supposing  y  constant  (161,  and  173.) 

fxdx^fdx  V^srrp:— a  ^  1  ^  ^r>-.x*-.y» 

In  this  case  the  extreme  value  of  x  is  represented  by 
QF,  the  ordinate  of  the  circle  BFEC,  which  limits  the 
intersections  of  the  sphere  with  the  plane  £AC ;  and  if  the 


voluipi€  which  it  Is  required  to  find,  b.e  terpiiiu^ted  by  the 
plane  CAD,  it  is  evident  that  the  integral  aboye-mentioned 
ought  to  be  taken  from  j:=Q  to  x=QF.  But  QF  is  4e-. 
pendent  on  AQ,  for  if  2=0,  we  find  x*+y*=r*  for  the 
^uation  of  the  circle  BFEC,  from  which  it  follows  that 

QFsisJ  r*  —  A^  \  and  consequently  fbr  any  given  value 
of ^,  the  extrei]!^  values  of  x  a^9  ^==0  and  x  =  Vr* -y*. 

The  result  obtained  above  reduces  itself  to  7  (r^-y*), 

ujice  the  arc  (sins I)  «=  ^i  and  the  integral  fdyfxdx 
becomes 

This  last  integral  ought  to  be  taken  between  the  greatest 
value  oiy,  which  ip  the  case  before  us  is  AC^zr,  and  die  * 
least,  which  we  will  assume  equ^  to  nothmgy  supposing 
the  body  boui^ded  on  this  side  by  the  plane :  the.  xoJiiune 
^etefore  of  the  segment;  AJ^JDy  which  is  the  eig^  p;ut 

of  t;he  sphere,  is  — - .    It  is  proper  to  remark  that  we  may 

obtain  immediately  the  volume  of  the  whole  hemispfaevs 
abore  the  plane  BAC,  by  taking,  the  first  injtegral  from 
a:  =  +  V^r*  -  yS  to  «  s  -  Vr^^y^  j  for  in^tjiis  c^e  the 
extreme  values  of  x  are  terminated  by  die  circumference  of 
the  circle  BFEC,  fvhose  radius  is  AC,  and  we  have  thus 

the  complete  value  of/z  dx  zz^{f^  ^  y*).  I^aking^  a^er- 
wards 


/dy/xdx^l(r^j,^^^. 


ficomyssr,  toyss  -r,  that  is  to  say,  (torn  the  estiemity  C 
of  the  diameteiof  thepirde  £F£C,  to  the  oAer  extraaiij 
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whick  fisdls  behind  the  plane  BAD^  we  obtain  — ^  >*an(l 

4  wr^ 

dottUiiig  thisy  we  hzreg  as    abote,  :.  fdr  the  whole 

sphere. 

*  949*  In  tonsideiing  difierentials  as  the  indefinitely 
small  increments  of  the  variables  or  of  the  functions  on 
^hich  they  depend,  it  is  etident  that  die  complete  value  of 
dtfft  ij  At  is  the  expression  for  the  segment  FHQg  A/ com- 
prised between  two  planes  parallel  to  the  plane  ABD  of 
the  X  and  z  \  \mtfzdx  being  the  area  of  the  seetibn  FHQ^ 
it  follows  that  die  indefinitely  small  segment  FHQ/jhfAzj 
be  considered  as  equal  to  FHU  X  Q  j,  that  is  to  say,  to 
the  area  of  the  curve  which  forms  the  base  of  the  segment^  - 
multiplied  by  the  thickness  Qg.  We  finally  observe  that 
fdffzdx  isfh^suihdf  all  die  torresponding  segments 
%rhidi  are  compiised  iii  die  il^hole  tbUime  of  the  body, 

250.  In  generali  if  it  tirai  necessary  to  determine  the 
portion  of  the  proposed  bocty,  terminated  laterally  by  the 
i^yUfldbital  figure  raised  perptodiculariy  to  the  plane  ABCf 
fig.  48,  upon  the  given  curve  E  N'  (i\  we  must  take  the  Fic. 
given  integral/a;  dx,  from  x=j1Pf  to  x=:Ap,  so  that  the  ^^' 
expression  dyfzdx  may  become  that  of  the  segment 
MM'lf'Nnfffftm.  The  IJttfes  AP  tchA  Api  respectively 
equal  to  QM\  and  QN',  will  be  given  in  a  -function  of 
jt(l=:y9  by  tl^  equsttion  of  the  curve  J?  JV'  C,  of  which 
diey  Mte  dbwr  abseissse  }  if  we  represent  them  by  F(j/)  and 
/(y)f  ^cf  otigbt  to  tAe/zdx,  hem  x^F{g)  to  x  =s/(y), 
^rfaich  will^  as  we  see^  introduce  new  funetions  of  ^  which 
z  tiroold  not  cotepreheddy  and  which  may  increase  or 
diodUfsh  the  difficulty  of  th^  second  inf egradon.  In  order 
f e  l^btaiil  in  tUw  fast  imegral  the  total  value  of  the  volume 
sought  for,  of  the  sum  of  the  segmmts  for  which  we  have 
abvaiy  foaad  a  general  expressidni  it  will  be  necessary  lo 
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take  fdyfzdx^  from  y=.AF  to  yssAH,  values  wbidi 
answer  to  the  limits  E'  and  G\  of  the  curve  -E'  N'G\in 
the  direction  of  the  y  (80). 

It  may  happen  that  the  contour' E'N' G\  instead  of 
being  a  continuous  curve,  may  be  an  assemblage  of  several 
portions  of  different  curves ;    the  application  of  the  prin- 
ciples given  above  to  this  case  is  too  easy  to  render -it  ne-  * 
cessary  to  detain  ourselves  with  it. 

S51.  .We  arrive  at  the  general  expression  for  the  dif« 
ferential  of  the  area  of  a  curve  surface;  by  supposing  this 
Fig.  surface  to  be  divided  into  zones,  such  as  EGge,  fig.  47^  by 
^^^  means  of,  planes  parallel  to  one  of  the  co-ordinate  planes, 
and  by  considering  each  of  these  zones  as  separated  into 
quadrangular  portions  MmNn,  by  planes  parallel  to  another 
co-ordinate  plane.  By  the  inspection  of  the  figure,  we  see  . 
that  the  area  DGMH  which  we  will  represent  by  / ,  is  in- 
creased by  the  quadrilateral  figure  GMmg,  when  «  is  in* 
creased  by  Pp^  which  is  also  increased  by  MmNn,  when^ 
is  afterwards  augmented  by  Qj.  By  a  process  of  reason- 
ingf  similar  to  that  in  No.  £4^  we  shall  see  that  the  limit 

MmNn 
of  the  ratio  -^ — ~»  is  equal  to  the  differential  coefficient 
FpxQs 

dxdy 

To  obtain  this  limit, .  we  at  first  observe  the  foar 
planes  » 

m'MmdN'n.n'MznAN'm,   . 

parallel  two  and  two  to  the  planes  of  the  x,  z,  and  the  y,  s, 

which  determine  the  quadrilateral  curve  surface  MmNn^ 

'  determine  likewise  upon  the  tangent  plane  at  the  point  M^ 

Fig.   ^S*  ^^f  ^  parallelogram  MXTTZ,  in  which  all  the  linet 

49.    drawn  from  the  point  M,  would  be  tangents  to  the  difierent 

sections  which  would  be  made  in  the  quadrilateral  curve 

surface  by  planes  passing  through  the  ordinate  MM',  and 

would  also  have  with  the  arcs  of  these  sections  a  ratio 
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constantly  appronmating  to  unity  (74);  we  may,  there^ 
f ore^  in  the  limit  which  is  required  to  be  found,  substitute 
instead  of  the  quadrilateral  curve  surface  MmNuy  the  pa- 
rallelogram fltXirZ,  which  is  equal  to  the  square  root  of 
the  sum  of  the  squares  of  its  projections  upon  the  three 
co-ordinate  planes  *  i  now  these  projections  being  form- 
ed by  lines  which  are  parallel  to  each  other^  are  necessarily 
parallelograms :  that  which  is  formed  upon  the  plane  of 
the  x,^,  is  the  rectangle  MnlNt{  which  is  expressed  by 
dxJy.  By  drawing  TT'  and  ZT  parallel  to  Mfi  and 
friN^  we  should  form  the  projection  MXTI'T'  upon  the 
plane  of  the  x^  Zf  equal  to  MlT'xM'm' ;  and  since 


shall  have 


Mxrr=:i-dxih. 


We  shall  find  in  a  similar  manner  that  the  projection  upon 
the  plane  of  the  y^  z,  is  ^  dxdjf :  we  shall  have  therefore 

making  <--  tsp,  and  -j-s^g;  and  hence  there  results 
^  dx     ^*        dy     ^^ 

MXYZ      d's    .- 5 — 5- 

Pp  X  Qq    ^<y       ^    * 

This  shews  that  the  area  of  the  surface  is  determined, 
as  well  as  the  volume^  by  a  differential  coefficient  of  the 
second  order,  and  that  we  obtain  both  the  one  and  the 
other  by  the  same  mode  of  integration ;   so  that  dyfdx 


*  This  proposition  is  demonstrated  in  No,  61.  of  my  Com* 
pigment  des  El^mens  de  G^ometre.* 

•  See  Note  (M.) 
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VT+pTy*  represents  the  area  of  dio«ohe  FHhff  fig.  47^ 
and  diat  we  hare 

252.  The  application  of  Analysis  to  Mechanical  ques- 
tions often  conducts  us  to  integrals  of  t)ie  ioxmff/F'dxdydx^ 
which  we  call  triple  integrals,  from  their  analogy  to  those 
of  the  form  ffVdxdy,  designated  hy  the  name  of  douhU 
integrals.  In  the  first,  the  function  ^may  involve  three  vari- 
ablesAp^^yi  z ,  each  being  considered  as  independent  of  the  other 
two,  so  that  each  sign  of  integration  may  apply  to  one  of  the 
variables  only.  It  is  easily  seen,  that  these  integrals  arise  (rom 
the  determination  of  a  function  »,  inv6lving  three  variables 
ff  999^9  ^nd  of  which  we  only  know  the  differential  co- 
efficient—;— : — r-,  given  by  the  equation  — -- — --  «  Vi 
dxaydz  '  ^  ^  ^  dxdydz 

for  we  deduce  from  this,  by  operating  in  the  same  manner 
as  in  No«  fl4?7, 1st,  by  considering  x  and  y  as  constant, 

dxdydx  dxdy  dxdy        ^ 

T"  being  an  arbitrary  function  of  x  and  y  \    2d,  by  as- 
suming X  and  z  as  constant,  we  get 

^"  dy^d!^^zzdyfrd%^rdy,^^^fdyfrdx  +  T^S', 


dxdy   ^       dx    ^"^  ^  dx 

T  representing  an  arbitrary  function  of  x  and  y^  resulting 
iromJT'dy,  and  S  an  arbitrary  function  of  x  and  z. 
3diy,  by  considering  y  and  z  as  constant, 

^dx^du^dxfdyfrdz+rdx^9dxf 

^fdxfdyfVdt.  +  r+  S  +  U, 
Tand  5"  representing  the  arbitrary  functions  ^^vef^dff  f^- 
sulting  {tom/T'dx  zaAfS^dx^  and  ^  being  an  arbi- 
trary function  of  y  and  z :  the  complete  integral  therefore 
includes  three  arbitrary  functions  $  namely,  one  of  x  and js 
one  of  X  and  z,  and  one  of  j^  and  z.    By  representing  the* 


cUl^emiaJA  v^fO^  Afi  hM  sigt)  of  inlegratiom/^z/i/y/rjjt 
Imovam ff/Fdof  d^da^  wd.  ba^j  under  tUs  lasl  fotiBi  thr 
same  $ignjy$<^tiion  as  uoder  the  precedii^. 

Thia  example  is  suffieient  to  she^  iir  what  maaner  wo 
may  rerert  from  the  diflh^ential  coefficient  of  any  order  of  » 
ftinction  of  several  rariables,  to  the  functioii  itself.  The 
aibkrary  functions  introduced  here  only  refer»  as  ia 
No.  247,  to  those  cases  in  which  the  integrafe  are  taken 
hetweeoLthe  Em^s  wuhin  whi^h  the  rariables  x^y,  Zf  are 
iadqpeodent  of  each  oither  i  but  it  most  frequently  happens 
tha^  tl^  integral  relative  to  m  ought  to  be  taken  from  z^F 
(^x,  y)  to  z=if(x,ff\  F  and /being  given  functions^  the  in- 
tegral relative  to  y,  from  y^F%ix)to  y  =:/j(u)j^  and 
lastly  the  integral  relative  to  x,  from  x^a  to  xsa . 


On  (he  Integration  of  Differential  Equations  of 
two  Variables. 

On  the  StporOkn  ^  tk^  VoriabUi^  in  DjfsreniiaJ  EjuaAni,^ 
th  jkst  Ord&. 

25S.  In  all  t^at  we  have  hitherto  said  on  the  subject 
of  the  Integval  Calculus  we  have  suppose  that  the  difieven- 
tial  coefficients  were  expressed  directly  by  means  of  the 
variable  on  which  their  primitive  function  depended  \  bul 
ooost  Qommon}y  wq  have  merely  a  diflerential  equation  in 
vhiqh  thes^  different  quantities  are.  involved.  For  the  first 
Qrderj  the  differential  equation  when  it  is  of  the  first  de^ 
gree  with  respect  to  dx  and  dy^  has  necessarily  the  form 
Mdx-^Ndy=:0,  and  it  expresses,  as  we  have  shewn  in 
No.  81j  the  relation  which  subsists  between  the  variable  jr» 

;the  function  y,  and  its  differential  coefficient  --p  • 

dx 

The  method,  which  first  presented  itself  to  Ana- 
lysts, of  discovering  the  primitive  equation  from  which 
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this  derives  Its  origin^  was  that  of  endeayouring  to  separate 
die  variablesj  that  is  to  say,  of  reducing  the  equation 
Mdx  +  Ndy  as  0  to  the  form  Xdx  4-  YdytsO,  Xbeing 
a  function  of  x  alone,  and  jT  a  function  of  y.  In  fact, 
when  we  have  arrived  at  this  equation,  the  terms  Xdx 
and  ydy  are  integrated  by  the  methods  taught  in  the  pre- 
ceeding  pages;  and  we  hzvefXdx  ^rJTdyzzC^  where  C 
is  an  arbitrary  constant. 

254.    In  order  to  give  an  example  of  those  cases  in 

.  which  the  differential  equation  presents  itself  immediately 

under  the  above  form,  let  us  take  x"*  dx  +y"  rf^  ■=:  0 ;  we 

immediately  find -V- — r  =C. 

If  the  proposed  equation  was^Jx— x  Jy=:0,  the  separa- 
tion would  be  very  easily  effected  ;  for,  dividing  by  ly,  we 

should, find  — ^ssO;  taking  separately  the  integral  of 

each  term  of  this  last  equation,  we  should  hare  Lr-  lyssC, 

or  1  -=  C :  since  we  may  consider  the  arbitrary  constant  as 

a  logant)un,wemay  therefore  assume  l-^=lr.  Passing  from 

logarithms  to  numbers,  there  would  result  -s=r,orxsr^. 

After  this  example,  we  readily  observe  that  the  separa- 
tion of  the  variables  will  be  effected  in  the  same  manner 
in  the  equations  Ydx^Xdy^^^  Xr^dx-  YX^dy^O\  for 
the  first  gives 


and  the  second 


X   T^-' 


Xdx     Ydy    ^ 

-XT -IT'''- 
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In  general,  when  we  determine  the  value  of  ^i-  in  the  pro- 
posed equation,    and  find  ^  =  X  r,  we  easily  deduce 

ax 

and  consequently 

'255,  There  still  remains  a  very  general  class  of  dlf- 
ferential  equations,  in  which  we  may  easily  separate  the 
variables,  including  all  those  in  which  M  and  N  are  homo* 
geneous  functions  of  x  and  y*  The  principle  upon  which 
this  separation  depends  is  this,  that  if  in  an  algebraical funC'- 
tion  of  the  quantities  x,  y,  z,  v)here  the  sum  of  the  expo^ 
nenis  of  each  of  these  letters  is  the  same  in  all  the  terms,  and 
equal  to  m,  ^e  substitute  Vx  for  y,  Qx  for  z,  fa*r.  the  result 
noill  be  diwsible  by  x*".  In  fact,  any  term  of  this  function 
which  is  of  the  form  Jir^jt*,  &c.  will  become  by  the  sub- 
stitution above-i^entioned   AP^Q^ x"  +  '  +  '  +  *^,    but 

by  the  hypothesis  we  have  in  every  term  «+/?  +  q  +  8lc. 
...  ssAf,  and  therefore  x^  will  be  a  common  factor.  It  fol- 
lows from  hence  that  if  the  proposed  function  was  equal  to 
zero,  or  eveii'if  it  was  a  fraction  having  for  its  numerator 
and  denominator  two  homogeneous  polynomist  functions 
of  the  same  degreej  the  quantity  x  would  disappear  entirely 
from  the  result* 

From  what  has  preceded,  it  appears  that  it  is  sufficient 
to  make  y=:xz,  in  order  to  separate  the  variables  in  the 
homogeneous  equation  Mdx-hNdjf:=zO;  in  fact,  the  funci 
tions  M  and  N  take  the  form  Zx^^  ZtX^f  Z  and  Z^ 
being  functions  of  the  new  variable  z  only,  and  since 
dyszzdx+xdz,  there  arises,  by  dividing  by  a"",  Zdx-^-Z^ 

8S 
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(xdz+zdi)sO,  a  result  which  we   may  put  under  thft 

form 

dx         Z^dz 

'^      Z  +  zZ^        ' 

from  which  we  get 

J    X       J    ZArzZ^ 

We  shall  fint  apply  this  transformation  to  die  equation 
xdx^ydn^nsdx^ 
which  becomes 

by  transposing  all  the  terms  to  one  side,  we  shall  get 

Z  =  l«if«,  Z,=;r,and/^-+/l-i£i_.  =  C,  or 

b+ /•--i^l— =  C.    The  integral  /'—lli—Y 

may  be  simplified  by  observing  that 

zJg         ^1  %zdz  —  ffrfg  ,  1     if</g       , 
1  -  Its  +  a;*'"£  1  -«z  +  z*     5l-ifz+z** 

forit  then  becomes 

1  r  +  ll(l  -  I.;:  +  2*)  +i  /V-2i£ .  -  C. 

The  integral^  which  it  yet  remains  to  find,  wilt  depend 
on  logarithms  if  ?  >.  1  ^  on  arcs  of  circles  if  3  -<  1 »  and 

will  be  algebraical  if  ?=:1.    WeshaU        state  the  result 

*  only 

which  belongsto  this  last  case :  / — ^^-^^-^  then  becomes 
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and  we  therefore  hzre  Ix  +  1(1— z)  +  ^     ■    sa  C,  or 

1  ^  z 

I  (*  -  Jf)  +  ■  ^  ■  =  C,  if  wereplace  «  by  its  value  ^ . 

The  term  ■  ^  ■  may  be  changed  into  a  logarithm,  bj 

simply  obsenring,  from  the  definition  of  Naperian  loga* 
rithmSj  that  any  quantity  u  is  the  logarithm  of  the  number 
^;  we  may  consequently  write  the  preceding  equation 
under  the  form 

-^ 

U^f"— y)+i*'~»«k, 

from  which  we  successively  deduce 

1.  (« — yV^ = ^f  ^^^  (*  ""^)  ^"^ =^' 

It  is  proper  to  pay  attention  to  this  method  of  passing 
from  logarithms  to  numbers^  since  it  is  very  frequently 
used. 

Let  it  be  proposed  to  integrate  the  equation 
xitf-f/dx  sz  dx^ x^ ^y^. 
3y  making  ^sxzy  transpositig  all  the  terms  to  one  ttde  of  • 
die  equation,  and  dividing  by  '»  we  shall  find 

ixV  1  +  z^^xiz  asO, 
which  will  give 

dz  d%  ^ 

—  -—7=5==  «:0. 

We  shall  also  obtain,  by  die  sqMirate  integration  of  each 
term, 

!*-!(»  + vTT?)  =  U,  or  j^j:;j^-—»  *» 
md  replacing  z  by  its  value  ^  there  will  result 

-»-— 7====  ae^,  or  *•  y  +  Vl?Tp=^, 
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by  multiplying  the  numerator  and  denominator  of  the 
fraction  by  y—  V^a^+p^  and  by  exterminating  the  radical^ 
we  shall  finally  get  x*  =  r'  +  2  cy. 

(2&e.)    The  equation 

may  be  easily  made  homogeneous.  Substituting  /+«t  in 
the  place  of  i,  and  a  +/?  in  that  of  ^,  we  shall  have  dx'zzdt, 
dy  :=:dui  and 

ia  +  m»+nB  +  fnt+  ffu) dt  +  (*+/?»  +  yj5+/?^+  qu)  d»  =  0; 
we  may  make  the  constant  terms  disappear,  by  assuming 
a-\-ma  +  «^=0,  b+p  a+q 0=0,  from  which  equations  we 
may  determine  the  quantities  «  and  0 ;  apd  there  then  re- 
mains the  difiPerential  equation 

(mt  +  nu)dt  +  (pt  +  qu)  dussO, 
which  is  homogeneous  with  respect  to  the  new  Tariables 
/  and  u. 

The  preceding  transformation  is  the  same  as  that  which 
we  make  use  of,  in  order  to  change  the  origin  of  the  co- 
ordinates upon  a  plane  (Trig.  1 16.) ;  it  gives  no  result  vAitn 
tnq  -  npssO,  z  case  in  whith  m  and  0  become  mfinite  ; 

but  then  w^  have  ^  =  -£  ^  and  consequently 
tn 

pX'\-qy=*£(mx-^  ny)i 
tn 

the  proposed  equation  being  changed  into 

adx  -{^  bdy  -k-  (mx  +  ny)  (dx  +   £  dy)  =  0, 

^  tn       ^ 

it  is  sufficient  to  make  mx  -^^  ny  zr.z/\xi  order  to  separate 
the  variables. 

Substituting  this  value,  as  well  as  that  of  dy^  which 
results  from  it^  and  disengaging  dx^  we  find 
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dx+  (hm^pzM^  ^Q. 

am/I  — ^*  +  («iff  -^pnr^x 

tlie  integral  of  this  equation  will  involve  logarithms  except 
in  the  case  where  mn—pmssO,  when  It  will  be 

TBe  transformation  employed  io  this  last  case  has^ 
changed  the  equation  into  another  which  contains  bjit  one. 
of  the  variables  \  and  it  is  readily  seen  that  whatever  be  the 
equation  which  we  have  thus  treated,  we  shall  be  able 
to  give  it  the  form  dx  +  Zdz  zzOj  Z  being  a  function  of 
2  only,, and  that  we  may  thence  deduce  x-^/Zdz^C, 

257.  The  separation  of  the  variables  may  be  effected 
in  a  very  simpto  manner  in  the  equation  dy-^-Pjfdx^Qdx^ 
where  P  and  Q  denote  any  functions  whatever  of  x.  Sub- 
stituting Xz  and  zdX+Xdz  in  the  place  of  ^  and.rf^,  it 
becomes 

zdX  ^Xdz  +  PXzdxziQdx. 
The  quantity  X  being  considered  as  an  indeterminate  func«- 
tion  of  X,  we  are  at  liberty  to  assume  it  in  such  a  manner 
that  the  preceding  equation  may  be  divided  into  two  others . 
in  which  the  variables  may  be  separated.  Now  it  is  easily 
seen  that  this  condition  will  be  satisfied,  if  we  make 
Xife  +  PAz^irO,  which  gives  also  zdXzzQdx,  If  wedivide 
the  first  of  these  equations  by  X,  it  becomes  d  z+Pzdx=iO\ 

dz 
fifom  which  we  deduce  — ^  +  Pdx  =:  0,  Iz  -^fPdx  «  0, 
z 

and  passing  from  logarithms  to  numbers  z  =  e'^f^** :  we 
neglect  here  the  arbitrary  constant,  as  it  will  be  suf- 
ficient to  add  it  at  the  end  of  the  operation.  Afterwards 
deducing  the  value  of  JX  from  the  second  equation,  and 
substituting  in  it  the  value  of ;;  which  we  have  first  founds 
we  shall  hare 
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and  consequently 

The  equation  4/ 4- P^' 'a (2<f'^  ^  remarkabky  from 
the  circumstance  of  the  Tariable  y  and  its  difierendal  not 
exceeding  the  first  degree }  and  we  call  it  from  thence^  a 
linear  equation  of  the  first  order,  though  it  would  be  more 
properly  termed  an  efuation  rf  the  first  depte  atid  rf  the  first 
order  ^^ 

^S^.  The  first  Analysts  who  wrote  on  the  subject  of 
the  Integral  Calculusj  classed  differential  equations  by  the 
number  of  their  terms.  In  those  equations  which  haTe 
but  two  terms,  and  whose  form  is  consequently  fi^t^dz  ss 
mi^z^dy,  the  Tariables  are  separated  immediately,  since  we 
thence  deduce  fiT^dz^mit^du ;  but  this  is  not  the  case 
with  equations  of  three  terms,  which  are  comprised  in  the 
formula 

ft^Tfdz  +  pu'j^du  =  mitifdu. 

We  may  give  it  a  more  simple  form,  by  diyiding  aU 
^  terms  by  Tc^^-^i  it  will  become 

:f-U%^^tr-*7Mdu^t^^du\ 

then  supposing 

we  shall  ha?e 

;r»-/^*=y,         tT^^  ^  x, 

*  The  term  limear  is  yery  improper :  it  has  relation  to  Geometry, 
and  in  applying  ir to  equations^  jire  have  had  in  view  the  straight 
line,  in  the  equation  for  which  the  ordinate  and  the  absciaa 
do  not  exceed  the  first  degree:  we  cannot  however,  properly 
regard  as  linear  J  equations  of  the  form  dy'^-Vydx^sUdx^y^lkv^ 
most  commonly  belong  to  transcendental  curves. 
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and 

by  making  for  greater  brevity 

*-/     _„  e-g 

there  will  result  the  equation 

(959.)  The  most  simple  qm,  after  that  in  ^riiich  the 
equation  irith  respect  to  y  is  of  the  first  degree,  is  that 
which  ^es  from  making  n =2.  We  then  get  the  equation 
iy  '^h^dxzs.aardxy  first  considered  by  Rlccati^  an 
Italian  Geometerj  whose  name  it  bears. 

The  variables  are  separated  immediately  in  this  equa- 
tion, when  iw=0  j  it  becomes  dy  +  hy^dx  ss  adx^  and 
gives 

jj^  ^y  -.  _!.  r    iy       .       iy      n 

We  find,  by  integrating. 

In  order  to  discover  the  means  of  making  this  equation 
liomogenotts,  we  make  y  ss  2* ;  it  is  then  changed  into 

iz^^dz  +  bz^dx  =^axrdx, 

and  will  assume  the  form  required,  ifi— 1  ss2i=:i»,  ^ 
which  gives  X:  s  -  1^  and  also  supposes  ms  -£ ;  there 
thence  arises 

dz  ,   id^       adx 

Z*  Z«  J* 
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260.  We  shall  not  detain  ourselves  with  the  integra** 
tion  of  this  last  equation ;  but  we  shall  proceed  to  a  trans- 
formation of  greater  generality,  namely,  that  which  results 
from  making  y = Ax^  -k-sfiz.    We  find  upon  this  hypothesis 

and  consequently 

afdz  +  (qx9-^^2tAx^'^9^B3^z)zdx 

+  (pAiif''^'¥kA^x'f)dx-ai(rdx. 

This  equation  twill  reduce  itself  to  three  terms,  if  we  have 
p  -^  l^^p,  pA  -^  *^if*=:0,  q  —  1  =s/?  +  y,  q+  2Ms=0. 

The  first  and  the  third  agree -in  giving  psz  —  1^  we  deduce 
from  the  second  and  the  fourth  ^=-t ,  ?  =  --  %  values 

wUch  lead  us  to  that  of  v=s  7-  +  —  , 

*''     bx       X* 

x'^^dz  +  bx^^z^dx  szaxTdx, 
ordz  +  *z*-^=:flx-  +  »i?x. 

By  this  means  the  proposed  equation  will  be  reduced  to 
homogeneity,  if  m  s  --  2 ;  and  it  likewise  shews  that  we  shall 
be  able  to  separate  the  variables  of  m=:  —  4>9  since  we  shall 
have  in  this  case 

Jz+(*z»-«)4^  =  0,  or-i£_ +5[f  =  0. 
X*  bz   —  a        jr 

If  in  theequation  dz +iz*-^astfi*  +  *rfx,  wemake 
z  =  --  ,  there  will  result 
-'dj/i^i^^zzay^xr^'^dx,  orc/y +  ^«x-t»dSr  =  *^; 
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afterwards  making  jf  +  *  rfx:=  ■  ■      ■ ,  we  shall  find 

*»  +  »=/,«/«  =  — ^a<"=+»rfj', 

then^  making  for  greater  brevity 

=  b\     — ^  s  ^1  and =  fw  • 

«  +  8  m  +  3  iw  +  3 

we  shall  get  the  equation 

which  is  similar  to  the  proposed  equation,  and  therefore 
susceptible  of  the  same  transformations :  the  separatidn  of 
the*  variables  will  be  consequently  possible,  after  the  sub* 

atitution  ofy  =.7r-,  +    -j^f  if  ^'  =  -  4.- 

If  this  condition  was  not  satisfied,  Mre  might  still 
make  in  the  transformed  equation 

m  +  3  '  »/+  S  •        m'  +  3 

the  similarity  of  these  expressions  with  those  preceding, 
leads  us  necessarily  to  the  equation 

dj/'  +  b"ir^dfi'  =  d'j!^'dx\ 

which  is  still  similar  to  the  proposed  equation,  arid  sus- 
ceptible of  the  separation  of  its  variables  if  «"«  —4. 

By  pursuing  this  process^  we  should  arrive  at  an  equa^ 
tion  where  the  variables  may  be  separated,  if  in  this  series 
of  expressions 

TT 
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ntm  IW  2S  —  ,   Iff   ^  —  "     • 


we  should  find  one  equd  to  —  4.  By  supposing  sacces* 
sively  that  this  was  the  case  with  m^  niy  ni\  m%  &c.  we 
get  for  the  value  of  i«,  the  numbers  —  4,  --J-,  —  ",  -  ^, 
&c.  which  are  comprehended  in  tjbe  formula 

4f 

f  being  any  whole  positive  number. 

These  cases  however  do  not  include  all  those  which 

can  be  derived  from  die  preceding  transformations.    To 

'    find  a  new  series  of  theoi^  it  is  suffidenc  to  begin  with 

making  ^  =  -/  >  in  the  proposed  equation^  which  will  give 
and  putting 

"^^  -'» ^TTi  =*'  ;Mri  =-»  -  ir+T  =""' 

there  will  result 

This  new  equation  being  similar  to  the  one  proposed 
is  also  susceptible  of  the  same  operations,  that  is  to  say, 
if  in  it  we  make 

and  pursue  the  same  process  as  in  the  preceding  page,  we 
shall  arrive  at  a  transformed  equation  in  which  the  vari- 
ables are  separable,  if  the  nuinber  ni  be  any  one  of  those 

4f 

which  arc  comprehended  in  the  formula  —  — : — -  t  ^^^ 
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conaequeatly,  if  we  had 

We  deduce  from  this 

and  giving  to  i  the  values  1»  2,  3,  6cc.  there  results  the 
series  of  numbers 

It  foUowSj  therefore,  from  what  precedes,  that  the  varia- 
bles in  Riccati's  equation  may  be  separated,  when  the  expo- 
nent m=z  —  2,  and  also  when  it  is  any  one  of  the  numbers 

comprehended  in  the  formula  — : —  . 

We  might  multiply  examples  still  more ;  but  all  tliese 
particular  equations^  which  are  most  commonly  of  a  very 
singular  form,  and  which  hardly  ever  occur  in  the  appli* 
cation  of  analysis  to  physical  questions,  present  little  that 
IS  interesting ;  we  shall  proceed  therefore  to  explain  ano* 
ther  method,  discovered  by  Euler. 


Investigation  of  a  Factor  necessary  to  render  inte^ 
grahle  a  Differential  Equation  of  the  Jirst 
Order. 

261.  It  is  necessary  to  keep  in  mind,  that  a  different 
tial  equation  is  not  always  the  immediate  result  of  the 
difierentiation  of  a  function  of  two  variables ;  but  that  it 
most  commonly  arises  from  the  elimination  of  an  arbi- 
trary constant,  between  the  primitive  equation  from  which 
it  derives  its  origin,  and  the  immediate  differential  of  this 
equation  (4d> 
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The  elimination  is  effected  immediately,  when  the  pri- 
mitive equation  is  under  the  form  uszc^  u  representing  any 
function  whatever  of  x  and  y\  for  by  differentiating  we 
have  du^O.  If  the  function  J <i  has  no  factor  by  which 
it  can  be  divided,  it  will  always  presenre  the  form  of  a 
complete  differential  of  two  variables,  and  the  equation 

,    "     =   ."  ^    (122)  furnishes  the  means  of  discovering 
dxdy       dydx  ^ 

this  form ;  for  when  we  have 

du^Mdpc+Ndy, 

there  results  from  it 

—  — JIf   4jf  — y     ^"^^     _dM  _^  d  N 
dx  "     '  rfy  ""    *  dxdy   ""  Ty   ""  dx  \ 
and  consequently 

dJl^dJN 
dy         dx' 

It  is  necessary  therefore  that  every  function  Mdx+Ndy, 
which  is  a  complete  differential,  should  satisfy  this  equa* 
tion ;   and  when  this  condition  is  fulfilled,  it  will  be  easy 

to  ascend  to  its  integral,  since  then  we  shall  have  M=  —  , 

dx 

N  =  — ,  which  give  us  the  values  of  the  partial  dif- 
ferentials. 

If  we  take  the  value  of  the  partial  differential,  relative 

to  X,  for  example,  there  will  result  ~  dx  zz  Mdx,  and 

dx 

consequently  «=/ if  dx  +  ri  We  add  in  this  case,  as 
in  that  in  No.  247,  an  arbitrary  function  of  y,  since  the  in- 
tegration has  only  taken  place  with  respect  to  one  of  the 
variables ;  but  here  this  function  may  be  determined,  since 

the  function  of  u  must  satisfy  the  equatbn  N=  j^. 
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TTie  equation  u  =/M  dx-^-Y  gives 

du^  ^dfUdx      dj ^^ 
dy  dy  dy  ^ 

representing  /Mdxhjv,  we  have 

du  _  dv    .    dV  ^  ^ 
dy  "  dy        7y  ■"     * 

from  whence  we  deduce 

dY      T^     dv 
dy  dy 

and  by  integrating^ 

we  shall  find  therefore 

which  is  the  integral  of  the  function  proposed. 

This  result  shews  that  the  function  JV— --^  ought  to 

involve  the  variable  y  only,  otherwise  it  would  not  be  true> 
as  we  have  supposed,  that  Mdx  and  tidy  were  the  pan* 
tial  differentials  of  the  same  function  u ;  and  by  developing 
this  function  we  are  conducted  to  the  equation  of  condition 

-; —  =:   -r— .  which  was  before  found  by  consideratioDS 
dy  dx 

of  an  inverse  nature. 

It  is  evident^  that  iA  order  to  obtain  -=-  =  -»^--j % 

dy  dy 

we  must  substitute  y-^dy,  fory,  in  the  function/Jlf  </jf, 
which  will  then  become 

J'(M+^dy+&C.)dx=:/Mdx^ 
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mce  the  fane  f  is  relatiTe  to  the  variable jr  only;  we  shall 
have  therefore 

substituting  this  value  of  ~^  in  1^=/    (^  -  — )  djf^ 
there  will  result 

By  taking  the  differentials^  at  first  with  respect  to  !f^  we 
shall  find 

dy  J     dy 

and  afterwards  difierendating  with  reference  to  x,  we  shall 
finally  get 

dx         ay  "" 

•  TheeqaationSL^^li  ^f^^ds,    includes    the 

theoran  given  by  Leiboitz,  for  the  purpose  of  differentiating 

under  the  sign  /.    He  caUs  this  process  d^treniiAiio  de  citrpii 

in  curvamg  because  in  the  question  which  he  proposed  to  solve* 

he  passed  from  one  curve  to  another  of  the  same  kind,  by 

making  the  constant  to  vary* 

The  theorem  of  Leibnitz  may   be  deduced  immediately 

-.  .  ,.        d^u  d*u  .^  , 

from  the    equation  t — -—  =  •5—-! — ,    since  if  we  make 

u  zsifMdx,  we  shall  have 

rf»_  dHi      _  dM 

dx"^*  dxdy  ""   dy  ' 
and  by  integrating  with  respect  to  x,  we  shall  find 

dxdy  ^    dydx  dy      J    dy 
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262.    The  function  S^^LZl^  being  written  thus : 

gives  successively 

Jtf=  -J^.  JV=-  -A-i 

dM  _    J*-3>'    _  dN 
If  "  (x*+y*)»        dx 

=  arc  Aan  =  ?^  V 

whence  »  =  arc  ^tan  =  f  ^  +  F. 

Differentiating  and  considering  the  whole  as  variable, 
we  shall  find 

comparing  diis  with  the  proposed  function,  we  shall  have 

d  FeO,  whence  Fs  const, 
and  consequently 


♦  We  have  particularly  selected  this  function  for  integra- 
tlon,  because  it  serves  as  the  basis  of  a  very  elegant  demonslra- 
tioA  of  the  principle  of  the  composition  of  forces,  which  is 
given  by  Laplace  in  his  Micanique  CiUttc, 
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Agsun^  let  us  take  the  equation 

X  a?  x^  x^  2y        * 

By  comparing  it  with  the  formula  Mdx  +  Ndy  =0, 
we  have 

and  we  find 

dM  _  2y  4-  V^x^+y^  ^  y" 

dy  x^  x^  Vx^  +  ^*  * 


d2V_  g^+gV^j^+y*  _ 


these  values  being  equated  and  reduced^  give 

dy    ""  i/x        X*        :rs  Vx*  +  y«  * 

and  consequently  the  proposed  equation  may  be  integrated 
immediately.  We  first  obtain 


therefore  /Mdx  =1^-^- ^-^P^ 


+  iilzlLL!2I2. 
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We  afterwards  find 

and  finally  JT  =  ^  ly,  firom  whence  there  result! 

The  fonn  of  this  example  was  too  complicated,  to  make 
it  possible  to  recognize,  by  inspection  alon^,  whether  it  was 
a  complete  differential  or  not ;  and  in  all  similar  cases  it 
will  be  necessary  to  commence  by  ascertaining  whether 
the  proposed  equation  satisfies  the  condition  of.  inte- 
grability. 

26S.  When  the  primitive  equation  is  not  of  the  form 
IV sr,  or  when  the  difFerential</iy=:0  includes  factors  which 
afterwards  disappear,  the  resulting  differential  equation  of 
ihe  first  order  no  longer  admits  of  immediate  integration.  If 
we  had,  for  example,  i/=y  —  rx=0,  we  should  find 
du^  rfy—  cdx  =5  0,  and  eliminating r,  there  would  result 
xdy  --  ydx  ^  0,  an  equation  which  does  not  satisfy  the 
condition  of  integrability,  since  it  gives 

^  ^  dM  ,   dN      , 

dsf  dff 

But  if  we  disengage  the  constant  o  we  shall  hare  et^^ ^ 
and  by  differentiating,  ^-  ^  ~J  fgO }  under  this  form 

a?*  X        ay  x*       ax 

we  see  therefore,  that  the'  integrability  of  the  equation 
xdjf^ydx  ss  0  depends  on  the  restitution  of  the  factor 
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—  f  which  has  disappeared  aftet'  the  differentiation  and  die 

elimination  of  the  arbitrary  constant. 

In  general,  erery  differential  equation,  in  which  Jx 
and  dy  do  not  exceed  the  first  degree,  must  have  resulted 
from  the  elimination  of  the  constant^!  ill  an  equation  of  the 
form  P+cQzzO,  P  and  <2  representing  any  functions 
whatever  of  x  and  y.  We  find  by  this  elimination 
QdP  —  PdQ  s  Oj  whilst  by  differentiating  the  equa* 

tion   -^  ^  —  f ,  we  should  have  obtained  ^ — —r — 5&«0: 

the  first  method  of  proceeding  causes  the  factor  —  to  dis* 

appear }  and  with  it  all  the  factors  may  disappear  likewise 
which  are  common  to  the  two  quantities  Q^^and  PdQ, 
It  follows  from  what  we  have  just  observed,  that  when 
the  equation 

Mdx  +  Ndy  =  0 

does  not  satisfy  the  condition  of  integrability,  it  is  b^ause 
difFerentlation  and  subsequent  elimination  of  the  arbitnoy 
constant  contained  in  the  primitive  equation,  have  caused 
a  factor  to  disappear,  which  if  it  were  known  and  restored, 
would  render  the  first  member  of  the  proposed  equation  a 
complete  differential  of  two  variables.  Let  z  be  this  factor  ; 
we  shall  consequently  have  z  Mdx  +  z  Ndy  ss  dup  u 
being  the  primitive  function  of  x  and  y ;  and  therefore 

d.zM      d.zN 
dy  dpg 

By  developing  thb  last  equation,  we  shall  find 
df  dy  dm  dx 
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or        Mt'~Np +  (i^-il\z  =  0...(Jh 

If  we  ^ere  able,  in  general,  to  deduce  from  this  equa- 
tion a  value  of  z,  the  integration  of  anjr  differential  equations 
whatever  of  the  first  order,  would  be  effected  by  die  process 
in  No  ^6 1 ;  but  the  equation  {A)  in  almost  all  cases  j>resent 
greater  difficulties  than  the  one  proposed,  since  the  function 
z  which  it  involves  depends  on  two  variables,  and  has  two 
differential  coefficients,  and  is  consequently  of  the  same 
species  with  those  whose  formation  has  been  indicated  in 
No.  261.  We  cannot  in  this  place  undertsJ^e  its  resolution^ 
which,  as  we^  shall  see  hereafter,  brings  us  to  the  point 
from  which  we  started;  but  we  shall  proceed  to  make 
known  some  of  the  properties  of  the  factor  z, 

264.  It  is  always  easy  to  find  the  factor  ;?,  when  we 
Jtoow  the  primitive  equation  corresponding  to  the  proposed 
differential  equation,  which  we  may  put  under  the  form 
tf=f,  f  being  the  arbitrary  constant.  By  differentiating, 
we  find 

dx  dy 

and  comparing  this  with  zMdx-hzN^zzdUf  there  results 

du  J        du  J 
—  dx  +  j-rfjf 
_  dx dy 

^  "    ^Mdx+Ndy    • 

the  quotient  is  independent  of  the  differentials  dx  and  djf. 
We  likewise  obtain  the  factor  z,  by  equating  together  the 

values  of  -tS  ,  deduced  from  the  equations  ' 

dx 

ildx  +  ^rfy  s  0,    Mds^Ndy  =  0» 
lax  ay 
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du 

A^       M 

which  gives  _  =;    v;  i  a«^d  consequently  shews  that  if  JIf 

Ty 
and  N  have  no  common  factor,  z  will  be  the  greatest 

common  diidsot  of  the  differential  coefficients   -^ »    add 

dx 

du 

^^ 

If  we  know  a  value  6f  z,  we  may  deduce  from  it  an  in- 
finite number  of  others,  by  observing  that  if  we  multiply 
the  two  members  of  thfe  equation  zJUdx-hzNdgssdu^ 
by  any  function  whatever  of  i/,  which  we  will  represent  by 
^  (u),  the  two  members  of  the  result 

zf(u)Mdx  +  sk0(tf)  Ndysz4>(u)du, 

will  be  complete  difierentials ;  that  z  being  a  factor  proper 
to  render  the  equation  Mdx-\'NdyzzO  integrablej  the 
product  z  4>  (tt)  will  possess  the  same  property. 

965.  There  are  some  cases  where  the  factor  s  need 
only  involve  one  of  the  variables  x  and  jr,  and  then  it  is 
easy  to  obtain  an  expression  for  it  by  means  of  the  equa* 

tion  {J).  If,  in  this  equation,  we  suppose,  7^^^>  itwiD 
become 

from  whi^h  we  shall  deduce 

t   ~  tf  \d^       Tx)"'* 
an  equation  which  is  true  if  the  quantity 
1   /dM      dN\ 
V\dy    ~   d$e/ 
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reduces  itself  to  a  f dbction  of  x.    Representii^  dii8  fane- 
tion  bf  Xi  and  ititegraiiiig,  we  shall  find 
Is  ^fXdti  wz^i^"'. 
This  JTormtda  is  applicable  to  the  equation 
dy  +  Pydx  =  (Idx: 
we  observe  that  .    , 

M.P,-Q,   N  =  .,     jj(i»-'^-P, 

and  consequently  z  =  r^**''.  If  we  multiply  the  equation 
rfy  +  Pyife- Qix=0  by  ^''",  we  find  f^^'' i/^  +  (P^-Q) 
^/Prf'  ^{j^  -.  0  I  integrating  the  term  t^^*'dy^  with  re- 
ference to  y,  we  obtain  u  ^yt^^*'  +  JT,  X  being  a 
function  of  x^  determined  by  the  equation 

from  which  we  deduce 

and  consequently 

yef^*'  -fef'^'QdxziiC, 
otf  as  m  No.  257, 

We  will  not  stop  to  consider  the  case  where  the  factor ' 
need  only  involve  the  variable^}  we  readily  see  that  the 
expression  for  it  will  then  be  e^^*'^  by  malcing' 


^  M\dx        dy/\ 


vtA  that  this  loommonly^lics  when  Fii  JatdMAj  indd- 
pebdent  of  x. 

^66.  lliere  exist,  between  a  homogeneous  function 
and  its  differential  cooi&cienb,  some  peculiar  relational 
which  materially  facilitate  their  tntegration. 
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If  ^represent  an  homogeneous  function  oS  x^g,  &c* 
and  if  in  it  we  substitute  /x,  ty^  Sic. in  the  place  o£x,y,  &c. 
it  will  necessarily  take  the  form  fF^m  bmrig  the  sum  of 
the  exponents  of  the  variables  in  each  term  {255).  If  we 
now  suppose  that  /  becomes  /  +^,  we  shall  have  (t-k-gy^  F 
instead  of  F,  and  (1  +gy  F,  if  we  make  /=:  I.  Upon  the 
same  hypothesis  jr^y,  &c..  will  be  respectively  changed 
into 

and  putting  ^x  for  hj  gy  for  ky  in  the  formula  in  No.  121^ 
we  shall  arrive  at  this  equation 

dF         .   dF 


^rr 


+  &C. 

By  developing  the  second  member,  and  comparing  together 
those  terms  which  are  afiected  with  the  same  powers  of 
the  indeterminate  quantity  g,  we  shall  have 

-     &c. 

267.  By  means  of  these  relations,  the  factor  s  imme- 
diately presents  itself  in  all  homogeneous  differential  equa- 
dons.  I£  Mds  -h  Ndys^O  is  an  equatfenof  thiskind^ 
and  if  the  sum  of  the  exponents  of  x  and  ^  in  Af  and  N 
-be  eiqual  to  m,  by  supposing  that  z  is  likewise  an  honio- 
geneous  function  of  the  ttf^  degree,  and  m^ksi^ 
zlddx^'\:  zNdy  ss  du,  it  follows,  from  the  theorem  de-^ 
monstrated  in  the  preceding.  No.,  that 

xMx  +  zify  «(«  +  «  +  l)i^, 
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rfnce  the  dfegree  of  the  function  ti  wilt  be  necessarily 
higher  by  unity  than  that  of  the'  ftincttons  z  M  and  x  AT. 
By  dividing  die  tot  equation  kfif  the  second,  there  will 
result 

Jf  rfjp  +  Hdn  ^> :     1  du^ 

Mx  +  Np     "*  m+ii+1  '    y  * 
and  since  Ae  second  member  of  this  result  is  a'  complete 
differential^  it  is  necessary  that  the  first"  member  should  be 
a  complete  diflerential  likewise;  from  whence  it  follows 

that  If  J  I  jy-  will  be  one  of  the  factors  proper  to  render 
integrable  the  equation  Mdx  +  Nd^f  =0. 


On  Equations  of  the  first  Order ^  in  which  the 
Differentials  exceed  the  first  Degree. 

£68*  By  the  generation  of  differential  equations,  of 
which  we  h^ve  pVen  several  examples.  No.  43,  we  see 
that  there  a,re  some  in  which  the  ditferenttiils  surpass  the 
first  degree.    The  general  formula  for  these  equations  is 

if  we  divide  it  by  the  highest  power  of  dx^  it  will  become 

by  resolving  it  with  respect  to  the  differential  coefficient 

^,  and  representing  its  roots  by/?,  //,  /^,  &c.  we  shall 
dx 

have 

equations  which  may  all  be  treated  by  the  preceding  me- 
thods, since  the  differentials  in  each  do  not  exceed  the  first 
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aegtee.  The.  InJttgral  of  each  af  these  wiU  be  Kkewifie  the 
integral  of  the  proposed  equationi  which  wiU  be  also  siitie- 
fied  bf.tbe  taluee  dedacei  .firon  the  equation  foinned  hj 
the  product  of  all  these  integrals. 

In  fact,  the  proposed  equation  being  equivalent  to 

wUl  be  verified  by  all  die  equations  which  will  cend^r  one 
of  its  factors  equal  to  nothing.  Besides,  if  we  consider 
that  an  equation  of  the  form 

MNP =0> 

can  only  be  true  by  the  successive  evanescence  of  each  of 
its  factors,  we  shall  thence  conclude  that  the  immediate 
differential  of  its  first  members,  namely 

dM.NP ^dN.MP +  &c.=0, 

will  always  reduce  itself  to  one  term ;  for  if  we  take,  for 
example,  ilf  ssO,  there  will  only  remain  dM .  NP.*.  sO, 
or  merely  dM tsO :  the  equation  MN  P..*  eO  will  verify 
therefore  the  differential  equation  which  would  be  satisfied 
by  the  equation  Af  asO. 

»  The  two  following  examples,  although  very  8imple». 
will  remove  all  the  difficulties  which  are  connected  with 
the  preceding  statement. 

1st.  h^tdjf^'-a^dx^'siO\  this  equation  is  decompos- 
able into  dy-^-adx^Oy  dy^adx^Of  whose  integrals  are 
^-iraxsr,  y  —  ax^c' ;  we  readily  see  that  each  of  these 
results  satisfies  the  proposed  equajtion.  The  equation 
(y+flx-t*)  Cy— flx— f)  s:  0  satisfies  it  likewise,  for  it 
gives 

from  whence 
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putting  successivelyy  instead  oi  y^  its  values  c— <i  Xj  c'-i-a  Xj 
tre  find 

dy:zi^adXf      dy^-^adx. 

The  jntegnd  (jf+0d?-:r)  (y-tfa?+O"»0,  involving 
two.  arbitrary  and  irreducible  constants,  might  appear  more 
general  than  those  of  the  other  equations  of  the  first  de- 
gree^ which  only  involve  one  constant ;  but  we  must  keep 
in  mind  that  each  of  its  faictors  ought  to  be  considered 
separately,  and  that  we  deduce  from  it  no  other  lines  than  ^ 
those  which  would  result  from'  an  integral  including  one 
constant  only,  of  which  this  equation  is  likewise  suscepti- 
ble. This  last  integral  is  obtained  by  makijlg  J,y=:mi/x 
in  the  difierential  equation  dy*^a*dsi*&Of  which  is  thus 
changed  into  m^^a*::zO,  by  which  the  quantity  m  is  deter« 
mined,  whose  value  we  ought  afterwards  to  substitute  in 
the  integral  of  dyssmdx,  which  is  y=smx  +  c.  It  follows 
from  this  that  the  integral  of  the  proposed  equation  is  the 
result  of  the  elimination  of  m  between  the  equations 

if  we  efiect  this  dperation,  there  will  arise 


<^)' 


=0. 


This  primitive  equation  being  of  the  second  degree,  gives 
for  each  particular  value  of  the  constant^  two  straight  lines, 
inclined  in  different  directions  with  respect  to  the  axis  of 
the  X,  "srfuch  is  also  the  whole  that  is  furnished  by  the 
mother  integral  (y+«ir-»r)(y-4*— /)=:0,  excepting  that 
each  factmr  only  represents  lines  inclined  in  the  same  direc^ 
tion ;  but  since  by  giving  sep^ately  to  c  and  c'  all  possiblfS 
values,  these  quantities  will  necessarily  pass  through  the 
same  degrees  of  magnitude,  by  collecting  together  those 
straight  lines  which  correspond  to  the  same  values  of  the 
constants  c  and  c\  we  shall  fall  in  with  the  solutions  com* 


X  X 
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prised  inthe  integral  Q^-~)  —  a*«=0,  which  is  limited  to 

the  single  constant  c. 

We  ought  to  observe^  that  ereff  eqiiati^  iiriii<^  (torolTes 
only  dy,  Jx,  and  constant  cjuaatitieSy  may' he  faitegrated  by 
making  in  it^  as  abore,  dy^m  dt. 

fid.  Let  us  now  consider  the  equation  a^*—ax<lx^=:0; 

we  deduce  from  it  ^^+4fxV^0XsO|  dy-^dx^axssO, 
and  by  integrating  we  shall  have   . 

These  equations^  as  well  as  their  product^  may  be  aepa* 
rately  considered  as  the  integrals  of  the  proposed  equation; 
but  this  case  is  different  from  the  preceding,  since  the  radip 
cals  which  the  integrals  just  obtained  involvcj  have  with 
each  other  a  qmnection  which^gives  the  means  of  compre> 
hending  them  both  in  the  same  equation,  and  with  one 
constant  only.  In  fact,  if  we  make  the  radical  disappear 
in  the  equation 

we  obtain  (y  -  r)*  =3  4  « a».  This  result  is  still  the  inte, 
gral  of  the  proposed  equation,  to  which  it  will  immedi- 
ately conduct  US  by  the  elimination  of  £.  It  belongs  to  a 
spe^es  of  parabolas,  each  of  whose  irrational  equations  re- 
-present  but  one  branch  |  and  the  product  of  these  equr 
'  tions  will  correspond  to  groups  of  branches  belongmg  to 
different  curves,  but  which  being  collected  together  by  two 
and  two  for  the  same  values  of  the  constants,  would  gite 
nothing  more  than  the  rationsil  integral. 

269.  Although  the  preceding  statement  makes  the 
integration  of  equations  in  which  the  differentials,  exceed 
the  first  degree,  depend  upon  the  resolution  of  algebraical 
equations  only,  we  shall  now  mention  some  cases  in  which 
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the  integradon  is  efiect^d  more  easily  by  the  assistance  of 
peculiar  analytical  artifices^  and  which  elude^  at  least  in 
part,  the  dl^colties  which  are  presented  by  the  resolution 

of  the  proposed  diflferential  eijuatiop,  wit$  respect  to  ^  • 

When  this  equation  involves  hut  one  of  the  two  vari- 
tblesj  X  for  anstancCf  we  inunediately  deduce  from  it 

2^=jr,  from  whence  u:z:/jrd XI  T>ut  if  the  equation  be 

more  92^ ily  r^ofarihle  with  T^^p^ct  jto  x,  tha9  with  respect 

to  the  ebefficient  ^ ,  wliich  we  will  represent  by  p,  and  if 
4  X  . 

we  ,a]^l^v;e^?:Pfiifh|9r9^ift  A  function  of/»i  we  shall  ob- 
serve tha^  die  ^qujitioh  ^  ^  /'^  or  dy  m  pdx,  gives 

y^spx  — / jr  dp ;  'putting  for  x  its  valu^  P,  there  will  result 
ifzzPp^fPdp:  the  integral  sought  for  will  therefore  be 
the  riisult  of  ^e  efimination  of  p,  between  t^  two  equa- 
jdons  , 

x^P,    yziPp^/Pdp. 

Lft  us  take  as  an  examine,  xdm^adjf^b'^Qx^Xdpt 

or  *+tf  «a=*  V^J+/?^  by  writing  p  in  the  place  of  ^. 

■^  .  •  dx  - 

This  li^t  equalioa  gifts  immediately 

ins-jp+iVltpp;  Ps=-flp  +  *V7+/, 

a^d  consequently 

Sf^p^^T^^--  ^ap*  ^^fdp\^lTp\ 

270.  We  win  now  consider  the  cases  in  which  the 
two  variables  enter  simultaneously  into  the  proposed  equa- 
tion ;  supposing  however  that  one  of  them,  ^  for  instance^ 
does  not  exceed  the  first  degree,  we  then  get^  equal  to  a 
function  of  x  and  of  p,  so  diat 
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and  consequently  ... 

pdx=zltdx  +  Sdp,  or(iJ-/7)rfx+6V^=0. 

If  we  should  succeed  in  integrating  this  last  equation,  we 
should  have  between  /?,  x,  and  an  arbitrary  constant,  a  re- 
lation, by  means  of  which,  exterminating/?  from  the  equa- 
tion proposed,  'we  should  obtain  a  primitive  equation, 
which  would  involve  an  arbitrary  constant,  and  which 
would  also  be  the  integral  sought  for. 

The  following  formula,  which  is  involved  in  the  gene- 
ral case,  is  very  remarkable,  and  of  very  extensive  applied 
tion,  and  its  integration  is  very  easily  effected. 

If  the  proposed  equation  could  be  put  under  the  form 
jfsxpx  +  P,  and  if  P  involved  the  coefficient  poolj,  ^e 

should  then  have  dy  =p  d  x + /  x  +  -—  1  dp ;  and  since 

<fy  sspdXf  there  will  renudn  the  equatbn  T  x  +  — -  jdp^O^ 

which    may    be    decomposed    into    the     two    factors 

dP 

x+  -z — aO,  and  dpsiO,    Eliminating/?  between  t}^e  first 
dp 

of  these  and  the  proposed  equation,  we  shall  get  a  primitive 
equation,  which  will  satisfy  tiie  one  proposed ;  but  which 
involving  no  arbitrary  constant,  will  only  be  a  particular 
solution.  The  second  factor  being  integrated^  gives /?=:r> 
or  dyszcdx,  and^  =  rx  +  /.  The  constants  c  and  c'  are 
not  both  arbitrary}  for,  by  making  in  the  proposed  equation 
ps=iCi  ^^  ^^^^  Sf^cx-i-Cf  C  being  what  P  becomes  by  this 
substitution,  and  from  which  we  infer  that  c'^C :  the 
integral  of  the  proposed  equation  is  therefore  yzzcx-^-C^ 
and  is  found  by  changing  p  into  c. 

Let  us  take  for  an  example  the  equation 
ydx-xdyzzn^/dx^Td^. 
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It  may  be  put  at  once  under  the  form 

and  by  differentiating,  we  find 
-  and  fince  iT^s /y  JoTj  there  will  remaiti 
This  equation  maybe  decomposed  into  two  factors    ' 

the  second  i^ot  leads  to  pz^jc^  and  the  iotegnd  sought 
for  is  

The  first  factor  gives 

substituting  in  the  proposed  equation,  we  have  y^  +  x*=if% 
an  equation  involving  no  arbitrary  constant^  and  which  is 
not  included  in  the  integral 

and  which  is  nevertheless  of  such  a  kind,  that  the  values  of 
jf  and  dyf  which  are  deduced  from  it,  satisfy  the  proposed 
differential  equation,  of  which  it  consequently  ofiers  a/vr- 
tkular  4olutum»  "We  shall. return  hereafter  to  the  par- 
ticular consideration  of  solutions  of  this  nature.  ' 
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On  the  Integratim  g^  Differential  Eqaatiom  of 
the  second  and  fdgher  Orders. 

271.  The  difficulty  of  the  integratioii  of  equations  be- 
comes so  much  the  greater  the  higher' the  order  of  t&e 
differential  coefficients  which  they  involve,  and  we  only 
succeed  in  effecting  it  in  a  very  small  aumher  of  very  limited 
equations.  We  have  ^res^dy  seen  in  No.  220,  in  what 
manner    we  ought    to    ^eaf;    equations   of    the    form 

2^  =^>  X  des^adng^  fll^tMKix)f  ;r ^  ^e  ^haU^fherefore 

pass  directly  tp  thosf  whi^invblye  only  two  differential 
coefficients. 

In  the  ^(ecoiid  Girder  4tese  equations  involve  only  ^ 

'  and  -7^ ;  and  making  for  greater  brevity  ~  %/»,  which  givea 
ux  ax 

^  ss  ^,  we  slu41  get  the  equation  J^  sP,  Pbeing  a 
o^        dx  --  ax 

function  oi  p.    We  deduce  from  this  dxz^  -^,  andcon^ 

se^uently  x=:  /  -^;  and  putting  for  dx  it|  value  in  the 

equation  dy^pdx^  we  find  also  ^s   /  ^^:    then  it 

ohly  remains  to  eliminate  p  hetixreen  the  two  e<|aations 

or^sC'f   /^-^,?mdyfaO'+   /£^,inordertogetthe 

integral  fequke^  an  tterms  <olt  x  i^d  ff.  It  viU  likewiae  be 
.  complete,  since  it  involves  two  arbitrary  constants »  and 
we  have  seen  in  No.  44,  that  this  is  the  greatest  number 
which  the  integral  of  any  equation  of  the  second  degree  can 
possibly  contain.  The  eliminadon  ofp  caiinot  be  effected 
unless  we  shall  have  previously  effected  the  mtegratioos 
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todicated  i  but  by  meaits  of  quadntiires  we  thatl  be.aUe  ^ 
construct  the  curve  whsdi  may  be  aooght  for. 

Let  us  take  for  example  the  equation  ^    ,    ^7     •«5»^. 

Bjr  putting  ^^AP  for  dy,   and  Jpd^  for  iTy,  ^e  shall 

ch^ge  this  equation  into  ili^^ —  ^a ,  from  which  we 

dp 

deduce 

d^^ ^1^^   ^^^^..r^. 

The  integration  will  give 

«luainating  ^,  we  shall  get  (x-C)«+(y-  C)*«ii*. 

The  proposed  dffierendal  equation  is  nothing  tndre 
than  the  general  expression  of  the  ra^us  of  curvature, 
made  equal  to  a  constsmt  quantity  a  (99);  and  as  we 
oughts  to  expect,  the  intei^ral  is  the  Equation  to  a  circle  of 
which  diis  constant  quantity  is  die  radius. 

272.      It  is  proper  to  remark,  that  the  equations 
j:=:C+  y*^ and  y=  ^+  /'^7i^»   severally  satisfy  the 

differential  equadon^^^P,  and  that  by  supposing  dieir 

second  members  integrated,  diey  will*  be  only  of  the  first 
order ;  there  are  consequently  two  equations  of  the  first 
order>  which  satisfy  the  proposed  equation  of  the  second, 
and  both  of  which  are  dierefore  its  integrals,  whilst  an 
equation  of  the  first  order  has  one  integral  only.  It  is  easy 
to  discover  the  reason  of  tWs  diflFcrence. 

Let  U^O  be  a  primitive  equation  between  a:,  y,  and 
two  constants  C  aiid  ^ :  if  ve  differentiate  this  equaUon 
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twice  successiTely,  we  shall  be  able  to  eliminate  between 
UesO,  dU^Of  d^UszOy  the  two  constants^  and  thusarme  at 
an  equation  of  the  second  order,  which  will  be  independent 
of  them;  but  the  combination  of  the  equations  U=0,  and 
dU=Of  will  lead  to  two  different  equations  of  the  first 
order :  the  one  will  result  from  the  elimination  of  the  con- 
stant C,  and  the  other  from  that  of  C.  We  will  represent 
them  by  F=0,  F'=0 ;  it  is  evident  that  we  shall  arrive  at 
an  equation  of  the  second  order  by  eliminating  C  between 
r=0  and  d  TssO,  as  well  as  Cbetween  J^ =0  and  dV'=zO : 
each  of  the  equations  Fs^O,  V=^Qy  is  therefore  the  inte- 
gral of  that  of  the  second  order.  We  call  thenv  first  init^ 
gralsy  to  distinguish  them  from  the  primitive  equations 
tfaBOi  which  is  the  second  tnUgral. 

We  readily  see  that  we  shall  l^  able  to  deduce  the 
equation  l}^%  from  the  two  equations  fTssO  and  r'sO, 
by  eliminating  between  them  the  difiarential  coefficient 

JL  ssO,  and  that  consequently  we  shall  have  the  second 
dx 

integral,  or  the  primitive  equation  of  an  equation  of  the 
second  order,  when  we  shall  have  determined  its  two  first 
integrals»  and  when  we  shall  be  able  to  eliminate  between 

them  the  coefficient  -^. 
dx 

These  remarks  may  be  extended  to  equations  of  any 
order.  For  the  third,  for  example,  the  primitive  equations 
ought  to  contain  three  arbitrary  constants  (44)  \  and  we 
arrive  at  the  differential  equation  of  this  order  by  eliminat- 
ing these  constants  between  the  equations 

17=0,      dU^%     d»i;=0,     rf'l7=0} 

but  if  we  merely  exterminate  two  constants,  we  shall  have 

three  differential  equations  ^of  the  second  order,  since  we 

.  may  preserve  each  of  the  three  constants  in  its  turn.    The 

equations  which  we  thus  obtain  are  the  first  integrals  of 
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.the  difiisTential  equation  of  the  thir4  order  ^  which  must 
necessarily  result  from  the  elimination  of  the  constant, 
wluch  they  severally  involve.  The  second  integrals  are 
ia  this  case  the  equations  of  the  first  order,  whiph  are 
given  by  the  elimination  of  each  of  the  constants,  between 
the  equations  UssO  and  d  u:=0,  and  the  primitive  equa- 
tion i/cnO  Is  the  Mrd  integral.  Without  extending  these 
considerations  any  further,  we  may  conclude  ifrom  them, 
M0/  a  differentia/  equation  of  the  n^  order,  has  b  Jlrst  inte^ 
grah^  and  as  these  integrals  are  of  the  n-  1th  order,  they 
involve  only  ii  -  1  coefficients 

£v       d*y       dVy  ^Hl^- 

dx'     dx**     rfx»' //*"-»' 

if  therefore  we  can  eliminate  themj^  we  shall  have  the  n^ 
integral,  or  the  primitive  equation  which  answers  to  the 
differential  equation  proposed. 

278.  We  reduce  in  general  to  the  integration  of  func- 
tions of  one  variable,  those  equations  of  whatever  order^ 
in  which  a  differential  coefficient  is  expressed  in  terms 
of  one  of  the  next  inferior  order.  If  we  hady  for  ex- 
ample, -r^  expressed  by  a  function  of  -^',  we  should  make 
fljT  '  .  dir 

-4  =  ^,  from  which  there  would  result  -r^  =  --i ;  and 
ax^  cbr        dx 

consequently  the  proposed  equation  would  be  transformed 
in  -^  ae  (2»  Q  representing  a  given  function  of  q.  We 
should  deduce  from  this  last  equation 

«nce    -rX  ^  99  we  should  deduce  successively 

y  Y 
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the  integml  sought  for  would  then  be  the  result  of  the  eli* 
mination  of  q  between  the  two  equations 

and  there  would  be  three  arbitrary  constants  in  the  result. 
We  might  extend  this  method  of  reduction  to  any  order 
whatever. 

£74.  We  shall  employ  ourselves  in  this  article  wit^ 
th6  equation  --^  as  Y,  F  representing  any  functioii  what* 
ever  of  ^.  If  we  make  dy  tap dx,  we  may  deduce  from  it 
dxdi-^y  which  gives  -^  —5^  ^^^ '    substituting 

this  in  the  proposed  equatioui  there  results  from  it 
pdp^Ydy\  and  by  integrating  we  Bndf/'ss^fYdy+C, 
whence  there  arises 

It  is  proper  to  observe  that  the  above  integration  may 
J)e  effected  by  multiplying  the  proposed  equation  hj  dy% 

for  there  thence  arises  ':r  *  rr  ^  ^^*»   ^^   ^^* 

ax       ax 

n  -d.i^.  we  harei  %  ^fYiy  +  ^.  or  g  = 
ix  dx  2  dsr       "^        "^  dx 

s/2C  +  ^/rdy. 

If  we  apply  this  method  to  the  equation 

d^y  ^iTajl  jss.  dx\ 

we  shall  have 

¥**       VTg'    dx'  dx       V^' 
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and  by  wtegrating  5  j^  =  *  ^+  C, 
dumgiiig  C  into  -^b  ,  we  dull  deduce  fircun  thencf 

now  maldi^  e  ^  ^^^  z^  there  will  result 

and  finally 

S75.  The  method  pursued  iu  the  preceding  article 
reduces  in  general  to  the  integration  of  functions  of  one 
variable,  afl  those  equations  of  whatever  order,  in 
which  a  differential  coefficient  is  given  in  terms  of  one 
of  an  order  inferior  to  it  by  two*    If  we  had  for  instances 

— ^  given  by  a  function  cf  ^s  we  should  represent ^^  by 
q^  from  which  there  would  follow 

dsfl      dx'      T^      rfr»* 
and  the  proposed  equation  would  be  transformed  into 

Q  npreseBting  a  giyen  faoctkMi  of  q.   Then  nultiiplTiiig 
the  two  mmben  by  d  f ,  there  would  ariae 

d»     dg 
whence  we  ahoold  deduce,  aa  in  tliQ  prece^Ung  Ko., 
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but  from  -7-^  =  ;,  we  coqclude  successmly  that 


dx* 


the  integral  would  consequently  be  the  result  of  the  eli- 
mination of  q  between  the  two  equations 


■f; 


^9  4.    Q, 

^9/Qdq  +  C  * 


involying  four  arbitrary  constants.     We  should  treat  in  the 
tame  way  analogous  equations  of  higher  orders. 

276.  We  have  seen  in  the  Differential  Calculus  (1 15), 
that  beyond  the  first  order,  the  form  of  the  differential 
equations  would  be  changed,  according  as  we  assumed  « 
QTjf,  or  even  a  function  of  these  quantities,  for  the  ituk* 
pendent  variabUyZaA  that  this  amounts  to  the  same  thing  as 
assuming  a  constant  dx^  or  if  y,  or  a  given  function  of  these 
differentials  and  of  their  variables ;  it  is  therefore  necessary, 
when  we  propose  to  integrate  an  equation  which  exceeds 
the  first  degree,  to  know  upon  which  of  these  hypotheses 
it  has  been  calculated.  Tlie  preceding  examples  would 
all  correspond  to  the;  case  of  y  being  a  function  of  »,  and 
consequently  oi  dx  being  constant  \  but  it  will  be  easy  to 
4iscover  among  equations  deduced  relative  to  other  hy* 
potheses,  ta  which  of  them  they  may  be  referred. 
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It  18  immedbtelj  evident^  that  if  ire  represent  by  Q 

any  function  whatever  of  — ,  every  equation  of  the  form 

^jp^  s  (2i  and  in  wUch  djf  is  considered  as  constant^  may 

be  treated  in  the  same  way  as  thlt  in  No.  271,  by  making 

-*7*  s:  q,  and  -r-f  s  -;2 .  "^e  may  also  reduce  it  imme- 
dy      '  dy       dy 

d^  V 

diately  to  the  form  -j^  s  P^  by  passing,  by  the  process 

in  No.  1 16,. to  the  hypothesis  of  d  x  being  constant,  which 
will  be  eflfected  by  the  substitution  of->  ^  ^j?  in  the  place 

d%t 
If  the  proposed  equsition  had  been  taken  upon  the  hy- 

thesis  of  Vrf  J*  +  dj^  being  constant,  and  if  it  involved 
only  dx^  dy^  d^y^  or  dy,dx,  d^x^  it  might  still  be  treated 
in  die  same  manner  as  that  in  No.  27 1,  after  transforming 
it  into  one  in  which  d  x  was  constant. 

277.     We  now  proceed  to  the  equations  which  involve 

the  two  differential  coefficients  v^,  -r^,  and  the  inde- 

dx    dx^ 

pendent  variable  x.  It  is  evident  that  these  equations  are 
reduced  immediately  to  the  first  order,  by  the  substitution 
dp  dx  and  of  dpdx^  in  the  place  of  dy  and  d^y.  If  we 
could  integrate  the  transformed  equation,  and  if  we  were 
also  able  to  deduce  from  the  integral  an  expression  for 
p  in  terms  of  x,  we  should  obtain  jf,  by  the  equation 
!f^fpdx\  and  if  this  transformed  equation  should  give 
X  in  terms  of/?,  we  might  make  use  of  die  formula 

ysipx-/xdp{2G9). 


S56  IKTBGRAL  CALCVtUS. 

We  diall  not  8Cop  to  enumerate  the  J&Samt  cites  tot- 
cepttble  of  integration  which  are  presented  by  the  equs^ 
tions  proposed  ;  they  will  be  easily  discovered  by  the  ap- 
plication of  the  various  processes  considered  in.thepve- 
ceding  pages  for  the  purpose  of  integrating  equations  of 
the  first  xtfder. 

If  the  proposed  equations  were  between  3^  9  -j^^and^ 

dx    ax 

we  might  reduce  them  to  the  preceding  case,  by  sssnming 

dy  constant,  in  the  place  of  dx,  or  else  ,by  exterminating 

dx  by  means  of  its  value  -^ ,  deduced  from  the  equation 
dy  %  pdx ;  and  we  should  thus  have 

dx*      dx  ^   djf  * 

the  transformed  equation  would  then  only  include  f,  ^p  and 
dy.  If  it  was  possible  to  be  integrated,  and  if  it  gave/  in  terms 

of  ^,  we  should  find  «  by  means  of  the  formula  4r=  / — f » 

or  by  the  formula  jr  s&  £  4.  /  iLj? ,  when  we  had  v  in 
p    J     p^ 

terms  of  pm 

het  there  be,  for  example,  the  diffeitatjal  equation 

dxd^y       ^ 

X  representing  a  function  of  x  only  i  this  equation  may 
be  tnmsformed  into 

if 

ot 
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Sy  iotegmd^g  tl^ere  arises 


/dx 
X 


dx        ^  p 


if  W€  represent  /  -^  <f  C  by  F,  there  results  from  it 

Thete  vnW  be  no  difficulty  imobserving  tbat  tbe  j»ro- 
cesses  in  this  and  the  preceding  article,  would  reduce  to 
an  inferior  drder,  every  equation  of  whatever  order,  in  which 
were  only  involred  one  of  the  variables  and  the  dlflFerential 
coefficients  of  either. 

278.  There  are  also  some  other  forms  of  equations  of 
the  second  order,  whose  primitive  equations  may  be  ob* 
tained,  or  at  least  their  reduction  to  the  first  order ;  but 
they  are  of  a  nature  too  limited  to  merit  a  place  here. 
What  is  most  remarkable  in  this  and  the  succeeding 
orders,  are  the  properties  of  equations  of  the  first  degree, 
which  are  formed  in  the  manner  o>f  those  in  No.  ^57,  and 
whose  essential  character  is  to  contain  only  the  fanctioa 
eought  for  and  its  differential  coefficients  of  the  first 
^grce.  The  form  of  these  equations  is,  in  the  seeoad 
^ordcr 

in  the  third 

dy^  +  P>jf  dx+  Qdyds/^  +  Rydx*  =  Sdx\ 

and  in  general  x 

^y  +  Pd!'-^ydx  +  Qd^-*ydx\..+  UydiTss  Fdaf" 

the  letters  P,  Q^.,,...U9nd  F,  designating  given  functions 
of  xl  * 
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The  equation  of  the  first  degree  and  of  die  second 
order 

J*^  +  Pdydx  +  Qydx^  =  Rdx^^ 
is  reducible  to  the  equation 

d^z  +  Pdzdx  +  Qzdx^  «=  0, 
by  the  same  transformation  which  was  used  in  No.  257  to 
make  the  equation  dy  +  Pydx  =  Qd'x,  dependent  on 
dz  +  P  zdx  5=  0. 
In  fact,  the  hypothesis  of  y  =  Xz^  gives 
dyzzJTdz  +  zdX, 
rfi=  JTd^z+^dXdz  +  zd'X, 

and  changes  the  proposed  equation  into 

X{d^z  +  Pdzdx  +  Qzdx^) 
+  SdXdz  ^  PzdXdx  +  zd'X  ^ttdx\ 
If  we  ipake 

d^z  J^  Pdzdpc-^  Qzds^anO, 

and  if  we  succeed  in  deducing  from  this  equation  the  Talue 
of  z  in  terms  of  x,  we  shall  hare  for  the  puipose  of  detet« 
mining  the  function  X,  the  equation 

2dXdz+  PzdXdx  +  zd'X::^Rdx% 

.which  with  respect  tb.the  variabks  x  and  X^  is  of  the  same 
kind  with  those  in  No.  £77 1  and  by  making  dXssX'dx^  k 
will  be  changed  into 

2  X'dz  +  PzJTdx  +  zdX"^^  Rdx, 

or        dX'^(P  +  ^^)X'dx^?J^. 
\         zdx^  z 

Tins  equation  being  only  of  the  first  degree  and  of  the  first 
order  with  respect  to  X\  leads  (£57)  to 

z 
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a  result  which  becomcis 


X'  s  '-^  [ft^'*'Rzdx  +  C], 


hj  observing  that 


we  shall  finally  get 

X  ^fX'dxAr  C,        yzzz/X'dx  +  C'x. 

279.  It  is  of  very  great  consequence  to  remark,  that  it 
is  necessary  to  have  the  complete  integral  of  the  equation 

d'z+JPdxdx+Qzdx^^O, 

but  merely  a  particular  value  of  Zy  which  satisfies  it ;  for 
the  arbitrary  constants  are  involved  implicitly  in  the  ex- 
pression of  ^. 

The  preceding  calculus  alsq  shews  in  what  manner  we 
might  deduce  the  complete  integral  t>f  the  equation  in  terms 
bf  zi  for  if  we  made  ^  ssO,  the  equatum  in  y  will  be  simi- 
lar to  thisi  and  we  shall  have 

z^ 
»d  y^z/X'dx  +  Cz 

will  be  the  complete  integral  of  the  equation 

d»y+Pdyrfx+(2yrfjp*=:0, 
z  being  in  this  castf  a  particuliir  value  of  jf. 

880.    The  equation 

d'z  +  Pdzdx'^'Qzdx^^O 


ftdM 


is  reducible  to  the  first  order,  by  making  z^t  /de- 

signating a  new  variable ; » for  we  thus  get 

dz^t^"  idti,    d^z^it^'  '  {edzf*+didx)^ 

%z  '      ^ 
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the  function  e      becomes  a  common  factor  of  the  ^pom 
posed  equation,  which  is  reduced  to 

or. to  dt  +  (t^  +  Pt  +  Q)dxs::0.  • 

•  When  the  coefficients  P  and  Q  are  constants,  we  shall 
represent  them  by  A  and  £ ;  the  equatio;i 

dt  +  (e+Pt+(^dx=zO 
becomes ' 

dt  +  (f  +  Jt+B)dxs:0, 

in  which  the  variables  are  separated,  if  we  give  it  the  form 

but  as  it  is  merely  necessary  to  satisfy  this  equation,  we 
readily  observe,  that  if  we  make  t^m,  m  being  a  constant, 
we  shall  have  dts=.0,  and 

mi'+jtm^B^O. 

This  last  equation  gives  in  general  two  values  of  iw ;  if  we 
represent  them  by  m'  and  m\  we  shall  likewise  have  foy 

/tdM 

9      two  values,  which  are 

we  shall  have  therefore  at  the  same  dme  two  partictilar 
values  of  z,  which  are 

x;s=:#^'and2=:/^". 

We  might  with  one  of  these  values,  as  W^  have  shewn 
above,  find  a  complete  value  of  jz: ;  but  in  .equations  of 
the  second  order,  of  the  form  of  those  above-mentioned, 

*  It  may  be  proper  to  remark,  that  the  above,  transforma- 
tion will  reduce  in  general  to  the  first  order  every  equation  of 
the  second,  which  is  homogeneous  with  respect  to  the  quantities 
t,  di,  ^nd  d^z,  considered'aa  distinct  variables. 
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we  obtain  immediately  the  complete  value  of  the  fanction, 
when  we  have  two  particular  values,  z'and  /',  by  assuming 

C  and  C  repAresenting  two  arbitrary  constants ; .  for  if  we 
substitute  this  value  and  its  differentials,  and  then  collect 
together  the  terms  multiplied  by  the  same  constant,  we 
shall  find 

a  result  wluch  is  equal  to  nothing,  independently  of  the 
values  of  C  and  C,  since  the  quantities  which  multiply 
tliese  constants  become  equal  to  nothing  at  the  same  time 
with  the  first  member  of  die  proposed 'equation. 

28 1.    When  the  values  of  m  are  imaginary,  and  conse- 
quently of  the  form 

we  have 

we  render  this  result  real,  by  suppressing  the  imaginary 
exponentials,  by  means  of  sines  and  cosines.  For  we  have 

^p«^  -:igtcos/5x+v  — 1  sin^JT, 

^«g,  V  =T-,cos  ^  X-  v'^  sm  /?x, 
^^^•'[(C+COcoslSx+CC-O^^wa/^x]; 

and  making  

we  have 

jgsBf*'  (rco8l?x  +  «^sin/Jx); 

pr  otherwise 

;?{=;>#•' sin  (|3x+j). 
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by  making 

When  the  roots  m'  and  «/'  are  equal,  the  value  of  z 
being  reduced  to 

becomes  incomplete,  it  will  be  necessary  in  this  case  to 
make  use  of  the  pslrticubr  vtilue  t=E«^%  in  order  to  x)btain 
the  complete  integral,  following  the  process  in  No.  £79; 
•  but  we  arrive  at  it  mOre  easily  by  considerations  analogous 
to  those  in  No.  56,  by  supposing  that  m  and  m'  diffnr  from 
each  ot^er  by  a  very  small  quantity.     ^ 

Let  us  suppose  ff/'^zmt-^^hi  there  thence  results 

developing  f*'  according  to  the  powers  of  *,  w^  haY^r 

«=^'  ( C+C+Ck  x+C^  +&C.) 

2 

by  putting 

This  last  expression,  which  satisfies  the  proposed  equliCion 
for  all  values  of  h,  agrees  tmh  it  likewise,  if  i««0,  or  tfi'^m\ 
and  in  that  case  it  becomes 

282.    Let  us  take  the  more  general  equation-  * 

We  have,  for  the  equation 

d^9+Tdy  dx+dydx'^zR  da^, 
from  the  formulae  in  No.  27flf, 
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♦  i^-  /PdM 

=:Cz+zJ  'L^^dxC/e       Rzdx+Oi 

This  expression,  ihrolving  two  aurbitrar j  constants^  is  com* 
plete,  so  that  it  is  merely  necessary  to  sobstitute  in  it  a  par- 
ticular  value  of  z.    The  proposed  equation  depends  on 

d^z+Adzdx+J^zdx*:=zOi 
and  iince  the  coefficients  A  and  B  are  constant,  we  may  sa- 
tisfy this  last  equation  by  simply  supposmg  z  s  ^^ 
which  gives 

m^+Am+6^0: 
We  shall  hav^  therefore,  sihce  Pssjt, 

y=(r/"+^/^-^^+«-^'  dx  i//^^^'Rdfc+C) 

integrating  by  separation  into  parts^  we  shall  find 


^g^A-^w^s 


ft^^'Rdx^fe-'^Rdf^ 


A+2m 

if  we  substitute  this  value  in  the  expresrion  for^,  and  if 
after  the  proper  reductions  we  put  n  in  the  place  o£ 
— (-4  +  «),  there  will  result 

^  r'/e'^'^Rdfer^/^^'^Rdx 

or  changing  the  form  o^  the  arbitrary  constants, 
.mstj  MM  ,  r'/i-'^RdX'^^fe-'"Rdx 

*  The  formula^to,  integrate  here  is  of  this  kind, 
/dV/Vdxsz  U/rdx^/VVdx  (22I> 
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We  readily  see  that  the  quantity  n  is  the  second  root  of 
the  equation  m*+Am+BssOf  since,  hj  the  hypothesis 

When  these  roots  are  imaginaryi  we  transform  the  ez« 
pression  for  y  by  means  of  sines  and  cosines,  as  in  No.  281  i 
or  else  by  supposng  in  the  general  expression  for^, 

irstf*'  cos  $  X,  or  zase*'  sin  Pk, 

particular  values  which  result  from  the  second  complete 
expression  for  s,  in  the  No.  just  cited,  when  we  make 
#sO|  or  c'^0,  and  by  integrating  by  parts,  we  find 

yzsg^  Ip  cosBx+q  sin  |5x] 

e**[sin  Bxfe^^'Rdx  cos  gx— cos  Bxfe^^Rdx  sin  gx] 

e 

When  mssn,  the  expression  for  ^preceding  this  last 
becomes  incomplete,  as  in  the  No.  just  cited ;  and  the  se* 
Gond  part  of  the  expresnon  presents  itself  under  the  form-§-  \ 
but  we  elude  this  difficulty  by  observing  that  A  becomel 
equal  to  -  2  m,  and  that  on  this  hypothesis  the  equation 

jft:^C^^+^ft-<^^^'dx  (/#«^+->' JJrfx+C) 

is  reduced  to 

by  integrating  we  find 

y=C^+^(Cx+x/^-~^i/x-/-~-Rxrfx), 
or 
y =#^  (C  x+C)+/~  (x/r— -'JJ  Jx-/c— JJ  xrfx). 

In  the  applications  of  .Analysis  to  Physical  Astronomy, 
we  frequently  meet  with  the  equation 

fbr  which  we  have 
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its  integral  will  therefore  be 
y^p  cos  a  x+^  sin  a  X 

hvaaxJRdx  cos  tf  T  — cos  axfRdx  sin  ax 

m 

*rhe  function  R  Has  commonly  the  form 

jl+B  cos  fix+C  cos  y >?+  &c. 

^,  jB)  Cy  &c.  being  constant  coefficients,  and  «,  0,  &c. 
representing  whole  numbers  3  and  the  integrations  indi- 
cated are  e£fected  by  the  methods  mentioned  in  No.  196. 

88S.    The  integration  of  the  equation 
'^  d^'z+Pdzdx+Qzdx^rzO^ 

can  sbmetimes,  though  rarely,  be  effected  when  the  coeffi- 
cients P  and  Q  are  variable  quantities :  we  succeed  in  it^ 
for  example^  when 

'    We  have  (^80) 

di  +  (fiA,j!ii^ — I-— -:? — "^JxcbO; 
'"^'<'^^a+hx^{M+bxf/  ^  ^' 

making 

.     (a+bx)t=Lmy 

there  results 

(a+6x)dm  +  (nf  +  U-i)ni+B^dx^0. 
We  satisfy  this  equation  by  assuming 

rfw=0,  andi»«  +  (^-*)»f+P=:0, 
from  whence  we  deduce  two  values  of  /,  namely^ 

/  —      ^        t  —     ^'' 
but  since 
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we  shall  have 

a  =  C  (fl + *  X ) r+  C  (a+b  xp' . 

284.    The  general  equation 

d^y+Peh-^ydx+Ofh-^^yd^ +UydjrT:Fdxr, 

has  properties  analogous  to  those  which  we  haytf  shewn  to 
belong  to  that  of  the  first  degree  and  second  order. 

Ist    When  the  tenb  Fdj^  is  wanting^.or  the  equation 
IS  of  the  forfa) 

drz+Pd''-^zdx-{-Qd''-^z3x^ +Uzd^:=:0^ 

It  is  only  necessary  to  know  n  particular  values  of  z,  t<rob- 
tain  at  once  the  general  expression  for  this  function,  and 
if  we  denote  these  particular  values  by  z^,  z^^  ^s*  •-  ^hj  ^® 
Aali  have 

r=:Qzi  +  CiZ^+C,Zi +  C^z^, 

Ci,  Ci, C^  being  arbitrary  constants. 

This  proposition  is  easy  of  demonstration ;  for  it  is  evi- 
dent that  each  of  the  equations 

Ci{d'Zi+Pd^'-H^dx^2d'-%dx^.4.+Uz^da^)szO 
Cg  id'z^+Pd*-^Zfdx+Qd^-^Zsd3!'...+Uz^dx^:^0 

C,(,d-z,+Pd--^zJx+(ld*^Xd^'"+UzJan=^0, 

being,  by  hypothesis,  identical)  their  sum  will  give  an 
identical  equation,  which  will  be  precisely  the  aame  as 
would  have  been  obtained  by  substituting  for  z  and  its  dif- 
ferentials in  the  proposed  equation,  the  values  which  result 
from  the  ^bove  general  expression  of  e, 

2d.    The  integration  of  the  equation 

d^y+Pdr-hfdx+(ld'-*ydx^...+Uydx^a:Fdjf 

may  be  made  dependent  on  that  of  the  equation 
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This  18  easily  prored,  by  supposing  the  value  oly  to  be  of 
the  same  form  with  diat  ^f  z  \  but  that  the  quantities  Cn 
Q»  Cjy  •••  instead  of  being  constant  as  above)  are  functions 
oi  fc. 

To  fix  our  ideas,  we  will  suppose  the  proposed  equa* 
tion  to  be  of  the  third  order  only :  and  we  shall  have 
jf=:Ci2i-f-C,Z2+C,z„  where  C„  Cg,  C3,  are  to  be  deter- 
mined so  as  to  satisfy 

If  we  form  successively  the  values  of  dy^  rf*^,  and  rf'y,  con-, 
sidering  C^,  C2,  C3,  as  variable  \  we  shall  find,  first 

but  since  there  are  three  quantities  to  be  determined,  and 
the  question  proposed  afibrds  only  one  iconditiony  we  are 
at  liberty  to  fix  oh  two  others  at  pleasure^  and  consequently 
we  may  suppose 

Zirf  Ci  +  z,  rf  Cg  +  ZsrfC,  =  0> 
which  will  give 

dysiC^d  2i  +  C^z^+  Carf  Zj- 
This  value,  when  differentiated,  will  become 
d'yzzC^d^z^+C^d'z^i'C^d^z^+dz^dC^+dZidC^+dzsdC^i 
and  again  supposfaig 

dzidCi+dZi^Ci+dz^C^tsO, 
there  will  remain 

d^yzzCjd^Zi+C^z^  +  C/l^z^ 
whence  we  deduce 
fy^C^fzj^  +  CjPz^  +  C^«, 

+  J^ZrdC^  +  d^ZfidLg  +  d^Zsd  C,. 

By  the  substitution  of  these  values  of  y,  dy,  d^y,  iPy,  the 
proposed  equation  will  become 

5  A 


! 
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+C,(^z^+Pd!^z^lx+Qdz^ih^Uz^)  I 
+Cs((Pz,+Pd'z^x+Qdz^+Uz^)  [  =r^-^' 
+d%dC,+d!'z^C^+d'z^  Q  J 

which  will  reduce  itself  to 

d^dCi+d'z^Ct+d^z^Ci^  Fdx^, 
because  the  functions  Zit  Zftt  Zsf  satisfy  the  equatioa 
d^z  + Pd'zdx  +  Qdzdx^+Uzdx^mO:  . 

consequently  there  will  exist  ^among  the  differentials  dC^ 
dC^  dC^f  th^  three  equations 

ZtdC^+  z^Cs,+  z^Cs^O 
dZrdCi+  dz^Ct+  dz^dC^zzO 
d!hs,dCt+d^z^C^+d'z^C,::zrdi^ 

whence  we  may  derive  the  values  of  each  of  the  differen- 
tials expressed  in  terms  of  x  and  dx^  when  those  of  Zi,  z^y 
Z33  are  known.  Hence  we  may  obtain,  by  elimination  9 
results  of  the  form. 

dC^=:X^dx,        rfCgssJjyir,        dC,=AVir, 
whence 

and  consequently 

y^z^ifX^dx  +  rO  +  2»  (/-Mr  +  c^  +z,  (JX^x  +  f J 

will  be  the  complete  integral  of  the  proposed  equation. 

Supposing  we  were  acquainted  with  only  two  particu- 
lar values  of  z^  the  proposed  equation  could  not  be  inte- 
grated but  by  means  of  an  equation  of  the  second  order. 
In  fact,  we  should  have  in  that  case 

y=Ci:;,+Qz^       '  dy^Cydz^+C^z^ 
by  making 
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but  since  we  are  not  at  liberty  to  dispose,  of  more  than  one 
of  tbe  quantities  Ci,  C^  we  are  obliged  to  use  the  com- 
plete derelopement  of  d*if,  which  is 

whence  we  get      -  v  ^ 

d^  =:  C^d^Zi  +  C^*z^ + 2  d%dCi + 2  J^z^C^ 

-^-dz^d^C^+dz^C^. 
Substituting  these  values  in  the  equadon  proposed,  and 
reducing,  in  the  same  manner  as  above,  we  should  hare 
dZid*Ci,-¥dz^-Ci-\'2d'ZjdCi     J^2d^z^C^    X^Vdx^ 
^PdZrdC^dx-^-PdZtdC^i"         ' 

an  eqnation  frotn  which  we  may  eliminate  dC^  and  d^C^  by 
obtaining  their  values  from  the  equation  ifdC^-^-z^C^^O^ 
and  its  differential  \  the  result  which  contains  only  d^C^  and 
dCii  with  functions  of  x,.  is  reducible  to  the  first  order  (277). 

Lastly,  when  we  have  only  one  value  of  z,  we  fall 
upon  an  auxiliary  equation  of  the  third  order,  reducible  to 
the  second,  as  we  may  easily  convince  ourselves  by  putting, 
in  the  proposed, 

jCiZi,    Cjrfzi  +  ZirfC,,    Cid»jri+2rfrirfCi  +  ;ri</»Cj, 
(^id^Zi  +  3  #ZirfC, + S  dZxd'Cy^  +  z^d^C^ 
instead  of 

9%^!fy  ^%  andd^: 
the  equation  produced  by  these  substitutions  is  reducible  to 
2irf»C,  +  5rfZxi*Ci     +$d*ZidCi 

+  PZid^  Cidx  +  2PdzidCjdx       J.  jr^^s, 
^QzydCydx'' 

If  we  suppose  F'sO,  the  equation  in  y  become^  the 
same  as  that  from  which  z  is  to  be  found,  and  thus  the 
foregoing  calculations  shew  in  what  manner  we  may  obtain 
the  general  expression  for  this  function  by  means  of  twoj 
or  only  one  particular  value. 
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Since  the  mediod  applied  above  to  the  equation  of  the 
first  degree  and  the  third  order  applies  to  equations  of  the 
same  degree  in  every  order  we  conclude,  that  if  we  have  n 
particular  values  ofz^  fwe  can  deiuce  the  general  expressmnfir 
this  function  ;  and  thai  we  may  derive  the  same  expression  frmn 
the  integration  of  an  equation  vfthefirit  degree  and  order ^  when 
only  n  —  I  particular  values  are  known.  This  proposition,  as 
well  as  the  demonstration  we  have  given  of  it,  is  due  to 
Lagrange. 

985.    The  equation 

is  not  integrable  in  all  cases,  but  it  may  be  satisfied  when 
the  coefficients  P,  Q,  &c.  are  constant,  by  making  2=^, 
because  upon  this  supposition  it  becomes  divisible  by 
^d!z*,  after  the  substitution  of  the  values  of  z,  dz^  d^x,  ••• 
rf%  which  are  . 

*^,     ^'mdx,     r'm^ds* ^mTdx^ : 

we  then  find 

iw»  +  Pot— i+Qm— » +  0^=0; 

and  if  we  call  the  n  roots  of  this  equation  mi^  m^  ••••••  m^, 

we  shall  haye 

_     iw^jr,  ^__  m^x  ntnT 

and  consequently 

z^C,^""**  +q'"^  +C3r '"^'^ +0*^'. 

Such  is  the  general  expression  for  z,  when  the  roots  iHu 
ifi^y ntni  are  all  real  and  unequal. 

Should  imaginary  roots  occur,  since  they  always  appear 
in  pairs  of  the  form 

we  may  get  riAof  the  ^^^f  by  changing  the  exponentials 
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into  sines  and  cosines,  by  means  of  the  formulae  in  No.  l64 ; 
jUid  if  mi  and  m^  be  two  imaginary  roots  of  the  same  pair, 

the  terms  C^e^^^  -^Cj^^ ,  which  they  introduce  in  the 
complete  value  of  z,  will  become  (281) 

«^*'[(^?+Q  cosgx  +  (Ci-C;)V~  sinj?A?] 
=f»*(ri  cosi9x+r«  sia$x)tzp^'  sin  (fix-hq)* 

If  any  of  the  roots  imi^  ims,  ms,  &c.  become  equal  to 
each  other,  the  complete  value  of  z  given  above,  loses  its 
generality,  since  in  that  case  several  of  the  constants  C|, 
Cs,  &c.  will  reduce  themselves  into  one,  as  we  have  already 
seen  for  the  second  order  (28 1).    Suppose  first  mi  ssm, :  in 

this  case  the  two  terms  C^e^^    +  Coe'^  will  give  but  one, 

viz.  (Ci+Cs)  /"^i  and  the  expression  for  z  will  contain 
no  more  than  n—l  arbitrary  constants  $  but  if  we  suppose 
m^ssmi-hk,  we  get 

-."■'C0.*C,(,/f  +  |^*»c)] 

which  by  the  change  of  C^i-C^  into  r^,  and  CJk  into  c^  be- 
comes 

.^^^(r,  +  r^+.,^  +  &c.), 

and  making  isaO,  we  get  e^^^  (^i+^^gx),  which beit^g  sub- 
stituted for  Cye^^^  +C«*"^,  the  value  of  z  will  re-attain 
the  generality  requisite  to  make  it  the  complete  integral  of 
the  proposed  equation  $  so  that  we  have 

r=:e'"^''(ri  +  r^)+C,f'^^+8tc. 

To  proceed  to  the  case  where  missnti^m^  vre  must 
suppose  in  the  for^cnng  resolt  m^ssmi+k',  and  we  shall 
havtt 
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j;=f '*»*(«ri +  cea:  +  Cyr*'*)  +  &c. 
Now  by  dereloping  e  *'%  we  shall  find 

i=:.'^*[.,+C,-K4+C/)x+C,^Vc^+&c.]  +  &e. 

whence,  by  changing  Ae  constants  into 

^i+^8>  ^£+^3  *'  an<l  <^s*T*>  into  ^1,  Tj,  and  r,, 
there  will  result 

and  whefiisOj 

In  the  same  way  we  find  that  if 

the  general  expression  for  z  will  be 

JK=^^*  (  ^i+^ear+raX^+r^ir*)  +  &c. 
and  so  on,         . 

286.  I£  we  have  any  number  m  of  differential  equa- 
tions of  the  first  degree,  containing  m  +  1  variables,  one 
only  of  these  will  be  independent,  and  the  m  others  will  be 
functions  of  that  one.  When  these,  as  weD  as  their  dififer- 
ential  coefficients,  rise  no  higher  than  to  the  first  power 
3n  the  proposed  equations,  which  will  then  of  course  be  of 
the  first  degree,  we  can  always,  by  the  method  pointed 
out  m  No.  119i  arrive  at  a  differential  equation  of  the 
first  degree,  between  one  of  the  functions  to  be  deter* 
mined,  and  the  variable  which  we  regard  aB  independent  i 
but  we  may  sometimes  avoid  the  process  of  elimination  hy 
integtating  the  proposed  equations  conjointly. 

D'Alembert  is  the  first  who  undertook  the  immediate 
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integration  of  a  system  of  two  or  more  dtfierential  equa^ 
tions,  and  the  method  which  he  devised  npon  this  occasion 
is  too  ingenious  to  be  passed  oyer  in  silence. 

Suppose  ^^fre  have,  first  the  equations  ' 

dx+{jru'¥B'x)dt^rdt, 

vhere  the  variables  u  and  x  are  regarded  as  functions  of 
the  independent  variable  /;  if  we  multiply  the  second  by  a 
factor  0,  a  function  of  t^  and  then  add  it  to  the  first,  we 
set 

a  result  which  comes  under  the  form  of  an  equation  of  the. 
first  degree  and  order,  relative  to  two  variables  only,  pro- 
vided we  have 

since  Aen,  makine 

we  have 

To  satisfy  the  requisite  condition  we  must  suppose  in 
general 

and  eliminating  d  from  the  second  equation,  we  thence 
deduce  a  relation  between  the  coefficients  J^  B,  A^  B^  and 
tf  9,  whence  d  is  given  in  functions  of  /. 

When  these  coefficients  are  constant,  it  will  be  satis- 
fied immediately  by  supposing  0  constant;  and  this  factor 
will  be  determined  by  die  first  equation,  which  rises  only 
to  the  second  degree.    If  we  denote  by  O^  and  ^  the  values 
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of  a,  which  will  alao  be  those  of  /\^j-^  I  by  tfi  and  ik, 

those  of  A+jf^  J  and  lastly  by  T^  and  T^  those  of  T+TB, 
we  shall  find  (257.)  the  two  primitive  equations 

7i  and  ys  being  the  arbitrary  constants,  from  which  the  ge- 
neral expressions  for  u  and  for  x  may  be  deduced. 

The  proposed  equations  appear  at  first  not  to  be  so  ge* 
neral  as  they  might  be^  since  all  the  differentials  are  not 
found  at  once  in  each  of  them ;  but  if  we  had  the  two 
following 

Mdu+Ndx+{  Pu+Q  x)  rflssjR  A, 
Jtfdu-hN'dx+{Fu+Q^x)dt=:R'dt, 

we  might  easily  reduce  them  to  the  first  form,  by  reci- 
procally eliminating  dx  and  du.  The  process  itself  is  also 
immediately  applicable  ;  but  the  operation  is  simpler  in  the 
first  form,  which  besides  is  of  more  frequent  occurrence. 
We  shall  observe  lastly,  that  we  might  have  obtained  one 
indeterminate  quantity  more,  by  multiplying  the  first  of 
the  proposed  equations  by  a  factor,  as  well  as  the  second  i 
this  however  would  be  useless  in  the  case  where  the  coef- 
ficients of  the  first  member  are  constant,  the  only  one  we 
shall  consider  in  this  place, 

£d.    Suppose  we  have  the  equations 

du+(A  u+B  x+C  y)dtszTdt, 

dx+{A'  u+ff  J+C  f^)dtz^rdt, 

dy+CA^'u+B^x+Cif)  dt^rdt, 

in  wluch  the  coefficients  of  the  first  members  are  constant^ 
if  we  multiply  the.  second  by  d,  and  the  third  by  (f;  and 
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add  the  results  to  the  fitistj  we  shatt  obtain  an  equation 
which  may  be  duown  into  the  form 

In  order  that  >  this  maf  become  an  eqoadon  of  the  fim 
order  between  two  variables^  we  tnust  have 

■B+^O  +  gY      ^^C^-Cj  +  C^ 

These  latter  equations^  which  determine  d  and  ^«  by  elimi* 
nation  lead  to  a  final  equation  in  6,  or^,  where  the  unknown 
quantity  after  the  proper  reductions  rises  but  to  the  third 
degree. 

If  we  consider,  in  particular,  each  of  the  three  roots  of 
this  equation,  we/  obtain  three  primitive  equations,  of  the 
form 

S87«  lyAlembert  applies  diis  process  to  equations  of 
the  first  degree  and  afijf  order* .  It  may  be  extendi  without 
difficulty  to  any  number  whaterer  of  equations  of  the  first 
degree  and  Jlrit  order,  and  he  therefore  reduces  those  of , 
the  former  kind  to  others  of  the  latter.  If,  for  instance, 
there  be  proposed  two  equations  of  the  form 

d'u  +  (AJu'¥Bdx)dt-b{Cu-^Dx)de=Tdt\ 

dr'X^{Adu^Fdx)dt-{'{(Cu-^iyx)dfzzTdt\ 

fae  supposes  ivs:jM/l,  Jxzzqdti  and  he  consequently  ob* 
tains,  between  the  five  variables  ji,  9,  /,  Vi  ^t  the  four  equa<^ 
^ons  of  the  first  order 

3;j 
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dq^'iAp^Bq^CM^]yx)dtrzTdtt 

ds—qdt=sO, 
which  are  then  treated  as  |n  the  preceding  No. 

This  artifice  is  alike  applicable  to  equations  of  all  orders, 
6f  the  first  degree,  whatever  be  their  number  *• 


Methods  of  resolving  Differential  Equations  of 
the  first  and  Second  Order  of  approximation. 

288.  After  having  exhausted  the  known  methods  of 
integrating  a  diflTerential  equation,  we  must  seek  to  resolve 
it  l>7  approximation,  that  is  to.  say,  to  derive  from  it  the 
value  of  ^  in  terms  of  x,  by  means  of  a  series.  The  first 
idea  which  presents  itself  for  the  accomplishment  of  this 
purpose,  is  to  assume  a  series  for  ^,  with  indeterminate 
coeiEcients,  and  arranged  according  to  the  powers  of  x  ^ 
but  most  conmionly  artifices  of  a  particular  kind  are  neces- 
sary for  determining  the  exponents,  which  do  not  always 
follow  the  progression  of  the  integral  numbers.  When 
the  form  of  this  series  is  known,  we  then  find  its  coef- 
ficients, by  substituting  it  as  well  as  its  differential,  instead 
of  ^  and  dy  respectively  in  the  proposed  equation. 

If  we  had,  for  example,  the  equation 
dy +  ydx  ss  mp^dx^ 
we  should  suppose 

y:=:Aaf  +Bj:«  +  *+Cx«  +  »  +  &c. 
substituting  this  value,  and  that  of  dy  which  results  from 
it  in  the  equation  dy  •\-  ydK:zmx*dXi  (taking  care  to 
arrange  the  terms  so  that  a  sufficient  number  of  equatbns- 
••>"■    ■■■«■  ■  I  II "   ■»    ■  ■■       I  -.1     ,  ..  1. 1  .,■ 

*  See  Note  (N). ' 
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shall  be  produced  for  determining  die  exponents  and  co^ 
efficieiitSi  widiout  falling  into  contradictions)  we  should 
have 

an  equation  which  becopies  identical,  provided  we  make 
««»— 1,  or«i=:;i+], ' 

and^  =  ^,B=     "^     ,C:^ ^? .-, 

i^«  +  l)(«+2)<«  +  3)' 
tad  accordingly  we  should  find 


l«f  1       (II  +  1)  («  +  2) 


■*"  («^+  1)  («  +  2)(«  +  S>  "       ^7^ 


^ 


Tins  value  of  y  is  incomplete,  since  it  contains  no 
arbitrary  constant ;  and  the  same  tiling  will  happen  in 
every  case  where  the  constant  cannot  be  detached  from 
the  variable  x,  in  the  developement  of  the  integral.  We 
may,  however,  obtain  one  which  shall  have  all  th^  requisite 
gener^ity  in  the  following  manner: 

289.  Let  /(x,  y,  r)  s  0  be  the  integral  of  any 
differential  equation;  to  determine  the  constant  r,  we 
should  know  the  value  of  y  which  corresponds  to  a  cer- 
tain value  of  x;  suppose,  for  instance,  that  y^if  when 
x^a :  by  means  of  this  condition  we  obtain  /{a,  i,  0=0, 
irom  which  the  value  of  c  mi^t  be  found  in  terms  of  a 
and  t.  It  is  evident  that  the  same  end  would  be  accom- 
{dished  by  preparing  the  expression  for  ^,  derived  from 
the  differential  equation  in  such  a  manner  that  when  x  is 
made  ^a,  y  shaU  become  '=  i ;  now  this  may  be  effected  ^ 
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b7  patdng  xssa+Zy  3f=^h+0r  99d  ttidng  ^oda  a  series  t» 
fepresent  Uf  that  all  its  tenns  abafl  tanish  wlum  /^O. 

The  equation  dy+y  d  x^m  af^  d x  becomes^   by  thia 
traasfbrmatioay  du^k-it-^uidtx^mia-^tYdt,  and  malang 

«r  =*^/»  +  «^+*  +  C/»+*  +  &c. 
we  shall  obtain 
•  il/»-i  +  (»+l)JB/«+(»  +  2)C/*  +  *  +  &c.^ 

+    *  +  Jt*+  ^^'^^     ^     ^^'(       ^Q. 

*  1  1  .2  -^ 

in  this  equation  we  must  suppose  a^I  =:0,  or  •  =  !»  and 
we  shall  then  find 

IW  «  fl"~  *  — 1» fl*  +  3 


^=si»fl»  -*,  B  = 


1.2 


""  1.2.3  • 

290.  Taylor's  Series  is  immediately  applicable  to  the 
same  inquiry.  Considering  ^  as  a  function  of  a,  that 
quantity  will  become 

^^Ta'i^d^'TTk^d?  •  TTsTs  ^  ^""^ 

when  a  is  changed  to  a  +  /;  and  W0  shall  consequently 
have 

But  because  a  and  ^  are  two  corresponding  values  of  x  and 
y,  the  same  relation  must  exist  between  them  and  the  coef- 
ficient -7-  ,  as  between  x, »,  and-;^ :  the  value  therefore 
da  ^         dx      ' 

of  -7-  will  be  had  by  siil«dtiiting  a  and  h  tot  s  andy,  in 
da 

the  proposed  equation;   and  the  suoeessive  differentials 
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of  this  resul&ig  value^  ^11  give  those  of  j — ,   7-- ,  &c. 

bj  a  process  exactly  simUar'to  that  of  No.  48. 

This  series  will  generally  converge,  when  /  is  very 
small ;  and  to  extend  our  nnmerical  calculations  to  values 
of  r  more  considerable  than  a+Z,  we  must  make  a+'=^ 
^  -f-»  s  3^,  and  substitute  these  quantities  in  the  proposed 
difierential  equation,  in  order  from  thence  to  deduce  the 

values  of  the  coefficients  7-^9  -r-kt  &c*  ^7  vhose  assist- 

anc0  we  ihay  form  a  new  value  of  y^  corresponding  to 
tf  1  + 1^  and  expressed  by  a  series  simila^  to  the  foregoing* 
This  must  be  employed  so  long  as  it  continues  convergent, 
and  then  another  must  be  formed  from  it,  as  before  ex* 
plained. 

This  process  ceases  to  be  applicable  when  any  one  of 
the  4iflerential  coefficients  becomes  infinite }  but  this  will 
only  take  place  either  when  the  function^  is  really  infinite 
when  X  as  a,  or  when  the 'series  expressing  this  funcrion 
contains  fractional  powers  of  «.    The  first  case  happens, 

for  instance,  in  the  equation  ^  s ,  whose  integral 

X   "    o 

is  y  =:  r  -f-  log.  (x— a)  5  we  must  here  take  the  first  value 
of  X  which  differs  from  a.  In  the  second  case,  the  expo- 
nents of  the  series  representing^  must  first  be  determined; 
knowing  which,  we  may  still  employ  Taylor's  SerieSi 
If,  for  example,  the  series  proceeded  according  to  the  powers 

of  JT »  ,  take  x*^  sz ;  and  having  thus  transformed  the  pro- 
posed equation,  the  developement  will  then  be  by  powers 
of  z ;  we  have  only  to  remark  that  the  first  method  (289) 
is  free  from  this  inconvenience. 

^1.  The  same  processes  iriiich  we  ham  described 
are  applicable  to  equafioiis  of  hi^ier  orders*    The  motl 
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general  is  dut  m  w)iich  we  assume  for  if  a-  series  whose 
esponents^  as  well  as  its  coefficients,  are  undetermined. 
The  following  example  will  give  an  idea  of  the  manner  ci 
obtaining  both  the  one  and  the  other. 

Let  the  eqnatien  be 

if  wesuppose* 

j^  =  y^^  +  Ba:*  +  ^  + Cj«+*^+ &c. 
and  that  the*  series  of  exponents  is  an  incteaung  one,  or 
that  ^  is  positive,  we  may,  when  x  is  supposed  verysmall^ 
conceive^  to  reduce  itself  to  its  first  term,  since  the  others 
are  too  smair  to  ^  compared  with  this  first.  On  this  sup- 
position; we  may  confine  ourselves  to  assuming 

^d  the  proposed  equation  will  become 

It  is  not  possible  to  determine  s  so  as  to  make  the  two 
exponents  «  —  2  and  m  +  n  equal,  except  in  the  particular 
case  where  »=  ~S ;.  but  the  exponent  of  x  being  greater 
in  the  second  term  than  the  first,  we  may  neglect  one  of 
these  terms  in  compMson  with  the  oAer,  and  the  equation 
may  then,  be  verified  in  two  ways  (by  approximation)  viz* 
by  taking  A  ssO  and  a=l,  since  either  of  these  causes 
the  term  •(«— 1)  ila*—''.  (the  greatest  in  the  equation) 
to  vanish:  A  therefore  remains  indeterminate,  and  we 
have  two  series^  one  beginning  with  J,  and  the  other  with 
Ax* 

If  we  take  successively 

ys^A  +  Bx^-^Cx^  +  Scc. 

y:=  Ax  +  Sj^^-^^+Cx^  +  ^+Scc.     ' 

and  substitute  for  y  these  values,  and  for  d'y  its  corres- 
ponding yalues,  w£  shall  find,  by  prop^y  arranging  the 


terais,  that  i  must  be  eqoal  to  2 ;  and  m  either  caaci  de- 
termining the  values  of  the  coefficiei|ts  J,  B,  C,  &c.  we 
arriye  at  these  two  series: 


(n  +  1)  (H  +  2)  T  («  + 1)  («+2)  (2«+3)  (2«+4) 
■*(if+l)(ii+2)(«»+S)(2»+4)(3«+5)(3«  +  6)"**      ' 


(«  +  2)  (»  +  8)  "  (11+2)  (/f+3)(«ii+4)  (2ii  +  5) 

(if+2)  («  +8)  C2it+4)  (in  +  5)  (3«  +  6)  (3if  +  T)"*?*^* 

The  developemems  pven  above  are  only  particular  valoes^ 
since  thej  contain  eachbut  one  arbitrary  constant  J }  but 
*<on  account  of  the  particular  form  of  the  proposed  example) 
(279)  we  shall  obtain  a  general  expression  for^  by  writing 
in  the  latter  of  them»  Ai  for  4»  vid  taking  their  sum. 

All  that  has  been  said  in  Art.  290.  on  equations  o(  the 
first  order  may  be  applied  to  those  of  the  second,  with  this 
difierence  alone,  that  the  term  of  the  series  given  in  that 
article  must  be  regarded  as  arbitraryi  since  the  equation 

proposed  determines  only  the  coefficient  ~^,  and  those 

which  follow  it.  To  determine  then  the  expression  for  y 
completely,  we  must  know  what  this  function  and  its  first 
di£Ferei)tiai  cofficient  become  when  x  has  a  particular  value  a 
assigned  to  it,  or  else  to  have  two  particular  values  of  y 
corresponding  to  two  given  Values  of  x;  but  this  last 
method  of  proceeding  is  applicable  only  in  general  to  the 
second  integral,  expressed  by  a  finite  number  of  terms. 

282.  The  processes  of  approximation  afforded  by 
Taylor's  Series,  and  which  apjrfy  to  all  orders,  shew  that 
differential  equations  with  two  variables  are  always  possible, 
that  is  to  say,  that  we  can  always  assign  values,  either 
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rigoroudy  ^  ajq^rositnatiydy  exact  t  and  the  same  thing 
appears  from  geometrical  considentions.  In  fiict  if  we 
consider  pi  equation  of  the  first  order^  we  maj  dednoe 

,from  it  the  value  of  the  coefficient  -JL  which  expresses  die 

ax 

trigonometrical  tangent  of  the  angle  whid^  is  contained 

between  the  line  of  the  abscissae  and  die  tangent  of  the 

curve  represented  by  this  equation ;  taking  then  the  pcrint 

Fig*  JHf  fig.  5O9  corresponding  to  the  oo-ordinates  AP  s «, 

^0.    PMszi,  draw  JlfT  making  with  M(l  parallel  to  AB^  the 

zngl^  M  MQ  equal  to  that  whpse  tangent  is  ^;  this 

liae  will  touch  4^e  curve  required  at  M.  Considmng  the 
fiurve  and  its  tangent  as  coincident  in  the  imme- 
diate neighbourhood  of  the  point  0f  contact,  the  Ime  TM 
will  determine  the  lengA  of  the  ordinate  P'  M'  corres- 
ponding to  a  point  P  infinitely  near  Py  from  which  we 
calculate,  by  means  of  the  proposed  difierendal  equadon, 
the  tangent  of  the  angle  M"  M/  (^  formed  at  the  point 
M'  by  the  tangent  J'M'  consecutive  to  TM.  The  con* 
tinuation  of  this  process  will  give  a  polygon  which,  in  pro- 
portion as  the  number  of  its  sides  b  increased,  will  differ 
lesf  and  less  from  the  curve  to  which  die  proposed  equa* 
don  belongs.  It  follows  also  from  this  construcdon,  that  a 
differential  equation  of  the  first  order  represents  an  infinity 
of  curves,  since  any  point  that  we  please  may  be  assumed 
die  point  M. 

In  equations  of  the  second  order,  which  detennine 

only  -r-^V  ^^  >nust  substitute  the  osculating  parabolas  for 
asT 

tangents.  Having  assumed  at  pleasure  a  first  point  whose 
abscissa  and  <»dinate  are  jta  1?,  ^a»^,  we  form  the  equa- 
dot^ 


Di&f en^^^  t,wip|e  fii^ccesfixeljr  Yff  4.enve  from  it, 

arbitsity }  iut  :^  is  deteemkeAbjr  putting  I0  4iKe  Proposed 

*  dv  ' 
equation  a^  b,  and  A  instead  of  x^  jr,  r^  :  we  then  construct 

in  t}ie  |ir8t  gliice  a  parabola  3f  JV,  fig.  53,  pfissing  dirOugh   F*g» 
^jl^  ,$M[id   whose  tang^   at  that  point  .ni^kes   with  the 
abspi^sa  ^ui  angje  having  a  given  trigonometric  tangent. 
JJT^  n^t  p|lcuiate  the  value  of  the  ordinate  ^  M'  of  thig 

enanfe  and  also  that  of  ^ ,  coizespcnffil^  to  a  point  ff 

it^en  ^^jry.  near  to  the  point  ^  upon  tjhe  axis  of  aj>sciss£ ; 
|}ien  wri^ng  these  values  in  t^e  proposed  differential  equa- 
tion, we  thence  deduce  sr  new  value  of  ^  •  Let  this  b^ 
TeprefteQted  hf2Bi  and  i^iaJicing  ^  s^id  ^^  the  values  of 
F  M'  and  of  -J^ ,  Vefcnm  sheeqnatiian 

*!■(  dif9  second  osculating  parabola,  fvom  ^riuch  we  4iBMf* 
^afldne  a  diifd,  a&dsbjon.  - 

It  is  easy  to  modify  this  process  so  as  to  substitute  the 
psculatin^  circle  for  the  osculating  parabola,  or  to  extend 
it  to  equations  of  aU  orders. 


Of  the  parHcuhr  Miski$mig  of  Deferential  Equa^ 
tims  of  ihejir^jt  Order. 

^5.  .In  Art.  370,  a  Particular  Solution  of  a  diflferential 
^quatio^  {(tegpnted  itself  which  could  ,not  be  derived  from 

Sc 
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^e  compkte  integral,  and  in  Art.  488|  we  arrited  at  a 
▼alue  of  y  wluch  contained  no  aibitrary  constant ;  diese 
two  circttmstances  give  rise  to  the  following  questions: 
VfJuna  arigifuUe  parikular  satutimi  P  and^  how  are  tor  i§ 
distinguish  w/iiiktr  a  primitive  equation,  wkkh  satisfies  a  pro* 
posed  differential  ^ne,  is  or  is  mi  conUined  in  its  ittiegralf 
these  are  the  subjects  I  proceed  to  examine. 

The  relation  between  a  differential  equation  and  its 
integral  is  such  that  the  latter  is  equivalent  to  an  infinite 
number  of  primitive  equations  of  the  former,  which  we 
should  obtain  by  giving  successively  to  the  arbitrary  con- 
stant all  possible  values,  and  each  of  which  so  obtained 
would  satisfy  the  differential  equation  (4S).  These  different 
primitive  equations  may  be  designated  by  the  name  of 
Particular  Integrals  htczM%t  they  are  particular  cases  of  the 
complete  integral.  Particular  Solutions  (whose  number  is 
always  limited)  are  primitive  equations  essentially  dif* 
fering  in  their  form  from  particular  integrals.  These  so* 
lutions  are  of  two  sorts ;  those  of  the  £rst  are  metely 
factors  of  the  proposed  differential  equation,  into  wlucii  dx 
and  dy  do  not  enter,  and  which  consequently  being 
made  s  0  give  primitive  equations,  and  estaMish  relations 
between  z  and  jr  which  render,  the  proposed  eqaatkm 
identical.  Solutions  of  this  kind  (if  wch  there  be)  of  tbe 
equation 

Mdx  +  Ndy  =  0, 

may  be  found  by  seeking  the  common  divisors  of  the 
functions  M  and  N. 

The  second  species  of  particolar  solations,  of  whi^ 
the  equation^  dx^  xdystn  Vd  a*  +  d^  +  d^  (270,)  has 
afforded  us  an  instance,  is  intimately  connected  with  the 
differential  equation  from  which  it  originates,  although  it 
cannot  be  referred  to  any  of  the  cases  of  the  complete  integmL 
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wlulem  valoe  we  assign  to  the  aibitrary  constant,  as  it  is 
easytoperceirebj  comparing  the  eqiiatioQSjfsrx+ffVi  +r* 
•nd  **  +  9*  =  n\  / 

The  follonring  theoiy  of  these  latter  solutions  which 
beibre  that  time  were  regarded  as  forming  a  paradox'in 
the  Integral  Calculus,  has  been  given  by  Lagrange  *'  in 
J774. 

294.  The  particular  solutions,  without  being  ex- 
plicitly comprised  in  the  complete  integral,  may  never-» 
thdess  be  deduced  from  it,  if  we  cease  to  look  upon  the 
arbitrary  constant  as  invariable.  In  fact,  let  1/  =:  0,  be  a 
primirive  equation  containing  the  variables  x^y,  and  a  con- 
stants; the  correspondingdiSerential  equation,  which  we  will 
designate  by  FssO,  will  be  the  result  of  the  elimination  of 

diis  constant  between  the  equations  l/sO,  and  .—  Jx  + 

-~.  dyasO  (43) ;  but  if  we  suppose  r  to  be  any  function 

whatever  of  x  and  jr,  we  shall  give  the  equation  Ui=z  0 
generality  sufficient  to  represent  any  given  equation  between 
the  two  variables,  and  consequently  all  the  particular  solu- 
tions of  F*  r:  0.    This  being  premised,  throwing  the  equa^ 

tion   —  dx  ^   T^^S  ^^  ^^  ^^  '^"^  iy^pix^  we 


*  He  calla  them  Particular  hu^aUj,  and  gives  the  name  of 
Particular  Solutions  to  the  different  cases  of  the  complete  lotegral. 
Laplace,  who  soccessfully  treated  the  same  subject  before 
Lagrange,  employed  these  appeliattons  in  an  luyerted  sense,  and 
I  have  followed  him.  It  appears  to  me  improper  that  primitive 
equations  which  satisfy  diffeteutial  ones  without  being  contained 
in  their  complete  integrals  and  which  cannot  be  obtained  by  the 
ordinary  processes  of  integration,  should  bear  a  name  which  per- 
petually reminds  us  of  these  processes. 


hB9  liirtokkt  calculus. 

Shiil  obderVe  that  since  the  eifttadlon  V^O  resolti  fmn  iim 
cHininatlon  of  c  between  17  =  0  lOid  dysefdx^  it  ought  ta 
remain  unchanged  whatever  value  we  assign  ta  c,  and  eon^ 
sequently  that  we  are  at  liberty  to  suppose  c  variable,  pro- 
vided that  the  law  of  its  variation  be  such  as  to  aflow  the 
equation  dy=^j?dx  to  continue  true  ;  now,  although  when 
c  is  regarded  as  variable  as  well  as  x,  we  have  in  general 
dif  =zpdx  +  qdcip  and  q  being  functions  of  x  and  of  ^^ 
(till,  provided  q^O^  we  h^ve,  dy^pdxi  determining 
then  e  *  in  functions  of  x  and  y '  bjr  this  equation,  and  sul^ 
stituting  in  IT  s=  0,  the  value  which  res^tl»  an  equaticqi 
will  be  obtained  ^ich  will  still  sitisfy  the  diffnrentkd 
equation  F  =»  0* 

In  what  has  been  said,  y  was  regarded  as  a  function  til 
x  and  c :  considering  in  its  turn  x^  as  a  fufiCtioll  of  ^  and  t, 

die  equation  --  Jr  +  ^-^  rfy  =  0,  taay  be  th^Wtl  Into 
•  dx  ay 

the  form  dx  ^  mdy\  ^vA  reasoning  as  before^  we  diall 
find  that  if  the  value  of  dx^  taken  on  the  supposition  that  c 
varies,  be  4  a^  =r  m  rf ^  -f  fii/r ^  the  equation  resulting,  from  the 
elimination  of  c  betweiin  >i=rO  and  C/sO,  will  sbb  satisfy 
the  dlfiferentlal  equation  r=0. 

The  primitive  eqvations  afforded  by  both  the  foregoing 
processes  are  necessarily  either  particular  solutions  of  F'z=0, 
if  it  b^  susceptible  of  any,  or  particular  cases  of  its  com- 
|riete  integral. 

These  two  processes  itiay  be  comprised  ift  one,  by 
getting  rid  of  all  fxacfional  quantities  in  the  equation 

^dx  ^^  d^  +  4^  i/r=0,  the  differential  bf  17  =  O 
dx  djf    ^       dc 

taken  with  tespect  to  tr,^,  and  e.  It  will  thea  have  the 
fortn 

Mdx  +  JVrf^+  Pdc:=,Oi 
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whence  we  denye 

and  if  the  integral  functions  M^  N,  are  algebradc^  or  ttm 
transcendental^  provided  tbey  be  not  susceptible  of  becomkig 
infinite  by  some  value  of  c,  the  coe£Bcient  of  J  c  will  not 
<iisappear  but  on  the  supposition  that  F  =  0,  which  thu^ 
will  give  all  the  particular  solutions  of  FzzO.    - 

When  the  equation  P^O  contaihs  only  c  and  constant 
quantities,  it  gives  a  constant  value  for  r,  and  of  coursk 
conducts  us  only  to  a  particular  integral.  When  c  rises  ' 
only  to  the  fiiist  degree  in  the  expression  of  Uf  it  will  not 
enter  at  all  into  P,  which  therefore  will  be  composed  only 
of  the  variables  x  and  y\  but  in  this  case  the  equation 
PzzO,  itself  satisfies  F=s:0 ;  for,  UzzO  being  gf  the  form 
Q  +  cPssO,  the  equation  r=0  becomes  PJQ—  QdP^  a 
To  decide  now  whether  P=0  is  a  particular  solution,  or 
o^ly  a  particular  integral,  we  must  elimmate  one  of  the 
variables  x ,  or  ^,  between  UssO  and  P=:0 ;  the  result  will 
give  c  yariable  in  the  former  case,  and  constant  in  the  latter. 
If  we  were  to  find  c  ==  I,  we  must  conclude  that  the  equa* 
tion  P=0  is  a  factor  of  U^O  independently  of  the  constant 
c,  and  consequently  is  extraneous  to  the  differential  equation 
F=0. 

2^5.    I  shall  now  apply  this  theory  to  the  equation 

whose  complete  integral  is^— rxz:«  vT+P^  (270)  |  if  we 
make  c  vary  at  the  same  time  with  x  and  ^,  and  reduce  all 
the  terms  to  the  same  denominator,  we  shall  obtain 

and  putting  the  coefficient,  of  dc  equal  to  zero,  it  becomes 
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wbentie  v^e  derive  c^    J^—*    '^^  ^^^  ^^  ^  changes 

die  equation  ^  — .  rj:  =  «  ^1-K*  into  x*+i/*::zn^,  and 
gtres  the  particular  solution  obtained  in  the  article  re- 
ferred to. 

All  equations  of  the  form  y^sp  x+P  (270),  in  which 
the  foregoing  is  comprised,  have  an  analogous  pardcular  so- 
lution. Their  complete  integral  (represented  byy =r  x+C, 
C  being  Composed  of  c,  in  the  same^manner  that  P  is  of  j^» 
*  or  being  the  same  function  of  if)  gives 

cdx-dy  +  (x+  _  )  de^Q  \ 

dC 

and  making  x-f- -^ — ^0^  we  thence  obtain  the  value  of  r, 
d  c 

on  which  the  particular  solution  depends.  This  pardcular 
solution  made  its  appearance  in  integrating  the  equation 
jf  sp  jr+P;  for  in  difierenriating  it  this  equation  was  ob* 
tainedy  composed  of  the  two  factors 

x+^— =0,  and  dpzaO, 
dp 

and  the  result  of  the  elimination  of /r  between 
y^px+P,2tni  j:+ ■—=0, 

irould  be  the  same  as  that  of  the  elimbation  of  c  between 

d  C 
yssicx+C,  and  x+  —  =0. 
xc 

'  The  equations  y=/?  x+P  were  remarked  long  ago  by 
Clatraut^  not  only  on  account  of  the  facility  with  which 
ihey  are  integrable  after  a  second  difTerentiation ;  but  on 
accdunt  of  the  particular  solution  which  this  operation  at 
once  discloses. 

Agaiuj  take  the  equation 

xdx+tf^zsdy  Va^+y*-.a% 
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whose  integral  is 

when  the  radical  is  taken  away.    We  find 

whence 

and  consequently 

the  particular  solution  is  therefore  in  this  example 

296.  One  property  of  particular  solutions  which  pre* 
«ents  itself  easily  in  this  latter  example,  and  which  is  uni«^ 
Tersaly  is  that  the  differential  equation  may  be  io  prepared  thai 
tie  particular  laluti&n  sfudl  become  a  factor  rfit.  In  fact  if  W0 
'put 

we  shall  hate- 

xdx+ydjizzudu, 

and  die  proposed  :eqnadon  becomes 

ttdt$  -^  udy  8&O4 
If  we  had  taken  v s»;r*+^^— di*,  die  radical  would  lunre 
manifested  itself  in  die  tnrnsformed  equation^  which  would 
hatre  become 

and  differentiating,  we  should  have  obtained 

>—      dydu      ^ 

d'u'-^d^yu^  -*= 0, 

Vu 

and  getting  rid  of  the  div^or,  the  result  would  be 

d^u^^^d^y—dyduzsO^ 

an  equation  which  vrould  still  be  verified  by  the  supposirion 
of  tf=0.  As  these  transformations  maybe  continued  as 
far  as  we  please,  it  follows  diat  there  are  methods  of  pre- 


paring  all  the  successive  differentials  of  the  proposed  equa* 
tioni  so  that  the  particular  solution  shall  satisfy  them  like- 
wise, which  could  not  be  unless  this  propositiQn  were  true ; 
for  although  when  we  make  the  coattanit'  c  ffm^ih,  ai4 

"put  T^^Oj  we  have  dy^pdx^  at  well  for  the  solution  as 
dc 

for  the  complete  integral^  ji^  the  iralue  of  iPy^  given  by  the 
particular  solution,  becomes 

dK  dc  4x  . 

while  it  is  simplv  ^  d^y  for  Ae  complete  integral  \  it  is  not 

QX 

even  the  aame  factor  which  these  two  ii:alue^,  geperaUy 
fpeaking,  satisfy:  the  equation' 

\%y  as  we  see  verified  jby  the  particular  solution^  indep«dU 
ently  of  the  differentiok  of  ihe  second  order. 

The  jevelopement  and  the  demonstratiw  fi  Itibe  cb- 
cumstances  I  have  pmited  out^  would  lead  me  too  far  i  they 
are  to  be  met  with  in  ^  memoir  of  Mk  JRcaaaoB^  ivdusre  h^ 
has  elucidated  with  aucoess  ma9^.4ifficulties  which  still 
«baeuflsd  the  iftieory  ^f  -the  par^ul^  .solutions  pf  vjgioufr 
idiffiesential >^qtiationa.  (See  iho  Jpumpl dt  FBcghPiib/tech* 
nique  oA.  IS). 

297.  To  decide!  £Eom  wbit  we  |iave  said^  whether  %. 
primitive  equation  Wihicb  ccmtajms  no  arbilcarj  constant, 
and  which  satisfies  a|[iven  differential  equation^  is  a  parti- 
cular integral,  or  only  a  particular  sciludw,  we  require  tdv 
have  the  complete  integral ;  this  circumstance,  whidi  is  not 
always  in  our  power,  leads  us  natuMUy  to  the  foUowits 
enquiry: 

Otmng  ffoM  u  wJui  y c:!Si  mfUch  suti^s  a  J^trentiat 
'^quadou^  toJiUmUm  Vfhethar  it  is  cfimprised  or  pat  in  thi  com^ 
.j^e^iptqyal^,^  ifjWJtUli  t0.diiHfi0  Mf  latter Jhm  it. 
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If  we  suppose  ^sF  to  be  die  value  of  y,  deriired  frohi 
the  complete  integral,  the  functioii  F  must  necessarily  be 
so  composed  of  the  variable  x  and  the  ari>itTary;  constant  C, 
that  it  shall  reduce  itself  to  X,  by  assigning  a  proper  value 
to  C  Le(  C  denote  dus  vilue  of  C»  and  since  the  supposi- 
tion of  C=:C  gives  r=^,  or  the  difference  F-  JT vanishes 
when  C—C^ssOy  we  may  conclude  that  the  expression 
F^JTf  or  at  least  its  developement,  is  susceptible  of  the 
form 

the  exponents  m*  »»  &u:«  being  all  poutive,  and  the  qvinti- 
ties  F,  jr^  8cc.  bring  independent  pf  C-  C.  We  may  as- 
sume now  CC=aO'*=*  5  and  A  will  remain  arbitrary  A 
well  as  the  quantity  C ;  changing  therefor^  -^  to  /i,  it  be- 
,  comes ' 

whence^  * 
^    .       ; .        .     r;=X+f^A+J^'A''  +&c. ;  J  ,  .  ^  ;  •  ;  ^ 

an  expression  which  rire. Amy  look  upon  as  die  d^velope^ 
ment  of  the  complete  value  of  ^. 

This  behig'premisedy  if  we  represent  I)y  dysxpdx  the 
proposed  differential  eiiiatioffK  resolved  yrith  respect  to  ^» 
diis  new  eqnatiDn  (which,  by.hypodiests  is  satisfied  hffy'^^) 
ought  to  be  verified  sndepnldendy  of  A,  by  the  complete 
value  of  y.  If  wc  eail  thi^  X+i,  it  will  be  lieceasasy^  in 
orderto!sHbsdtttte  it  inv^sydv^  to  enf|uire  what  p  becoobes 
whenjrsa  dumged  to  i'+lu.   L^  then 

be  die'  developement  of  dris  ^lue  of  p,  die  expopeiits  m^ 
/If  &c.  which  are  supposed  to  be.  arranged  according  to  their 
magnitude,  wiU  necessarily  be  positive ;  ictp  dp^s  not  be* 
come  infinite  when  k^O^  since  the  equation  yarJif  (which 

3d 
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4oel  toot  pkt  4]f  isfioite)  tenlcn  die  eqniityotts  ^jf^pdx 
Uentieal^  and  consequcndy  dXta  PJk. 

tThen  y  is  made  =:  J^+i,  t^  result  is 

vWch  the  equation  rfjr==  Pi/i  induces  to 
and  substituting  for  i  the  developement 
it  bei90fnts 

+  &C.  J 

an  equation  from  which  F'^  f^,  tu.  are  to  be  determined 
^  independently  of  A.    If  ^  t^M  ^^^7  ^^  ^^"^  where  thii 
quantity  has  the  least  exponimty  we  form  the  equation 

whiph  cannot  hold  good,  whatever  be  the  Talue  of  A,  onlen 
#«B  1 )  in  dib  case.A  disappean,  and  it  becom^^ 

Wlie|iivi>  1,  we  "lean  no  bngar  oomfwrre  the  finf  tetm 
P'r^^ir  of  the  steonft  member  with  the  term  AdF'oi.At 
fitft)  but  we  cause  this  hater  to  disappear  by  puttfaig 
dF^ssO^  which  gives  F'^const*  or  nwi*  siiAply  ^s  1 1  we 
A&o  8U|Li«ase  /ui:isii|,  and  wt  ^dF^'tzP^dSy  mhtace  we 
obtain  F"  a  /  F'dr ;  and  proceeding  in  tUs  nanaer  we  find 
the  other  terms  of  the  series*. 

When  fii  <  1^  it  is  no  longer  possible  tq  satisfy  the 

*  equation  (A}  in  any  afay^  since  we  cannot  compare  the 

.  term  Pk^x  eillier  to. the  tern?  hdF'p  or  to  any  of  those 

which  follow  i$,  all  whose  exponents  exceed  unity ;  the 
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6f«alMm  jftsrX  Mt  4idiiiittiti|^  an  zAntnrj  constant  is  Aet^ 
fort  not »  poiiicidar  integral,  but  a  patticnlir  solution, 

298.    This  fnraishts  a  piTOcess  far'discotering  imme* 
daately  the  particular  solutions  of  differential .  equations  of 
the  first  order,  wishout  Icnowing  their  complete  integral. 
In  fiacty  the  developement  Q(,p  when  ^  is  changed  to  y +  i|  ^ 
would  be,  in  general,  by  Taylor's  theorem, 

and  when  it  takes  the  form 

P+Fif+Scc. 

•  being  ^  1,  the  cMfficiem^^  becoflMi  irififlalt  <l£)| 
^  dy 

consequently  the  differentiation  by  which  we  derive  this 
coefficient  from  p  ihust  introduce  a  divisor  which  vanishes. 

It  follows  from  hence,  that  if  we  rsprjesent  -^  by  —    every 

particular  solution  will  make  X=0,  and  will  of  course  be  a 
factor  of  Z }  and  vice  twfv4/  ivery  factor  of  L  which  doei 
not  vanish  at  the  same  time  with  K^  and  which  bcin^  made 
=0,  Verifies  the  proposed  differeatial  equation,  will  be  a 
particular  solution  of  it« 

We  may  elude  the  necessity  of  resolving  the  proposed 
differential  equation  with  respect  to  Af^  by  observing  that 
if  Zs:0  re|>resent.  tUs  Equation,  2  being  a  function  of 
Xp^fW^ff  when  we  write  fdx  instead  of  jft  we  have 

dZ,  ^dZj       dZj      ^ 

n^'^r/^'^dj'^'^'^ 

dZ 
whence  •       &-.S; 

dp  ) 
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and  ii  the  equation  Z  has  been  {ftreiMUred  so  ta  to 
neither  fractions  nor  radicals,  it  will  suffice  for  rendeiing 

3^  infinite»  to  make  a  factor  of  .^r-  vaiiish. 
aj^  dp 

We  should  thus  obtain  only  the  particular  solutiooa 
into  ^hich^  as  well  as  x  enter ;  but  we  might  obtain  those 
which  contain  only  x,  and  which  are  of  the  form  xs.  const, 
by  considering  x  as  a  function  of  y  in  the  proposed  equa- 
tion* 

299.  I  proceed  to  mvestigate,  by  this  method,  first, 
the  particular  solutions  of  the  equation 

xdx  -{-J/dy^dy  Vx*+^-fl* 

of  Art.  (21^5).  This  equation  becomes,  after  exterminating 
the  radical,    . 

x^djfi  +  2xydxdy-k-(a^-3^dt/^^0, 
or 

and  by  differentiating 

^«2^+2/^(a^^x*): 
ap 

the  particular  solution  sought  ought  therefore  to  be  such 
that  by  the  assistance  of  the  value  of /?,  which  its  diflferen- 
tial  affords^  it  shall  verify  at  once  the  two  equations 

a:*  +  2  xy/?  +  (fl*  -  a*)/)* =0, 

It  follows  from  thence,  that  without  the  aid  of  its  differen-' 
tial,  it  must  verify  the  equation  which  results  from  elimi- 
nating/? between  ihe  two  fotegoing  ones.   This  being  pre- 
mised, the  equation 

multiplied  by/?,  and  subtracted  from  the  proposed,  leads 
to 
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and  mbstitttdng  this  value  oip  in  the  firsts -we  find 

which  we  know  is  a  particular  solution  of  ihe  propoaied 
equation. 

The  more  general  equation  y=:/Mr4-P  being  treated  in 

the  same  manner,  leads  to  t^ss^+^i  the  equation 

dp  dp  ^    . 

therefore  which  the  particular  solutions  ought  to  satisfjy  is 

and  they  will  result  from*the  elimination  oip  between  this 
and  the  proposed  differential  equation/ 

L^sdff  to  give  an  example  of  particular  solutions  of  the 
form^szconst.  we  will  take  the  equation 


^=*(5-)S 


dx 
whence  we  deduce  inunedtatdj 

As  this  expression  cannot  become'  infinite^  except  when 
the  exponent  m—  I  is  negative,  and  at  the  same  time^s<7, 
a  value  which  does  not  satisfy  the  proposed  equation,  ex- 
cept when  fH  is  positive,  it  fdloWs  that  the  exponent  m 
*  must  be  a  positive  fraction.  In  this  case  jr  ssa  is  a  parti* 
ciilar  solution,  while  the  complete  integral  is 

(y-^V'^^^r^coBSt 
l-m 

SOO.    In  general,  among  algebraic  functions^  radicals 
alone  acqiure  a  denominator  by  differentiation^  and  conso- 
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quehtly  tfaey  alont  ecngltd^^  ^  B^  ^^n  ^  has  a  finite 

▼alue ;  it  i^thMefim  amoag  l^dlctle  Aat  ^e  imist  look  for 
particular  solutions^  by  ^uatuig  to  ;B«ro  the  function  which 
they  affect.    By  following  thia  process  di^  equalioa 

gives  immedpatriy  «^-f*j^-4i^«0 1  and  the  ^fuatfon 
from  which  we  obtain 

leads  to  »*+y*^if*s50|  as  we  have. already, found  in  % 
variety  of  ways. 


Resolution  of  some  Geometrical  Problems  depending 
on  DifferentidT  Equations. 

SOI.  As  the  method  c^  throwing  !nto  an  equation 
Geometrical  Problems  which,  depend  on  difierential  equa* 
tions,  rests  solely  on  the  properties  of  tangentSy  normals^ 
radii  of  curraturen  &c.  aod  therefore  presents  no  dificnlp 
ties^but  M(hat  are  common  to  all  other  translations  into  the 
language  o(  ^malysi$>  wheie  the  expression;  of  the  lines  to 
be  considered,  are  known |  I  sliall  only  give  a  few  exam- 
ples of  it. 

It  is  first  to  be  observod;  that  the  mtegtatirar  of  dif^ 
ferentialr^equations  of  the  first  order  is  also  called  Ae  Me- 
thod of  Tangents,  becailse  every  differential  equation  of 

this  order,  as  it  gives  the  value  of  ^  in  j  and  ^,  expresses 
die  rthtlM  betw^to  die  co-ordinates  end  Ae  sdhfangenC^ 


the  tang^t)  or  the  normal^  fcc.  in  thexunre  which  it  repre- 
sents,   tti  faclj  if  We  deduce  from  the  proposed  equation 

the  valtie  tf  J  ss  o,  the  sub-tangent  will  be  expressed  by 
dx         ^ 

?,  the  tangent  by  y^^+/^* ,  &c.  (65).    The  Differential 

Calculus  was  originally  invented  for  the  purpose  of  drawing 
tangents  to  curves  %  that  is  to  say,  for  resdlving  the  direct 
prchlem  of  Tangents.  The  Integral  Calculus  next  employed 
the  ingenuity  of  MathematitianS)  for  the  purpose  of  arriY« 
itig  at  die  primitive  eq«ati<»is  of  cttfires,  by  the  properties 
of  their  tangents ;  but  ^e  progress  and  numerous  appUda- 
.tions  of  this  calculus  have  caused  the  appellation  of  thi 
Invtrse  Method  of  Tangents^  which  is  adapted  to  oaly  one  of 
*these  applieationSy  to  be  disused. 

Originally^  Matjhematidaas  eadeaKoured  to  A»termine, 
by  means  of  the  areas,  or  even  the  arcs  of  certain  kno^m 
curves/ the  orflinate  of  the  curve  required:  such  con- 
structions however  have  since  been  taid  asidt ;  bccaute, 
elegant  as  thf  y  may  have  been  considered  ill  tiieory^  they 
are  always  less  convenient,  and  besides  less  exact  in  prap- 
tite  than  th*  forimile  of  appf^ximittioa  which  hate  *takta. 
place  of  them. 

A  differential  equation,  generally  speaking,  cannot  ha 
constructed  till  the  variables  are  separated,  for.  the  expres- 
sion of  one  of  them  is  then  made  to  depend  only  on  the 
quadrature  of  a  curve,  whose  primitive  equation  is  known. 

80d»  I  take,  as  an  example,  die  construction  of  a 
curve^  in  which  the  sub-tangeat  is  a  given  fitnctioh  of  the 
abscissa  sr.    The  dtArentsal  equation  of  this  cwete  wtU  be 

^3  ss2r,  X  expressing  the  given  f unction.   Thg  variables 
iire  here  separable  immediatelf,  the  equation  having  but 
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two  terms,  wlien  it  betomes  -i.  =:   — ^    Midttplying  die 
two    members   by   a    constant   qoantity    m^    we   gcn 
?^  =s  ^  ,  and  denoting  by  Zy  the  logarithm  of  y, 
taken  in  the  system  whose  modulus  is  m,  integration 

^'^J     ^     ^mJ      X 

r 

Fig.  Construoting  now  the  cunre.DiVj  fig.  51,  such  that  the 
^^-  ordinate  corresponding  to    the  abscissa  APf    shall   be 

PW=?^,  the  area  ^DJV'P  will  give  the  value    of 
This  area  is  reduced  to  a  rectangle  FQ^  one 


gives  us 


1     /^ii 


of  whoife  sides  is  nty  and  the  othery  AQ;^  "vSi  express 

-— - :  describing  then  the  logarithmic  curve  £  R, 

A. 

whose  ordinates  are  perpendicular  to  the  axis  A  C,  and 
erecting  at  the  point  Q  the  perpendicular  R  Q,   we  shall 

have  L-ii(2«^C(  101).  or^.-Rgsil  /*5^:*a 

will  therefore  be  equal  to  the  ordinate  of  the  curre  re* 
quired.* 

We  ought  to  remade,  that  this  construction  does  not 
x^uire  that  we  should  know  the  analytical  expression  of 
die  function  JT:  we  may  take,  in  its  place,  the  ordinate  of 

*  We  shall  not  arrest  oor  progress  to  detail  the  different 
methodiof  describing  the  logarithmic  cunre^  which  are  all  merdy 
approximative,  since  it  is  more  simple  to  constract  it  by  points, 
by  means  of  a  table  of  logarithms.  The  areai^  included  be- 
tweea  thie  hyperbola  and  its  asymptote^  may, also  be  employed 
(225). 
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mny  cuire  referrecT  l6  the  axie  .AB/  and^perfonn  the 
graphical  operations  which  the  foregoing  formulae  indieate 
upon  this  ordinate,  and  on  the  arbitrary  line  m.  We  see 
also  that  this  line  m  has  been  introduced  merely  in  order 
to  render  the  formula  homogeneous^  and  may  be  supposed 
equal  to  unity. 

dps.  We  proceed  to  state  the  solution  of  a  problem 
celebrated  from  the  earliest  infancy  of  the  Integral  Calculus 
— the  proUem  of  TrajectoHes.  Its  object  is  to  determine  a 
curve  nvUeh  shaU  intersect  all  curves  of  a  given  species  at  a 
^iven  angle.  By  curves  of  a  given  species  are  here  meant 
the  difierevt  particular  curves  obtained,  by  assigning  to  one 
of  the  constants  of  any  primitive  equation  aU  possible  values. 
I^  for' instance,  the  parameter  of  a  parabola  be  made  to 
vary,  a  series  of  parabdas  will  be  obtained,  referred  to  the 
same  axis,  having  a  common  vertex,  and  whose  concavities 
are  turned  the  same  way.* 

Let  D//,,  JD^,  IXN',  8cc.  fig.  59,  be  die  curves  so  in-  Fjg. 
tersected,  and  MZ  the  curve  which  cuts  them,  or  the  tra-  ^^ 
jectory  required  i  if,  through  M,  any  one  of  its  points 
we  draw  a  tangent  Mt,  and  draw  also  that  of  the  curve 
but  by  it,  which  passes  through  this  point,  the  angle  TMt^ 
by  the  condition  of  the  question  must  equal  a  given 
angle.  Let  us  denote  by  x,  ^,  the  co-ordiqates  of  the 
cutting  curve,  and  by  j/,  y,  those  of  the  curve  cut ;  also, 
let  a  denote  the  trigonometricsil  tangent  of  the  constant 
angle  TMt^  which  is  equal  to  the  difference  of  the  angles 
MTP,  MtPf  whose  respective  tangents  are  expressed  by 


^JL,  mA^  (64).    This  relation 


*  la  Hechauics,  the  name  of  trajectory  is  also  given  to  the 
curve  described  by  a  body  acted  on  by  any  forces  \  but  sach 
trajectories  do  not  of  coursa  come  uuder  consideration  in  a  work 
devoted  solely  to  Analysis  and  Geometry. 

SB 
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tanTJHt^taa(MtP-MTP), 
leadi  to  die  foUimuig 

dff       d£ 

7x  "  TV 
am -——(Trig.M). 

We  here  suftpose  that  the  prinutive  equation  of  the  in- 
tenected  curves  is  known ;  and  we  thence  find^  by  dif> 
ferentiadon  ij/ispda^,  and  the  foregoing  equation  will  dius 
become 

•C+'jD+'-S- — •<^>' 

It  will  be  neocttsry  now  to  writQ  tfanraghout  x  and  jr^  in* 
stead  of  af  and  jr';  since  at  the  point  M  die  intersectii^ 
iod  intenected  cunres  have  the  same  co-ordinates.  Tkts 
being  done,  if  we  eliminate  between  the  equation  (A)  and 
the  primitive  equation  of  the  intersected  curves  the  con- 
stant whose  different  values  particularise  each  of  thoet 
^urves^  we  shall  have  a  result  which  wiU  include  all  thmr 
auccessive  intersections  with  the  trajectory^  and  will  q£ 
course  be  the  equation  to  this  latter. 

Take  for  example  a  series  of  parabolas,  having  the  same 
axis,  and  the  same  vertex ;  and  whose  equation  is  ^'*s«ji^ 

m%  J^ — ^ 
which  gives  />«  — j^^^  ,  We  may  elimthat«  immedi- 
ately &om  diis  expcession,  by  meanff  of  die  proposed  equa- 
tion, the  parameter  «,  which  particularises  each  parabola 
of  the  same  degree ;  and  substituting  the  result  in  the  equa- 
tion (^},  after  changing  x'  andy  into  m  aad^  and  dividing 
.  by  j^""*y*~S  we  shall  find 

a{nxdx^rmiidy)'\rmyigc^nxdy  =0. 
This  equation  being  homogeneoua  may  be  treate4  bf 
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AefliediodmAit4Stf5.  Wlieawzsjiaaly  it  btcomeft  in* 
t^nUo;  hjim&it  by  «**f jy^,  tiooe 

and^^~^^a»  d.  arc  Ctaa=?^  (862) ;  we  have  Aen 

«lV;?4p+afC  (tanBf)aC, 

or  «1  — J a»arc^^tana=-^, 

by  cloagitlg  the  arbitrary  GQBSbmt.    If  we  then  lOAkc 

4^^Tp^u,  arc(tan*)=/, 

ve  fi&di  that  the  eqaation  is  that  of  the  Jogarithmic  spiral, 
whose  property  it  is  to  cut  the  radius  vector  in  a  constant 
angle  (114);  and  in  fact,  in  the  cunre  under  consideration, 
the  intersected  curves  are  nothing  else  than  a  system  of 
right  lines  drawn  through  the  origin  of  the  cp-ordinates, 
and  whose  equation  is  y =»/• 

If  we  would  suppose  the  angle  TMt  a  tight  angle,  « 
must  be  supposed  infinite,  and  of  course  only  the  terms 
multiplted  by  it  must  be  retained :  thus  the  above  equation 
reduces  itself  to  nxdx-k-fnyiy  zzO,  whose  integral  is 
»i«+my=r,  and  indicates,  that  the  curve  which  cuts 
all  the  proposed  parabolas  at  ri^ht  angles,  is  an  ellif>8e  de- 
scribed upon  the  same  axis  as  the  curves,  and  having  the 
same  vertex  with  them-  The  trajectories  in  which  the 
angle  IMt  is  a  right  angle,  are  called  orthogonal  trajecfih 

As  I  their  general  equation  is  1+JP3^  =  ^>  »*««  ^ 
mined  by  making/t  inAaaSe  in  the  equation  (4). 

SM.    The  following  problem  wffl  shew  in  what  man* 
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nut  Geomacrical  conttdentions  lead  to  the  thebff  of  piftK 
Cttlar  solutions^  explained  in  (994).  '^To  fimda  curve  suAi 
thai  all  the  perpenJBaJars  dnpped  from  a  given  point  tifom 
the  tangents  of  this  eulrvef  shaU  he  equal. ,  To  obtain  the  dif- 
ferential equation  of  the  problem,  we  must  remember  diat» 
calling  X  and  jf  the  co-ordinatea  of  a  cnnre,  and  x'  andy 
those  of  ito  tangent^  the  equation  of  the  latter  la 

y-3f=T£  (a^-i?)  <67);  astaming  .therefoie  the  pven 

point  from  which  the  perpendiculars  are  to  be  dropped, 
for  the  origin  of  the  co-ordinates,  each  of  these  perpendi* 

dr 
culars  inll  hare  for  its  equationy:=  —  —  «/  (Trig.  86  ), 

and  its  length  will  be  expressed  hj  Vj?'"+y*-  If  we  put 
for  of  and  for  y  the  co-ordinates  of  the  point  where  it 
meets  the  corresponding  tangent,  and  whose  values  are 
found  by  the  two  equations  above  CTrig.  87),  we  shall  have 
from  these  equations 

dx-^dy^     '     ^^  d^^df    ' 

and  .r^Kij.^^^         , 

and  the  differential  equation  of  the  curve  required  is  there* 
fore  ■ 

xdy  -ydx  =  n  vTP+Tj^ 

This  being  known,  it  is  easy  to  see>  <hat  the  circle  whose 
radius  is  ly,  and  whose  center  is  the  origin  of  the  co-ordi- 
nates, satisfies  the  conditions  of  the  question.  This  circle 
having  x*  -k-y^^n^,  for  its  equation,  is  precisely  the  solution 
found  in  (270) ;  but  every  right  line  aituated  so  that  its 
least  distance  from  the  origin  of  the  co-ordinates,  shall  be 
equal  to  »,  equally  resolves  the  problem ;  and  as  an  infi* 
nity  of  right  fines  may  be  drawn  so  as  to  satisfy  this  condip- 
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tfra,  ii  follows,  that  it  is  in  the  equation^  comtyrdieiidii^r  all 
these  lines  that  we  are  to  look  for  the  complete  integral  of 
the  abore  difierential  equation,  which  in  fatt  is 

A  circumstance  worthy  of  remark,  and  which  is  iimne» 
diately  perceived,  isy  that  all  the  right  lines  of  which  we 
have  spoken,  are  necessarily- touched  by  the  circle  which 
represents  the  particular  solution,  since  its  radius  is  the 
perpendicular  let  fall  upon  each  of  them. 

The  same  relation  exists  between  the  different  curves 
which  the  complete  integral  of  any  differential  equation  of 
the  first  order  represents,  and  that  which  is  defined  by  a  par- 
ticular solution  of  this  equation }  the  latter  will  toucltall  the 
former.  In  fact,  the  differential  equation  determines  only 
the  direction  of  the  tangent ;  and  every  curve  which  at  any 
assigned  point  has  a  common  tang^t  with  some  one  of  the 
curves  derived, from  the  complete  integral,  will  necessarily 
Satisfy  it.  Now  this  is  what  actually  takes  place  in  the 
curve  which  touches  all  the  others. 

It  follows  from  this,  that  the  evolute  of  any  curve  is 
hothing  more  than  a  particular  solution  of  the  differential 
equation  which  represents  all  the  normals  of  the  curve, 
whose  evolute  it  is  ^  and  in  general,  that  curves  given  by 
particular  solutions*  result  from  the  successive  intersections 
of  the  curves  which  correspond  to  the  different  values 
which  the  constant  in  the  complete  integral  may  assume. 

The  connexion  established  in  Art.  294,  between  the 
complete  integral  and  the  particuUr  ^utions  of  diffieren« 
tial  equations,  is  thus  deducible  from  Greometrical  considera- 
tions; for  every  point  in  the  circle  of  the  pteeedlng  exam* 
pie  may  be  regarded  as  the  mtersection  of  two  consecu- 
tive tangents  $  that  is  to  say,  as  die  intersection  of  two 
right  lines  derived  from  two  consecutive  values  of  the 
constant  ^  .•  the  abscissa  and  ordinate  of  this  intersecdoa 
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depend  npoti  die  tvJue  of  4r»  ivhich  il  reciprocallf  a  Ailicdeii 
of  these  quantidee)  or  of  arand^.  It  is  evident^  that  to 
form  the  equation  of  a  line  consecutire  to  that  which  is 
represented  by  the  equation 

diis  must  be  differentiated  oa  the  supposition  that  c  alone 
Taries ;  and  as  the  intersection  only  of  these  two  lines»  or 
the  point  where  the  co«^rdinates  are  common  to  both,  is 
required,  x  and^  must  be  regarded  as  constant.  This  iii« 
tersection  will  therefore  be  given  by  the  two  equations 

if  a  particular  value  be  assigned  to  c ;  but  if  we  eliminate 
€,  the  result^  since  it  now  corresponds  to  no  one  inter- 
section in  particular,  must  embrace  the  whole  series  of 
points  produced  by  the  crossings  of  the  lines  depending  on 
an  the  values  of  r,  combined  two  and  two  consecutively  ^  that 
is  to  say,  the  circle  which  is  the  particular  solution,,  and 
which  is  here  derived  from  the  variation  of  the  arbitrary 
constant.  The  same  remarks  may  be  made  on  evolutes, 
when  we  consider  them  as  produced  by  the  intersections  of 
the  consecutive  normals  of  their  original  curves. 


f^the  Integration  of  FunctUms  of  two  or  wort 
Variables. 

jnvatigation  of  a  Fimetiofpofimri  than  one  Variable^  when  aU 
its  Pfffgrential  CotffUunU  of  the  same  Order  are  gruen^ 
et^licitl/f  or  impJicif/^ 

905,    Punetions  which  depend  upon  two  or  moreva* 
AMes,  differ  from  those  which  contain  oidf  one,  hias* 
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much  as  they  have  more  than  one  diflereatial  ^oefficJent  of 
every  order.  If  s,  for  instance,  be  a  function  of  two  vari- 
ables, it  will  have  two  differential  coefficients  of  the  first 

dx  dz 
order,  namely  -^  f  'j-f  ^^  one  being  taken  on  the  sup- 
position, that  X  alone  varies>  the  other  that  jr  abne  is  vi^ 
riable.  For  the  second  order  the  number  of  differential 
coefficients  rises  to  three,  and  thus  goes  on  increasbg  from 
one  order  to  another  (124).  In  re-aacending  from  the  dif- 
ferential coefficients  of  a  function  of  two  or  more  variahks 
to  the  function  itself,  several  cases  present  themselves } 
1st,  We  may  have  all  the  differential  coefficients  of  the  samp 
order  actually  expressed  in  terms  of  the  independent  van- ' 
ables.  2d,  The  function  itself  may  ^ntet,  together  with  the 
independent  variables,  in  the  expressions  of  the  differential 
coefficients.  Sd,  We  may  have  no  more  given  than  a  cer- 
tain relation  between  these  coefficients^  the  function  from 
which  they  are  derived,  and  the  independent  variables. 
We  shall  first  consider  the  simplest  cases* 

306.  When  the  diflferential  coefficient  of  the  first  ordec^ 
of  any  function  of  two  variables  are  knowui  we  may  thence 

deduce  the  first  difRerential,  and  vke  versA :  if  -^zzp^-r-zzq^ 

ax       ay 

we  have  dz^pdx  +  q  dy.  To  find  z  we  must  integrate 
the,  differential  pdx  ^  qdy  by  the  proces?  applied  in 
Art.  261,  to  the  differentialJfijr  +  Ndy^  which  would 
be  impossible,  unless  p  and  q  satisfy  the  equation  of  con- 
dition -;^  =  :7^  .  When  this  is  not  the  case,  we  conclude 
dy        dx 

that  the  expression  pdx  ^  qdy  is  not  the  differential  of 
any  function  of  two  variables  and  signifies  nothing  what«» 
ever,  so  long  as  we  regard  at  the  same  time  the  two  vari- 
ables X  and  y. as  independent. 

307.  We  will  now  consider  the  functions  of  three 
variablest 
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lAi.dt  9sndu  ^pdx  +  q dy^  that  U  to  say,  kt 

dt  dz  dz 

du  dx     ^      dy       ^ 

n^  p,  and  g,  bein^  functions  of  m,  x,  y.  There  exist  betweea 
these  functions  relations  analogous  to  those  which  we  haTe 
•noticed  in  the  dSfferential  dz  zzpdx  -k-  q dy.  In  fact,  if 
we  suppose  OttCcessively  ^^1  dx,  and  du,  to  vanish,  that  b, 
if  we  regard  m  succession,  y,  x,  and  u,  as  constant j  the 
-proposed  differential  ought  to  afibrd  us  three  complete  <Kf- 
.ferentiais  relative  to  two  futiables  ^  that  is  to  say, 
dzsz  ndn  +  pdr,  dz^ndu  +  qdy^  dz  zzpdx+qdy^ 
from  which,  as  a  necessary  result 

^       ^      ^-1^?       ^P  ^  dq 
dx    .  du       dy       du       dy^^dx 

The  iiitegration  may  then  be  i^drformed  considering  at 
first  only  one  of  th6  Variables,  and  proceeding  as  if  the  two 
others  were  constant.  Let/n  du^U  -¥  F,  F  denoting  a 
function  into  which  u  does  not  enter.  If  n  at  the  same 
4nie  contain  u^ «,  y ,  'we  shall  get  by  diffeientiaCion 

.       dU J    ^dUj     ^dU,   ^dV ,       dr. 
du  dx  dy   ^       dx  dy 

or 

dz^ndu^{-i^^)dx^{~^^)dy. 

since    -r- du  szndw,    and   in   order  that  this   ralue 
du 

should  be  identical  with  the  proposed,  we  mnst  hare,  It- 
paratel^t 

_dU  ^dF 
dU  ,dV 
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(ram  iiliidi  we  dednce 

dx"'  "  4x* 

dF  dU 

dy'^"!^' 

Now  •r-  and  >?-  are  known  functions :  and  we  therefore 
dx         dg 

obtain  V\>j  integrating,  relatively  to  die  two  Variables  x 
and  ^,  tlie  differential' 

by  the  process  of  Art.  261.  Nov  this  process  supposes  that 
the  equation  of  condition 

rf^_    iPU    _dq  _   d'U 
djf      dxUy,     dx       dydx 

is «lisfiedf  but  this  eqaatioa|  since  T^^jrr  (^^^)  >^ 

duces  itself  to  -^  r:  ^2 .    Also^  since  T  cannot  contain  u, 
itf      d9 

we  must  hate- 

dV^  dV 

dxdu  "*    *        djfdu       *  > 

\ifaich  gives  t 

«ad  cooteqiientl^ 

du      dx*     du      df* 
9r 
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since 


dxdu         dx  dydu  1^ 


f 


,    dU 
and    -=—  =  «. 
du 

The  gsocess  o£  integraliQA  thus  leading  us  bade  to  tbt 
equations 

dn  _d£^      dH  ^d£       4l.^^ 
dx"  du'     dy       du'     ^^rfT* 

It  appears  that  three  equations  contain  tl^e  onlj"  conditions 
^hich  must  of  necessity  be  satisfied  ^in  order 'tnat  the  ex- 
pression dt^ndw^pdx-^-qdy  should  be  the  di£Ferential 
\/i  a  function  of  diree  TariaWes  »i  j»i  an  J  y. 

We  shall  pursue  this  subject  no  farther;  wh&t  has 
already  been  said  is  suflkieni  td  shew  th«L  manner  of  ope* 
rating  on  a  differential  of  the  first  order,  containing  any 
number  oi^tndepeadeot  variables,  and  it  is  easy  from  thence 
to  derive  d^^^method  virhfcfe  miist  he  etiiplay«d  W  iXg^ 
entials  of  superior  orders,  in  which  d^u^d^x^d:^^  &c. 
janttst  be jr^gurd^  gs  new  varablesi  !   .. 

308.  We  proceed  now  to  thecsise  Where  the  funcdoiu 
required  enters  into  the  expression  of  its  dilferentttf  coef- 
ficients, which  are  thus  all  given  impltcMji.  Let  us  first 
suppose  that  theftinption  z  depends  only  on  two  variables 

X  and  y,  and  we  shall  have  «->    =0,   ^:^q^^  0'and^ 

dx  dy      ^   ^ 

containing  at  onc<r  r,y„  2Aitz\  anid^  we  thettde  deduce  the 

differential  equ^tibarf2;=:j»  fjr  +^^d|^  to  wKibh  any  equa* 

tion  whatever 

Pdx  +  Q^dy  J^  Rd%  =0, 

may  be  referred;  by  Qukipg  ^  ^  ^|!>,  ^  S  =:  jr. 


In  wder  dnt  p  and  q  may  be  die  £flfieisenlial  coefficients 

of  a  function  of  two  yariablesj  It  is  requisite  that  — ^ 

•hoiUdlK^idept«alwith^\ar^=^»  employ- 

ing  here  the  notatbn  of  Art  lS6j  to  denote  that  not  only 
X  and  y,  but  also  the  function  z  which  implicitly  contains 
those  YariableSj  must  be  made  to  vary,  Thus^  putting /i  and 

f  in  the  place  of  7-  and  -r—  «  we  shall  find 
*  ^-        as        d9^ 

or    ■ 

:J^  -  ^  +  q.^  -  Z'  •  i^  =  0 .(i*). 

dy       dft       ^    dz       ^    dz  ^    ' 

If  we  substitute  —  "^  *  —  ^ «  in  the  place  of  p  and  at,  we 

shall  find,  after  all  reductions, 

P.«-«.^+je:^-e45+c.i-''-P.|S=o.x2». 

^y  "^  .^^     7^  tf X     ^  dz  dz 

an  equation  which  comprehends  the  relation  which  must 
exist  between  Py  Q^l$aARs  in  order  that  in  the  equation 

Pdx  +  Qrfy  +  Rdz  =  Q, 

z  may  be  regarded  as  a  function  6f  the  two  independent 
variables  jrand^^  and  that  the  integral  of.thi^  equation 
may  be  consequently  exprjessible  by  a  single  primitive 
equation  between  the  thi^  variables  x,  y^  and  z.  It  follows 
from  this,  that  a  differential  equation  taken  at  random 
cannot  always  be  verified  by  a  function  of  two  independent 

variables. 

> 

Tor  a  long  time  those  6quation^  which  did  not  satisfy 
the  conditioit  {E)  were  called  Absurd  Equations^  and  were 
regarded  as  hai^g  no  meaning ;  but  Monge  has  sheVn 
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that  every^diSiRaitial  equatiQii  with  three  Tablet  has  a 
real  signification ;  and  t^t,  while  those  whose  integral  is 
expressed  by  a  single  equation  among  the  three  variables 
belong  to  cjarve  surfaces*  every  other  represents  an  infinity 
of  curves  of  double  cuYvatui^/possessM  of  a  property 
common  to  all  of  them.  We  shall  at  present  confine  our 
attention  to  the  first  kind  ;  and'  return  afterwards  to  the  ^ 
consideration  of  the  others.  . 

309.  Although  the  equation  (JB)  should  become  iden- 
tical by  the  substitution  of  the  values  of  P,  Q,  R,  it  does 
not  foUowj  as  a  necessary  coqsequenct^  that  the  equation 

Pdx  +  Qdy  +  Rdz  «b  0,  ^' 
is  an  exact  differencial ;  but  at  least  it  may  be  rendered 
such  by  multiplication  by  Sonne  factor.    In  factj  let  f^  be 
tfab  factor*  and  therefore 

i»Prfx  +  fiQrfjr  -^  9^Rdz 
an  exact  differential*  we  shall  have*  then,  by  (307) 
d.fAR  ^d.p^Q      d.f^R  _d.p,P      d.^Q      d.f^Q 
d],  dz    '        dx    """ST'       dx     "^lir' 

equations,  which  when  developed*  become 

if  we  eliminate  f*  by  multiplying  the  first  by  P*  the  second 
hj  —  Qithe  third  by  R,  and  adding  the  products  together^ 
their  sum  will  be  divisible  by  f«*  aiid  will  give 

»   dtf  dz    ^  4x    ^  dz^    '  dx         iy      ^ 

an  equation  ideatical  with  (£) }  and  wbea  dtis  is  8atisfie<I> 
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the  determinadon  of  /*  will  depend  solely  on  any  two  .of 
the  three  equatidns  {C),  taken  together. 

SIO.  When  the  diffecentiald  dx,  dy^  and  dz,  riser 
above  the  first  degreein  the  proposed  .equation^  it  cannot 
be  integrated  by  the  means  above  laid  down  unless  it  satis* 
fies  a  new  condition  which  we  will  next  investigate.  Take 
for  instance  the  equation 

Prf«*  +  (2i/y+*ifz'+2SrfT4fy+2Wrrf;g+2ri^«0; 

it  cannot  result  from  the  diSSerendation  of  a  primitive  equa* 
don  between  the  variables  x,  jr>  and  z$  unless  it  can  be  re^- 
duced  to  the'form  P'dx  +  Q'lf^  +  JR'tfs  "s  0:  for, 
whatever  be  its  integral,  we  may  always  derive  from  it  by 
diffinrentiation  dz  =  pdx  +  qdy,  p  and  q,  denoting  any 
functions  whatever  of  x^  y,  and  z :  consequently,  if  the 
pMposed  equation  be  resolved  in  i£r  (or  if  4;e  be  found  itt 
functions  of  x,y,  z,  tec.)  the  dtfierentiak  dx  and  djf  miik 
appear  in  the  result  entirely  disengaged  from  the  radical ; 
which  will  not  always  take  place ;  for  we  have 

:tV{T^'-rR)dx*+2(TF-'Rb^dxdy^{F^^(lR)d^}l 

and  if  the  quantity  which  is  under  the  radical  be  not  a  per* 
feet  squate,  or  at  least  if  we  have  not 

{TV  -  RSf  =  (r«  -  PR)  (r*  -  QR);'  ^ 

die  differentials  d  x,  dy,  wiH  remain  undisengag^  from 
the  radical.  In  general^  iirfutever  he  the  degree  o£  tb^ 
proposed  equation  with  respect  to  dz,dx,  djf^  it  is  neces* 
sary  that  when  arranged  according  to  the  powers  of  dXf  ^ 
may  be  decomposed  into  factors  of  the  form 

dz -^pdx -^qdy  ^Ob 
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Integratihn  of  partial  IHfffef^ential  Equations  of 
the  fint  Onjkr. 

^tl/'  We  now  proceed  to  the  third  case  in  the  inves- 

figation  of  fiinctio|id  of  two  or  a  greater  numbet  of  vaiiables. 

In  this  case  w6  have  on)]^  g'iven,  for  the  determination  of 

Uie  unknown  function,  some  one  or  more  of  its  differential 

coeffioiefrts  of  a  certain  drder,  or  •ne  -equation  lalone  be* 

tweea  tifpax.    In  this  consists  w^tis^  caUed  the  QJaJys 

rfSarUQl  J^ifftremxs^  and  which.ofight  to  be  denoniisated^ 

accord^ig  to  the  remarks  in  Art^  1^  ilu  InUgral  CaUmUn 

rf  fgrtial  D^fermiials^  Jot  xhe  differential   coef^deats 

ftpaxately  considered,  lead  u^  to  a  kxu)wledgp  of  ^e  partial 

diSerentials  alone  and  not  the  differ?nfe^,,wt4c]|^  are  the 

obji^etflf  ^.  sep^ffite  calculus  wMchwiU.b^  found  in  the 

T^<#tise  m  3vi«ib  whiich.  teiiminate^  this  work.    The 

d^  +  *  z 
coefficient  y  multiplied    by ^x^dy*  becomes 

■^^''L  ^rfj**^y,aqd  then  expresses  the  mth  differential 

(taken  i:elaCiFe  to  ;r)  0f  t)xe  nth  dif^rential  pf  jc.  i»^tiTe  tog, 
and  vice  versS* 

3 12.  The  simplest  favdal.diffeBeotial  equation  h  that 
which  conisMiis  only,  o^ie  of  the  coeSdents  of  the  first  or- 
der,^  tpgether  with  the  independent  variable*.    S^ppqae^ 

Ibf  shDamplr/^  t=*,  A  not  contwiing  s;  multiplying 

hfdx,'^i6buSn  ^^dx^Rdx,  or  dz:=zRdx,  provided 

that  in  the  dificrentiation  of  ;?,  or  is  regarded  as  the  only 
variable^  and  therefore,  integrating  relative  to  x  alone,  it  will 
become 

^ts:fRdx^C. 


ttk^bis  result  C4diote8,' Dot ^  a,  simple  arbitnrjr  con8^t» 
but  a  functiboNofi-aU.t&e  variaBIes,  except  x^  wbich  z  may 
contaiiit  of '  a  fon^i^^uteljc 'indetei^pmate.  If>  for  is* 
stance,  z  depended  at  the  same  time  on  s  and^^  we  should 
ha^&tiifMd<t^^4i(yH  '^Qi!)f^«olbig«rafbitnryftme^ 
lion,  composed  of  y  and  constantSj  conibined  in  any  waj 
we  please.  When  z  depends  on  three  variables,  «,  ^,  u, 
we  9kM^h9i^e,zm/Bd9  -H^  (fV^V  ^  4^(iff  jr)  «11  repre- 
sent an  arbttn^  JFunction,  in  which  die  variables  u,  y^  may 
be  comhined.  ia  any  manner  jwfaatwven  ettlier  with  each 
other  or  with  constants.    In  general,  for  any  number  of  in- 

i  in   ' 

dependent  variaUesx,  tyU^Sry^i  &c^t]betntegialof -^^sj^ 

will  be  z  ss/R  dx'^4>  (/,  t,  »v  ji^  &c,)i.  fov  it  is  evident  ^ 
the  function  ^  (/,  /,  u,  jr.  Sic.),  whatever  be  its  fonn,  will 
not  change  by  the  variation  of  i-aiboe^  and  therefore  in  all 

cases^  will  be  e<mal  to^>^  «  iJ. 

dx  '  ■  djX- 

.  Ve'have  supplo^ed  that  z  doe^  not  enter  into  J(.  If 
however  this  were  the  case,  the  equation  must  be  treated 
as  if  «  auid  z  were  the  only  variables,  and  integtated^as^  ah 
mditury  dlffncmtial  eqwtioi^  by  some  of  the  methods  d^ 
lijrered  before.    The  integral  of  the  equation     •  ^ 

i^dx'-'RitxzzO,  oxdz-Rdx=:ai 

dx  ^^  .      . .  . 

being  denoted  then  1>y  Tsconst.  we  shall  have 
,  r*^(j,./,  u^y,.tu.y  • 

(dt  the  primitive  ekpnirioB  on  wihieh  the  f^i^tiqii  sdepends. 
lir  feet,  :tf  this  eqinrion  1^  diaerentiatedjr  r^tively  tp.  x  and 
r,  die  «ss«lt  will  be  of  the  form  '     . 
Pdz+QdrtziOf 

and  itwfllbe  tuch  diat  -  ^tsR^wbadkmet^^.^  Rf 

X*  ax 
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Suppose  for  instance  that  ~  a:  \     9  k  -  «  J?.   ^ 

ax      iir'  +  y     '  r 

If  we  regard  y  as  mTariable^  and  integrate  the  eqnitiott 

Jz       dx     2*— V* 

—  «c  —  .  -xTa  *  *•  *  common  difierentiai  eqaation  be* 

tween  z  and  x,  we  hare 

dz      dx    gj:*~(jt*-f^*)         axi^j       rfx 

whence  1  5  =i(4>+J^)-.lar;  afid  j5«^  ;il±3f : 

in  wKich,  as  y  was  supposed  inTariable»  the  constant  c 
maylip  iny  function  of  ^  whatever ;  and  we  get,  for  the  in- 

legral  of  the  equation  ^  ssj?^ 

*r    - 
^  (^)  denoting  an  arbitrary  function  of  t/. 

31S,  The  equation  Pp  +  Q^siE,  in  which  P,  Qi^  and 
^  contain  at  once  x^y^  and  s,  is  the  most  general  which 
it  is  possible  to  •  have  between  the  coefficients  p  and  j 

f^  and-T^  V  when  they  do  not  rise  abote  the  first  de» 

gree.    If  we  talce  the  value  of  p  in  this  equation^  and  sub- 
stitute it  in 

dz^pdx-^qdjf, 

weshaUfind  ' 

Pdz-Rdx^q(Pdf-Qdx\ 
ijit  coefficient  q  remaining  undetermined.  Two  cases  here 
present  themselves :  Ist^  the  composition  of  P,Q^R  may 
be  sucby  that  the  function  Pdz^RJx  cohtains  only  the  va- 
riables z  and  jTf  whose  differentials  it  involyesi  at  the  same 
lime  that  Pdy-Qdx  contains  only  x  and  y.  Sd^  one  or 
die  other,  or  both  of  these  fiinctions  may  involve  the 
three  variables  Xj  g^  x. 
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la  tihe  fiftt  case  'diere  estate  a  factor  Mf  which  renden 
P4f  —  Qdx  a  complete  difiereiitial»  and  a  factor  /,  which 
performs  the  same  office  to  Pdz-^Rdi^  and  if  we  denote 
these  complete  differentials  hj  d  M  and  d  N,  we  have 

Pdy^Qdx^ldM,  FdZ'-Rdx^ldN, 

and  the  foregoing  equation  will  become  dN^s  iJL  dM. 


M 


It  caanot  then  be  integrable,  unless  j^ .  ^  be  a  function  of 

M ;  but  this  being  the  case,  the  form  of  that  funcdon  is 

*  perfectly  arbitrary;  putting  then  q.^  =:  ^'  {M),  ,we  have 

d  Nmip>'(JH)  dMj  and  integrating^  it  becomes  iV=:^  (jlf)t 
^  denoting  an  arbitrary  function. 

As  an  eiaraple  of  this  case,  we  shaD  tadce  die  eqttatkm 

pt^qyzznt^  otx^j^  'k-  y-z-^^n^\  from  which  we  find 
ax         ay 

Pdy-Qdxzz  xdy-^ydx^ 
Pd%'^Rdx::zxdX''n%dx\ 
aud  by  the  integration  of  the  equations 

xdy—ydx^Of  znd  xdZ'-nzdxsiQ, 

we  findj  that  the  factorf  f*  and  f/  are  respectively  ««   and 

r 

^1,9  and  consequently,  that  Mzz ? ,  N s  -f  }  whehct 

it  follows,  that  -5  "=^C^\  or;r«af.0  T^)*  that  is 

to  say,  z  is .  an  homogeneous  function  of  x  and  yi  of  the 
nth  degree.  In  fact,  the  equadon/?x-ffyrs/iz  is  no  other 
than  the  expression  of  the  theorem  relating  to  homoge* 

da 
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fieous  fiiJicli«ii&  gmo  ih.No.  £66,  and  oE  ^irinidi;  Ae  fore- 
going process,  in  the.  cise  of  two  varitUes^  furmallcft' »  dt- 
monstralioii. 

314.    Wlien  the  variables  X|  y^  and  jz;  are  Intermixed 

witbottt^diatinctum  m  th<  function  Pdj^^Qtitr^  Pdz^Rix^ 

it  is  no  longer  possible  to  render  them  separately  integra- 

l!tte,  by  ttieanA  of  bctora,  axul  this^  becsoise  the  equa^ooa 

Pdy~Qdx=0,    and  Pdz-RdxssO, 

ar^  not  integrabfe  separately  and  indepehdendy ;  for  we 
must  ohserve^  that ;;;  cannot  be  regarded  as  constant  in  the 
former,  nor  x  in  the.  latter.  Lagrange  was  the  first  who 
^boenred  that  i/^  sevetAeless,  these'  eqnatioiis  were  imt- 
grated  conjointly^  and  that  from  them,  two  primitiYe  equa- 
tions were  dertred,  each  containing  an  arbitrary  constant, 
so  .that  M  and  N  being  giren  ftmctions  of  x^  y,  2,  we  should 
lka»6  M^Ot  K^  B  $  thm  thft  iotegtat  of  thi^  pMpMofr  equa- 
tion Pp,-^.Qs  would  be  K=^<p  (jif),  ^  denoting  always  an 
"arbitrary  function.  This^  important propoaStbn  seems  to  he 
demonstrated  in  a  manner  sufficiently  simple,  as  follows. 

Since  the  equations  M^  a%^  N  =  i  are  supposed  to 
he  deduced  from  the  equations^  Pdx  —  Qdy  :=iO,  and 
Pdz-*Rdx=iOj  their  differentials  must  hold  good  at  die 
same  time  with  these  latter ;.  that  i%  if  ia  the  eqfotdciie  . 

-- — dx  -^  - — dy  +  -p— {fz=:0, 
dx.  ay,    *'        dz 

dx  diy  dz 

the  values  of  dy  and  dz  deduced  from  the  equations 
Pdy^ QdxzzO.md  Pdz-Rix  =^0,  bo sabsjjtttted^  we 
shall  arrive  at  results  which  are  identically  equal  to  zero. 
^Iliest  lesHltsare 

il*  ay   ^      (Lz 


ax  ay  ^       d*         ^ 

whence  we  deduce 

dM         rfjtf    Q  _iM     R 
4x  '^   .   dg     J        dz  'P' 

dN  dtf     <i       dN     R 

Now  the  equation  Ni<p  (if)  gives  d  Nss<p  (M)  dM,  or 

and  Mitetimtitig  in  tMs  equation   die  above  talues  dF 
•7^ J  --— >  we  shall  «nd 


L-rfi 
whence  we  obtain 


''^(Af).  [i^(fd!,^Q4x)+'^.^(Pdx^Rdx)  J 


If  then^  for  the  sake  of  brevity,  we  represent  by  •  the 
quantity  which  multiplies  {Pdy—  Qdx),  and  ithich  is  inde- 
terminate (containing  ^  (M)%  the  above  equation  will 
become 

whence  (308)  we  get 
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values  which  satisfy  the  proposed  equation^  iiiilepeiideiitly' 
of  fy  and  consequently  of  ^  (Af). 

When  we  make  ^  {M)  =  a,  the  mtegral  N  =  ^  (ill) 
reduces  itself  td  Nssii,  which  shews  that  A^s^  is  a  particu* 
lar  integral  of  the  proposed  equation.  The  same  may  be  said 
of  M=j;  for,  from  the  equation  i^Ts^  (jif)  we  derive  M  s 
^j(N]y  ipi  indicating  the  inverse  operation  of  ^^  and  conse- 
quently ^i  (N)  denoting  an  arbitrary  function  of  N^  and 
which  we  may  therefore  supposes  a.  * 

315.  In  a  great  number  of  cases  the  integration  of 
partiaT  differential  equations  of  the  first  order  with  three 
variables,  is  greatly  facilitated  by  separating  them  into  two 
others  by  the  introduction  of .  an  indeterminate  quantity, 
as  may  be  seen  in  the  following  example : 

Let  the  equation  be  /  (/>,  i  ^) =-?(  J>i^)  :  if  we  make 
f{py  x)^ti^  we  shall  have  at  the  same  time  jF(f,  3r)s«f 
and  from  these  two  equations  \^e  deduce 

/  and  F,  denoting  the  inverse  functions  of  those  which/ 
and  F  represent*  The  equation  dz  ^pdx+  qdy  will 
then  become  " 

but  if  we  represent  the  integrals /ijr  •/(•'»  x),  and 
/  dy .  F,  (tf,  y)  taken  only  with  respect  to  the  variables 
X  and  y^  by  P  and  Q  \  these  last  being  also  functions  of  m, 
we  shall  have 

d9c  ./>,  x)=  "^dx^dF^i^d^ 
^'^  ax  dm 

and  consequently/ 

♦  See  Nole  (O). 
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As  this  last  equatioa  cannot,  become  a  complete  diffisren* 
tialt  except  upon  the  suppontion  that  -^  4-  -^  «^'(«X 
from  which  It  would  follow^  that 

we  must  therefore  have 

two  equations^  between  which  m  must  be  eliminated,  when 
the  arbitrary  function  ^  («)  is  determined. 

It  is  often  sufficient  to  substitute  in  the  equation 
dz'sipdx'Yqdy^  the  value  otp  or  q^  derived  immediately 
from  the  proposed  equation^  and  then  to  integrate  the 
results  by  parts.  For  instance^  if  we  hxfe  ps:/(q),  It 
becomes 

dz^dxf(g)'hqdy: 

we  therefore  find 

^=jp/(y) + jy-/(*/'(y)  +y)  dq  J 
and  since  the  integration  indicated  cannot  take  placej  un» 
less  xf(q)  '¥ym4/ (q),  it  foUows  that 

and  assigning  any  form  to  q,  die  elimination  of  q  from 
these  equationsi  gives  an  equation  between  Zy  x$  andjf. 
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Of  the  Int^ation  rf partial  Differential  Bquatiams 
^  anHrder  superior  to  thdjirst. 

316.  "Wlien  we  proceed  to  the  second  order,  the  dif- 
ferential coefficients  of  thb  order  are  iSnfte  in  mmAer,  for  a 
function  of  two  ^ariablesi  uad  a  pardal  idifierential  equa- 
tion of  the  same  order  may  express  in  g^eral  a  relaition 
between  the  independent  variables,  thefttncdon  sought  and 
its  differential  coefficients,  as  well  of  the  first  order  as  the 
second.  We  see  bf  analogy,  that  Ae  generd  equation  of 
any  ordei^  and  with  any  number  of  variableSi  must  contain 
the  independent  yanables,  the  function  souj;ht,  and  its 
differential  coefficients  from  the  first  order  to  that  of  the 
equation  inclusively.  • 

Before  we  consider  tlie  general  case,  we -shall  mention 
jome  which  are  reducible  to  inferior  orders. 

1st.  Every  equation  among  three  variables  6f  tbe  fmm 

although  of  tiie  orfler  m-^n^  may  lie  ttdttced  to  the  order 
m,  by  makbg  -^-^ = v,  ^as  it  will  then  become 

In  tfie  sdutson  of  dMs  «|npibn  we >ma$t  wiafgKmtimkjf 

constant,  since  all  the  differential  coefficients  of  v,  which, 
are  found  in  it,  are  taken  relative  to  x  \  and  it  may  there- 
fore be  treated  as  a  differential  equation  between  two  vari- 
ables X  and  V :  but  it  is  eiident,  that  to  give  the  e^resaon 
of  V  all  the  generality  of  which  it  is  susceptible,  it  will  be 
necessary  to  replace  the  m  arbitrary  constants,  which  it 
ought  to  contain^  by  so  many  arbitrary  functions  of  the  vari- 


able  y,  wUch  was  originall][  8«ppoaail>  constapt ;  v  being 
thus  obtained^  vHt  fiii<(  tlie^expression  of  srbf  the  equation 

and  wUrh>;  bf  ^  HMUi^i  beconii^  an  MpialipiKof  the 
ivth  oxder>.  betweea  two  vambles^f  maj  he  tceai«d  as  aa 
equation  pf  this  kind,  observing  only  to  change  the  n  atU- 
'trary  constants  introduced,  bf  diQ  nfim  integration  into  as 
many  arbitrary  functions  6f  x. 

2d.  Equatfons  of  the  form  .  v     .  • 

may  be  alwajp.  tiieated  iounedinttlyy  as.,  if  there  entered 
into  them  no  more  than  two  rariablesi  viz.  k  and  z  in  the 
fanner,  y  and  zva  the  latter;  and  after  this  integration 
fimdioin'V  yremm,  be  substittttsd  fbr  tir  coiiscaoi»ii»  tlie 
end^  aosd  of  ;r  iu'die^dier. 

The  eiquattons  of  die  second  orderr 

dTd^^^U'^^         dlTy^       dy  ^^ 
where  P  wd  (^contain  only  «  and  j^^  belong^ft)  the  first 

dz 
of  these,  forms.    If  we  make-r-  =:  v^  the^  first  of  them 

«^ 

Am 

becomes  —  +  i*v=:Q^  an. equation  of  the  first  order  and 
d«tgiM^  with  respeet  to-  v  and'  sr>  and  whose-  intfegrat  k 

RWVSRiW 

t»=r        (//      (2<?J(  +  C)    (257). 
If  we  put  for  v  its  value  j^,  and  cftw^Clt^i^*),  y^ 
shall  have 
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~='     If'      Qdy+H*)h 

9fd  int^pndng  now,  widi  respect  to^  and  x  onlji  we  get 

and  treadng  the  second  equation  in  the  same  manner,  we 
find 

zzz/dye         [fe        g^x  +  ^t^a  +  ^^Cx). 

when  PsO,  th^  above  results  reduce  themsdves  ta 

in  the  one  case,  and  in  the  odier  to 

z-fdyfO^dx-k-JdyiHy)  +  +(*); 
but  since  the  function  ^  is  arbitraryi  these  may  be  written 

z-/dy/Qdx  +  4>(x)+i^(x). 

We  may  also  observe,  that  the  latter  cases  d^end  on  the 
integration  of  functions  of  one  variable  only»  and  have  been 
considered  in  this  point  of  new,  in  No.  247- 

We  have  instances  of  the  second  general-  form  in  the 
ef^uation 

d^z       •wxdz      ^     d^z       -^dz      ^ 

wh^re  P  and  Q  are  supposed  to  contain  x,  y,  and  z.  The 
former  must  be  treated  as  an  equation  of  the  second  order, 
between  x  and  z  $  and  the  arbitrary  constants  arising  from 
its  integration  are  functions  of  y.  The  latter  may  be  opt- 
rated  on  in  the  same  manner  relative  to  the  variables  s  and 
y^  and  the  arbitrary  constants  must  be  changed  to  functiont 
of  X.  To  take  only  the.  simplest  cases,  let  us  reduce  die 
proposed  equations  to 
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where  ^re  wttl  suppose  Q  to  coutain  only  jt  zniy ;  and  the 
fonnulae  of  No.  220.  will  immediately  give 
z^fdx/Qdx-^-Cx+Ci        z  ^fiyf<ldtl  ^-CyArC^ 
whence  we  conclade  that  * 

^=/''^^+^*Cy)+4'(y);   ^=^fdyfQdy'¥fff(ji)-¥^{fiy 

I  3J7.  In  considering  equations  of  ih^  second  ordler 
wit^thr^  yariables^  and  which  contain  all  the  difierentjal 
coefficients  of  this  order^  but  of  the  first  degree,  only^;  we 
shall  use,  for  simplicity,  the  following  substitutions: 

dz  ^pdx  +  qdy     •  ' 

'.     djrssrdx  -^  sdy       '     dq  =  sdx  -¥  tdif(^ 
(Tzssdpdx-^  dqdg     =  Vrfx*  -^-i  sdxdy  +  tdy\ 

The  partial  differential  equation  of  this^  order  with 
three  ▼ai;iables,  generally  considered,  Can  give  only  one  c^f 
the  coefficients  r,  s,  and  t,  in  functions  of  the  others  and 
of  the  quantities  p^qj  x^y^  z\  which  is  not  sufficient  for 
die  detemination  of  the  diiSerentials  ip  and  d  q.  Wejn^f 
ala9i  by  the  aid  of  three  differentials  eliminate  froiB  th^e 
proposed  ^UMon  twO(jt>f  .^  three  coefficients  r^s^t^  and 
the^result  will  express  the  relation  which  the  p|Poppsed  equ^i-' 
tion  denotes  as  existing  between  dp  and  dq.  It  is  this 
process  which  Mdnge  has  followed. 

Wf  shall. apply  it  to  the  equatiofi 

/Ir  +  Ss  +  r/r:>, 

where  iJ,  S,  T,  V^  are.  supposed  to  involve,  in -any  way 
whatever  the  quantities  r,  y^  z^py  q.  If  we  substitute  the 
▼alues  of  r  and  of  t,  derived  frokitheNequations 

— .      ■    ■     ■  m      ■  ■    y ■■"  V      .■■'■■■   .j    -  -    1^  ..    1.    ...—.■    ^.      ■ 

*  Th^  coefficient  of  i/«  io  dqxn^  the  same  as  that  of  ^i^  in 

dp  on  account  oC  the  conflition  t-^  rr'  *  which  tbe. differ- 

ay        ax 

cntiaJ  i^x  ought  to  satisfy. 

Su 
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dp  w  rdx  +  /rfjf,    dq  ^  sdx  -¥  tdj^ 
which  values  are 

dp  —  tdti  ^      da  —  tdx 

dx  df 

irefind» 
Rdpdy^Tdqdx--Vdxdg^iiRd^^adxdyJ^Td^\ 

an  equation  in  which  it  would  seem  that  it  was  necessaiy 
to  integrate  separately  the  two  members,  on  account  of  die 
indeterminate,  differential  coefficient  x,  which  mukipfies  die 
second ;  but  here,  as  in  No.  S  (4,  it  is  sufficient  if  we  can 
arrive  at  two  primitive  equations  Af  ^a*  and  K=siby  which 
satisfy  at  the  same  time  the  two  equations 

Rdpdy  +  Tdqdx  -  Vdxdy  =0 

ttdy^  -  Sdxdy^  Tdx^  a  0. 

The  integral  pf  the  equation  proposed  being  then  Ns^f  (My 

To  demonstrate  this,  we  shall  fifst  of  alt  Cfansfcum  Ae 
preceding  equations  into  others  where  the  diffcvtatiala  do 
not  rise  above  the  first  degree,  and  we  dMrcfiore  tu| 
dy^mdx.  The  second  of  the  above  equations 
by  dns  substitution 

i?iif*-5m-fr=  0 {SU 

determines  the  quantity  m ;  and  putting  for  dy  its  value  {a 
^Rdpdy  +  Td^dx-FdxdffTrO,  vitAMhim^  fcreach 
of  the  values  of  w|iich  m  is.  su^c^tiUe  a  system  of  equa- 
tions of  the  form 

d!f-nidxz:,Ol 
Rrndp-k^Tdq^Frndx^Qi^'^ 

with  which  must  be  jcuned  the  equation 

dz  ^ pdx  +  yrfy, 

which  expresses  the  relattpn  between  die  Amctioa  x  and 
the  coefficients  ;,  p. 
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Tlus  Mig  premised,  if  the  equadont  'Msia,  aarf  Nssi, 
satisfy  the  equations  (1),  and  if  in  the  diffbretatials 

0«:-r— rf*+  .^  dy  +  -J-  dn  +  -f-  dp  +  -J-  o? 
dx  d-y  dt  dp  dj 

0=-j-  dx+  -~-  dy  +  -J-  d  z  +   -—-  dp  -V  -r-  dq, 
dz  dy  dz  dp      ^        dq     ^ 

ve  substitute  the  ^ite  of  d  z .  obtnned  from  the  equation 
dz  a  pix'-k'  qdy,  and  instMid  9t.dy  and dq^  Um  values 
given  by  the  efuMioM  (1),  the  resulting  eqvatioos 

/dM  ^    iM^,,        .dM^rmdM^,^ 

(77*  "77'-  ^''+»"^  ^  +  T  77)  ^' 

/dN  ^      dN...     ^dN.rmdNxj, 


.   /dN      RmdN\, 

*\df--rdf)^p=^* 


must  be  identical,  and  must  therefore  be  eqtdralent  to  liie 
following,  separately : 

dM  _^  dU^,  ^  .dM  ^rmdM  __n 
-J-  +m—-  +(p+qm)-—-  + -»r  -t-=0, 
ds  dy       ^      '      dz         T     dq 

dM      RmdM      - 

dNRm  dN_^ 
dp        T    Tq 

The  equation  Nasf(M)  being  differendated,  g^ves 

dNzif'iM)dMt 

•r 
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and  if  we  substitute  in  this  iast>  the  values  of 

dM     dM     dN     JN 
dn  '    4>  '    dx'    dp  ' 

taken  from  the  four  preceding  equation^,  antTat  the  same 
time  change  d z  into pdx  +  j dgy  we  shall  obtslin 

/dN  ,     dN\,.  J  . 

+  j,  ^  («  mdp  +  Tdj  -  Vmdx)  « 

+  5;    ~  {Rmdp^Tdq-rmdx)X  , 
whidi  comes  to  the  same  as 

Rmdp  +  Tdq  -  Fmdt  =»(dy^  mdx), 
if  we  make 

If  we  now  put  rdx  +  sdif  2nd  sdx +  t  iy  for  dp  and  dq^ 
and  put  the  coefficients  of  the  independent  difierentiala  dx 
and  dy  each  equal  to  zero^  we  should  obtain 

Rmr^Ts  ^  Vm  ^  ^  uniy    Rms  J^Ti^m\ 
and  from  these  equations  deducing  the  values  of  the  dif- 
f«rential  coefficients  r  and  /,  in  order  to  substitute  them  xbl 
i  the  proposed,  it  will  become,  after  aU  reductions. 
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and  therefore  (by  reason  of  the  equation  A)  it  will  be  satis- 
fied independently  of  the  quantities  •*  and  s. 

318.  The  theorem  above  demonstrated,  as  well  as  those 
analogous  to  it  b  the  higher  orders,  is  not  equally  general 
with  that  of  No.  314;  for  it  must  be  remarked  that  the 
equations  (1)  may  contain  at  once  the  five  variables  x,^,  Zf 
Pj  and  q^  and  if  we  join  to  these  equations,  the  equation 
d  z  szpdx  +  qdy  it  will  be  impossible  by  eliminatioir  to 
arrive  at  a  resulting  equation  containing  less  than  three  of 
them,  and  which  consequently  cannot  be  derived  from  one 
single  primitive  equation,  except  under  certain  conditions 
(308).  We  shall  not  however  be  warranted  in  concluding 
from  thence,  that  if  these  conditions  be  not  fulfilled  the 
proposed  partial  differential  equation  itself  cannot  be  de« 
diiced  from  any  single  primitive  equation. 

319.  Suppose,  for  instance,  we  have  given  the  equa^ 
tioii  ^ 

in  which  A^  B,  C,  &c.  are  constant,  and  Fisz  function  of 
X  and\y.    The  equation  (J)  become^,  in  this  case, 

and  its  roots,  which  we  will-  designate  by  m'  and  m"^  pxt 
constant,  and  will  thus  furnish  two  systems  of  equa- 
tions (1)  whose  integration  gives 

y  -  m'x  :^  II  I 
Aff/p+Cq--mfFdx^b) 

Amy-^Cq-nr/rdxzzV  i 

and  in  which  the  integral //^J«  depends  upon  one  vadaUe 
only,  because  y  may  be  exterminated  from  it  by  substitute 
ing  its  value  derived  from  the  first  equation  of  each  system. 
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We  have  therelbce  at  once  die  fbllowliig  two  first  inte- 
grals of  the  proposed  equation 

and  by  integrating  any  one  of  diese  eqaatioiis,  we  dodl  ap- 
ri^  at  the  second  integral.  If  w«  taloe,  ibr  imtaacej  die 
first,  itgms 

m  winch)  for  greater  shnpHcrty)  we  may  wtite  nt'  instead 

C  C 

of  'v;  9  because  bv  the  equation  (^jt)  we  have  mi  mi*^  -7  » 
Am  9         ^  ^ 

and  by  substitutii^  this  in  the  equation  dz=pdx+  qdg^ 
we  find 

dz^^/FdX'-ds .  0  {y^m'pd^q  .  {dy^wTdxy. 

consequently  the  equations  to  be  integrated  (314)  will  be 

dx 
dg-m'dxzzO,     dz-—/Fdx^dx4>(y'-m'x)=^0, 

the  former  gives  jr-ti^ireti/y  by  which  tbe  latter  is  changed 
into 

dt~frdm^dt  .^lJHnr^m')x}^Q, 
whose  integral  is 

r-  l-fdw/rdx^  ;?t^'*  \^'H^-^')  '  I  =*'. 
and  which  reduces  itself  to 

z^jfdx/rdx-^^(]frm'x)  =*', 

wlhen  for  n'  we  strbstitute  its  Yahie»  observing  that  f  Is  n 
arbitrary  fonction  whose  differential  coefficients  are  conse- 
quently arbitrary  tooj  and  which  may  also  be  supposed  tt> 
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ftpfehend  any  eonstant  quantity  we  please*  We  mast 
also  remark  here^  that  in  order  to  ohttinfd3(/Vi:ir,  the 
first  int^ratioa  must  be  performed  vntk  respect  to  x»  sub- 
Hjtituting  for  y  its  value  deduced  from  the  equation 
^'rff/x=a,  as  was  before  said;  but  having  obtained  this 
'resultj  we  must  replace  a  by  its  valuci  y—  n/'x,  and  pre* 
vions  to  the  second  integration,  change  y  into  d  4fitt,  its 
value,  deduced  from  the  equation  y-nfx  =  d.  In  gen^ 
ral,  when  we  haye  several  of  these  successive  integrations 
to  perform,  we  can  never  employ,  in  order  to  simplify 
dim,  more  equation  than  8d>8Mt  cotem{>OTMieo«t]j|r. 
Widi  attentieai  to  these  dvcunistances  the  second  incegnsl 
fli die  proposed  equation,  Ar^Bs-k^Ctt^xYf  will  W 

If  we  had^9l»  B^O,  Ctx^^€\  and  F»0,  the  pM- 
posed  equation  wouU  be  .^ 

and  the  integral  would  become 

«=^Cy'-^^)++  (y+cor). 

d20.  The  arbitrary  functions  which  enter.into  the  inte* 

grala  of  partial  differential  equations,  are  determined  by 

'  supposing  that  the  function  z  takes  particular  forma  when 

certain  relations  between  x  and  ^  are  assigned.    'We  shall 

give  two  examples  of  the  method  of  performing  this : 

1st.  If  we  have  1  =  JIf  ^  (  F),  JIf  and  F" denoting  func- 
tions whose  form  is  given  in  x^  y^  z\  and  if  we  would 
determine  the  function  represented  by  the  characteristic  0, 
so  that  when  F  (x,  ^,  z)  ==  0,  we  shall  have  at  the  same 
dme/(^,  y»  2;)ss:0,  the  characteristics  jP  and  ^  denoting 

%  I       *     I        ■    I  •••  ■   I    ■    -^Ma«M  III  III'  I  -I  ■  •  .        ,  ,   ^.mmm^^^ 

*  This  is  the  equation  of  vibratiag  chords. 


4S&  ,  INTEGRAL  CALCULUS. 

functions  of  a  givm  ibnns  we  make  F=/,  and  combine 
the  three  equations 

in  order  to  deduce  from  thence  the  values  of  x,  y^  and  z,  in 
terms  of  /•  If  now  these  values  ar.e  substituted  in  Af> 
it  will  become  a  f unctbn  of  t^  which  we  will  designate  by 
T|  and  we  shall  then  have 

l=r^(/),    or^(0=^, 

and  the  form  of  the  fiincticm^is  therefore  determined^ 
and  the  value  of  the  expression  ^  (  F)  is  known,  if  in  this 
equation  we  write  instead  of/  and  7"  their  values  in  terms 
of  X,  y,  and  z. 

Sd.    Suppose        1  =  M 0  (  T)  +  N ,K  K); 

since  there  are  two  function^  to  be  determined,  there  must 
also  be  two  conditions:  suppose  then  diat 

P  («•»  y»  ^) = 0,    gives/Cx,  y ,  z) = 0,    and  that 

-f*(^i  y> ») =0,    gives/  (x,  y,  z)  =  0,    for  the  two 
conditions. 

If  we  make  V^ty  and  from  the  three  equations 

r=/,    F{K,yyZ):=0,    /(*,y,r)=:0, 

deduce  the  values  of  x,  y ,  z,  in  /,  the  functions  M,  Nf 
will  be  changed  into  functions  of  /•  Let  T  and  B  be  these 
functions,  and  we  shall  have 

l^^TipCO-he.^d).... (I); 

agsun,  combining  the  three  equations 

r=/,    F(x,y,  z)  =  0,   /'(r,y,2)=0, 

to  obtain  the  values  of  x,  y,  z,  in  /;  we  shall,  by  means 
of  these  values,  change  the  quantities  M,  ^  into  func- 
tions of  tp  which  we  will  denote  by  T  and  ^,  and  it  will 
become 
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\^r.4>(t)+if.^(f) (2). 

By  means  of  tbe  equations  (1)  and  (2)  we  determine  the 
fanctions  ^  (/)  and  ^  (/)  in  t,  and  then  we  have  only  to  sub- 
stitute rfor  /,  to  get  the  values  of  ^  (  F)  and  +  (  T)  in 


On   Equations  of  total  Differentials,    which  do 
not  satisfy  the  Conditions  of  Integratility. 

S2l.  We  have  shewn  in  No.  308,  that  a  differential 
equation  of  the  first  order,  between  three  variables  of  the 
form  fdx-bCldy+Rdz  s  Q  cannot  be  satisfied  by  any 
function  of  two  variables,  except  the  equation 

dy  dy  dx       ^dx  /  ^dx  dz 

be  identical  of  itself;  but  when  once  a  mutual  dependanoe 
of  whatever  kind  is  established,  between  x,  y,  and  z^  At 
proposed  is  changed  into  another  containing  no  more  than 
two  of  these  variables,  and  will  therefore  suffice  for  the 
determination  of  one  of  them  in  functions  of  the  other. 

If  we  had,  for  example,  the  equation 

dx    _        xdx-^ydy 

which,  provided  a  and  h  are  not  equal  to  zero,  cannot 
satisfy  the  condition  above-mentioned,  we  suppose  y  s  ^  (x}. 


*  The  detennioalion  of  the  arbitrary  fanctions  comes  to  the 
nme  thing  as  making  the  curve  surfkce  represented  by  the 
proposed  equation  pass  through  given  curves;  and  these  corves 
jsay  be  cooturaous  or  dlscoatinuoos,  as  well  as  the  functions 
cheofeives. 

*  See  Note  (F). 
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^  (x)  denoting  any  function  of  «  whatever,  and  it  will 
become 

Z-C         X(X-J)+0(X)[0(X)-*]' 

which  gives  as  many  different  relations  between  z  and  jr, 
as  we  please  to  assign  particular  forms  to  the  function  ^. 
If,  for  instance,  we  make  <p  {x)  =x,  we  shall  have 

dz    _  Sxdx  _       2rfr' 

whence  we  find 

and  the  proposed  will  be  satisfied  by  tlie  system  of  equa* 
tions 

Newton,  in.his  Treatise  on  Fluxions*,  had  alrtady  pomtad 
out  this  method  of  vesolving  differential  equations  con- 
taining more  than  two  variables  i  but  it  has  the  inconft- 
liience  of  requiring  an  integration  for  every  result  w^  would 
.  obtain,  and  Monge  has  remarked,  that  by  the  proper  intro- 
duction  of  an  arbitrary  function  we  may  ardve  at  a  gene- 
*Tal  system  of  equations,  which  shall  give  an  infinite  number 
of  particular  ones,  all  satisfying  the  proposed. 

322.    The  process  to  be  foUowed  for  integrating  the 
equation 

PJx-hQJy^RdzssO, 

by  one  primitive  equation,  when  this  is  possible,  leads  vs 
also  to  the  most  general  solution  it  admit«,of  in  the  con- 
trary case.  In  fact;  if  we  first  of  all  perfarm  the  integralioa 
regarding  one  of  the  variables,  »  for  instance,  as  ccmttaot; 
and  if  we  represent  by  1/=:^  the  primitive  equation  wUch 

*  Newtoni  Opuscula,  toiti.  I,  page  83,  edit,  of  1744. 
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Corresponds  <to  Pdx^  Qi/y=0/if  then  we  diflerentiate  this 
primidve  equation,. making  at  the  same  time  x,  y^  z,  and  C 
to  vary,  an4  compare  the  result  with  the  proposed  equation, 
we  shall  obtain 

fi  being  the  fa^or  which  renders  Pds+Qiy  an  exact  dif- ' 
ferential.  The  second  member  of  this  equation  does  not 
indeed  reduce  Itself  in  this  case  to  a  function  of  z  6nty,  as 
it  does  w^en  the  conditiop  of  uitegrability  19  latisfi^,  and 
tl^rejFore  is  iojcapable  of  giving  C  in  functions  of  x,  as  thi$ 
condijl;i9P  requjres  -,  but  it  is  evident  that  supposing  alwayn 
C  to .  be  a  function  of  t, ,  the  proposed  equation  will  b^ 
satisfied  by  the  primitive  equation  l/sC,  provided  we  h^ve 

at  the  same  time 

dC      dU       p 

dz       dz 
If  dwn  we  Slak^  C«4>  (z),  the  system  of  equations 


az 


] 


will  satiny  the  proposed,  whatever  be  the  form  of  the 
fltnctjon  ^ }  and  an  infinite  number  of  particular  cases  may 
|>e  obtained  by  assuming  ^  at  pleasure. 

If  we  apply  what  has  been  said  to  the  equation 

dz  xdpt  +  ifd,y 

z-c      x(f-fl)-»-3r(y~*)' 
which  w!f  took  u  an  exalnpk  in  the  preceding  No.  we 
have 

«M9d  if  we  make 

^B!*(«-fl)+5f(y-*), 


436  IKCEdKAh  CALCULUS. 

we  £ad  I7:=:«^+y>  and  thus  we  obtain  the  e^yation 


z-r 


Q/*  Me  Method  rf  Fariaiums. 

.  Investigation  of  tho  Variation  of  am/  Function  whatiwr* 

S8S.    All  the  applications  of  the  Difierential  CalcnlvSy 
hitherto  presented  to  the  reader's  view^  suppose  that  the 
relation  between  the  variables  remains  unaltered  during  the 
whole  course  of  the  investigation  \  but  there  is  a  variety 
of  problems,  in  which  it  is  necessary  to  conceive,  that  this 
relation  changes.    For  example,  if  F  denote  a  functios 
containing  x,  y,  and  the  di£ferential  coefficients  of  ^,  the 
integral  /  Fd  x,  taken  between  the  same  values  of  Xj  is 
susceptible  of  an  infinite  number  of  values,  which  depend 
on  the  relation  established  between  x  and  y ;    so  that  it 
may  be  asked,  among  all  the  possible  relations  between  x 
and  y,  which  is  that  which  gives  the  integral  /  Fdx,  be- 
tween given  limits,  the  greatest  or  the  least  possible  value. 
The  integral  fVdx^  so  long  as  we  assign  no  particular 
relation  between  x  and  y,  expressing  the  measure  of  a  cer- 
tain property  common  to  all  curves,  we  enquire  then  for 
what  particular  curve  this  property  is  a  maximum  or  a  uriiif- 
FiG.  mum.    It  is  evident,  that  if  CE,  fig.  54,   represent  this 
54.  curve*   then  for  every  other,  as  yc,  the  integral  fVdx 
must  have  a  less  value  in  the  former  case,  and  a  greater  b 
die  latter.    In  order  to  satisfy  this  condition,  the  first  thing 
requisite  is  to  investigate  the  difference  which  any  change 
in  the  relarion  between  y  and  x,  or  in  the  nature  of  the 
curve  which  this  relation  represents,  produces  in  the  inte- 
gral/Fi/x.  ^  This  change  may  be  expressed,  by  making  jr 
vary  independently  of  x ;  for  when  we  consider  two  corveSf 
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CE  and  yt,  the  same  abscissa  x  corresponds  to  tfae  tw^i 
ordinates,  PM  and  Pfif  and  their  difference  Mfi  ought  to 
be  distinguished  from  the  differences  MR  and  f/p,  which 
exist  between  two  consecutive  ordinates,  taken  in  the 
same  curve. 

Lagrange,  whose  first  researches  produced  the  Calculus 
of  Variations,  has  also  made  an  application  of  it  to  Mecha- 
nicsy  ot  the  highest  importance,  the  force  of  which  will  be 
easily  seen,  if  we  observe  that  we  may  regard  the  co-ordi- 
nates of  the  different  points  of  a  body  in  motion,  either 
for  the  purpose  of  comparing  at  the  same  instant  two  dif^^ 
ferent  points  of  the  body,  or  two  consecutive  positions  of. 
the  same  point.  In  the  one  case  there  exists  no  relation 
between  the  co-ordinates,  but  that  which  defines  the  sur- 
faces which  terminate  the  body ;  in  the  other  the  co-ordi- 
nates vary  according  to  the  conditions  of  the  motion,  once 
commenced,  and  as  functions  of  a  new  variable,  which  is 
the  Qieasure  of  the  time.  Here  are  again  two  modes  of 
varying  the  same  quantity,  and  which  it  is  highly  convex 
nient  to  denote  by  two  distinct  signs.  That  which  succeeds 
the  other,  and  is  as  it  were  superimposed  on  it,  constitutes 
the  Calculus  of  Variations,  whose  various  applications  cai^ 
scarcely  be  understood,  unless  we  regard  it  as  having  Jbr 
its  object  the  dsffierentiatiofij  under  a  new  point  of  view  j  ofquaf^ 
tities  which  have  already  been  differentiated  in  some  ether  man* 
ner.  In  this  second  system  of  differentiation  an  hypothesis 
must  be  made  agreeable  to  the  nature  of  the  questions  we 
propose  to  resolve.  (See  the  Mecanique  Analytique^  pages 
51  and  195). 

S24.  Lagrange  has  designated  this  new  differentiation 
by  the  characteristic  8,  and  this  practice  has  been  adopted. 
In  order  not  to  overstep  the  limits  of  our  subject,  we  shall 
confine  ourselves  to  the  application  of  the  principles  of  the 
Calculus  of  Variations  to  Geometrical  questions. 

In  these  questions  the  cbancteristic  dis  used  to  denote 


Ae  tntnsittoif  from  one  point  to  anodier  in  tlie  same  cuire^ 
and  the  •characteristic  S  is  appfied'  to  die  change  of  tlie 
ourre.  Tfhus  MR  being  represented  by  dy.  Mm  .will  be 
Jyj  wlieiice  it  fdlows  that 

FMzzy-{'dtf,     Pfx=y  +  Zy. 

If  WQ  pass  to  the  point  m'  from  M',  we  fin^j  by  ^i^iat 
we  havp  before  said, 

but  the  point  /being  consecutive  to  A  in.  the  curve  ye, 
we  have  also 

snd  the  comparison  of  these  two  expressions  for  the  stne 
line,  gives  this  remarkable  consequence: 

The  same  thing  may  also  be  proved  without  the  consi- 
deration of  curves,  if  we  denote  by  0  (j:)  the  primitive 
form  of  yy  and  by  another  function  i|/  {x),  the  result  9f 
the  variation*.     Consequently  lyz=z^(x)^4>  (x)  will  be 

*  In  order  to  assign  a  commoQ  origin  to  the  functions  ^  (x) 
9nd  ylr  {x),  Euler,  who  hastened  to  adopt,  and  to  illustrate  the 
Calculus  of  Variations,  regarded  the  primitive  value  of^,  or  ^  (x), 
as  being  deduced  from  another  function,  containing  at  the  same 
time  with  ff  a  new  variable,  t,  and  becoming  ^  (x)  when  <=0. 
CNovu  Comm.  Acad.  Petrop.  torn.  XVI.  page  35).  3y  this  means 

^^Sy  becomes  ^+  ^dt,  and  —   being  taken  on  the  hypo* 


«f  that  i;30  represents,  as  long  as  we  assiga  no  paiticiilar 
rei«tif»p  between  y  aad  t,  an  arbitrary  fuadioa  of  #.  Tbe  gene* 
rai  value  of  ^  would  be  expressed  by  the  series 
,dy       t    .    d^y        <*      ,    . 
^  +  57- r  + 37^-  772+*"-  the 
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a  cmain  functbn  of  x^  and  of  course  a  functbo  of  gff,  hj 
reaaon  of  the  primitive  relation  'between  these  variables. 
Denoting  then  by  w  this  last  function^  we  have 

According  to  this  law,  if  we  denote  ^  +  rfy  by  j/,  we  shall 
have 

whence  we  cdiicltide  that 

but  tbce 

if  we  take  the  variations>  we  have 

whence  we  obtain,  as  before. 

It  follows  from  this,  that  I  d^y  =:d^dy=sd^ty;  and  con- 
tinuing in  this  way,  we  arrive  at  this  fundamental  theorem : 

in  consequence  of  which  we  are  at  liberty  U  transpose  the 
characteristics  d  and  h  * 

In  order  to  give  greater  symmetry  to  our  operations,  as 
well  as  to  embrace  circumstances  relating  to  the  limits  of 
the  integrals,  of  which  we  shall  give  some  examples  far- 

the  variable  t  being  supposed  equal  to  zero  iu^  and  its  difFereo- 
tiai  coefficients;  and  if  we  take  the  differential  coefficients  of 
this  series,  with  regard  to  x,  we  shall  form  all  the  quantities 
which  it  is  necessary  to  substitute,  in  order  to  obtain  the  varied 
state  of  the  integral/  Ftf  x,  arranged  in  powers  of  /•  It  i^  under 
this  form  that  Lagrange,  in  the  new  edition  of  his  JLe^on^  ^ur  le 
Calcul  des  Foiciiong^  presents  the  Calculus  of  Valuations,  respect* 
iog  which  he  enters  into  a  variety  of  highlywuteresting  details. 
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dier  on,  we  make  pc  vary  as  well  as  y ;  but  the  above 
theorem  does  not  on  this  account  cease  to  remain  true; 
because  the  law  of  vatiation,  although  arbitrary,  being  con- 
stant, 2  X  is  a  function  of  x,  from  which  3  2^  is  deduced  by 
changing  x  into  j/:  we  have  therefore  ld±  zzdlx^  and 
similarly  I  d  Fss  dlV^  for  any  function  V^  dependent  on  x . 

S25.    There  is  an  analogous  theorem  rebtive  to  Ae 
signyi    In  fact  if  we  represent/If  by  l/^y  we  shall  have 

dU^zzU,      whence  Srfl7i=Sl7j 

^  if  now  we  transpose  the  characteristics  I  and  d^  and  pass  ts 
the  integrals,  we  find  successively 

and  replacing  Ui  by  its  eqixal/U,  we  find 
l/Uzz/iU. 

336.  This  being  premised,  we  see  that  in  order  to 
^obtain  the  variation  of  any  function  Uy  containing  x,  jf, 
and  their  differentials,  of  any  orders,  we  must  suppose  that 
X  and  ^  respectively  become  x + S  x,  and  ^  +  S  y,  and  regard 
^jc  and  3y,  as  arbitrary  functions,  the  one  of  x,  and  the 
other  of  y.  The  operation  breaking  off  at  the  terms  which 
contain  higher  powers  of  3x  and  3^  than  the  first,  the 
process  is  evidently  the  same  as  that  of  differentiating  in 
the  ordinary  manner  the  function  U,  as  well  relative  to  x  * 
and  y,  as  to  their  differentials,  regarded  as  distinct  variables, 
only  in  this  last  differentiation,  making  use  of  the  charac- 
teristic 3  instead  of  d.  It  is  evident,  in  fact,  that  on  this 
hypothesis  tiie  differentials  of 

x^     jr,      dx,      dy^      &c. 
are 

5x,    ly,    ddx,    Idy^    &c. 

If  therefore  the  ordinary  differential  of  U  is 
4f£/sAfdx  +  iVrf*x  +  P</«x  +  (2rfV  +  &c. 
-^mdy  +  nd^y4  pd^y-^-qd^y  +  Kc. 
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k  will  suffice  to  ehange  the  last  d  into  3|  and  we  shall  have 
iUzzM^x-^N^dx-k-Pid^x+Qld^x  +  tcc. 

If. the  function  17 be  of  the  form  Fdx,  ^containing 
only 

we  shall  have 

and  the  variation  will  bt 

iF^Mlx-k-N^y-^P^p+Q^q-^Rir-k-tiUc. 

observing  that  the  quantities  p,  q,\  &c.  are  to  be  consi* 
dered  as  involving  two  independent  variables,  x  and  y 
(preceding  No.%  and  that  therefore  their  variation  may  be 
taken  on  two  different  hypotheses,  viz:  making  either  one 
of  them  vary  alone,  or  both  together.  We  shall  proceed 
upon  this  latter  supposition,  because  as  we  have  already 
remarked,  it  is  more  general,  and  because  it  is  easy  from 
thence  to  deduce  the  results  of  the  other,  by  suppressing 
the  terms  relative  to  the  variable  which  we  would  consider 
as  constant.  Now  if  we  differentiate  by  the  cfaamcteristic 
S  the  functions 

^d^\  r*        dxt  dif'^dytdx  ^dly-^pdix 

q^i£\  we  find  \in..f^^^P-^P^*'^  ^^^KJ^^'^ 
d«[  I  dx^  dx 

dq\  J^       dxMq-dqldx      dlq-rdlx 

dxJ  \  dx^  dx 

&c.  &c* 

and  by  the  assistance  of  these  expressions  we  may  find  the 
variation  of  any  expression  whatever,  containing  x,  y^  and 
dieir  diffierentials  of  v^j  order. 
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SS7*  Wheh  W0  eonliderr  an  integral  formidft  as  fUi 
in  which  U  ia^  as  above,  a  function  oi  x,  y,  and  ^eir  dif- 
ferentials, we  have  3/17  =r/^  t7'(325)  ;  and  by  the  pre- 
ceding No, 

This  expression  is  not  reduced  to  the  most  simple  form 
it  can  be  exhibited  in  :  it  must  be  so  transformed,  to  this 
effect,  that  no  term  shall  remain  under  the  sign/ contain- 
ing at  once  tke-chatacterietics  I  and  d  applied  to  each  other; 
and  this  may  be  accomplished  by  transposing  the  S  after 
the  df  and  then  integrating  by  parts,  as  follows : 

/Mix  ^ /Mix 

/Nidx^/NdixzzNix  ^fdNix 
/Pid»x=/Pd^ix::zPdiX'-/dPdix^Pdix^dPix  ^fd^Pis 
fQid}xz=JfQ<PhczzQd^i^^  dQfix^-fd'Qfix 

zzQd^ix^dQdix+d'Qix-fJ'Qix 
&c.  =  &c. 
Similarly,  we  have 

fmiy  a/«i>jf 

fmid^rz/ndiyziniy   -fdniy 
Jpid^^fpi^iy  ^pdh-dpiy  +/*'pi» 
fqid^^/qd^iy^qd^hf-^dqdiyi-d^q^^-^fd^fiy 
&C.S  &c. 

and»  by  substitution,  ^e  obtain 

pUMN'-dP  +  rfna  -  &c.)*af  +  (P^JQj^  ttc.)dtx 

4- (Q- &c.)^>«  +  &c. 

♦  («  -  dp  +  rf*f-  &c.)>y  +  (p  -  ^7  +  &c)  J^jr 

+  (f  -  &c,)rf»»^+&c 

\f{M^dN  +  cf  P  -  rf"g  +  &c.)  ix 
+/(«  -  dn   -^  d^p-d^q  +  file.)  ^y. 

This  result  is  composed  of  two  similar  parts ;  the  oae  dbe 
to  the  variation  of  x.^  the  other  to  that  of  jf  $  and  k  b  easy  to 
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see  that  it  might  be  extended  to  any  number  pf  fr^Fuhle9f 
by  adding  to  it^  fpx  each,  a  series  of  terms  similar  to.  those 
which  the  Tariable  x^  or  the  variable^  has  produced. 

328.  When  the  expression/tT  is  put  under  the  form 
fVi^x^  that  is  to  say,  when  only  the  variables  x  and  ^  and 
differential  coefficients  p/^  enter  into  V^  tjie  mvestigatidn 
of  the  variation  appears  father  more'  complicated,  Vut  it  has 
led  to  consequences  \^u^c^ntly  remarkable.  We  must 
first  observe  that 

and  consequently^  that 

ifVdx  ^rix  +/(dx^r  -rfJ^ix). 

The  quantity  d^^F  —dFixis  formed  by  writing  for 
d  V  and  >r  their  raties  ^ted  ifi  1^2^  v?^^^  becomes 
dx.W^4r.^j^^  Nl^x^y-^yix)-^  P{dx}p--dpix) 

' '  ]\     '  '  ^f'QC^f  *^?  -rfji**)+  &c. 

Putting  now  pdxiot  dy  in  the  quantity  which  is  multi-* 
plied  by  N,  and  for  >n  its  value  (326)  in  that  which  is  mul- 
tiphed  by  P,  we  find 

dx^y^-dy^Xt^  dxQji-  psx)  '    '   '*    ^ 

dxip-'dp^xz^diy  -  pdlx  --dptx  =  d(}y  -  pix\ 

whence  it  follow^  t^t"    "      . 

IS.  we  change^  bAo jt,  aaad'p  inib^^f  we  hare  Mmilarlj 

aril V'te  ^ iWldiifeihiui  ^   \      '      ';  '^-' ''-;  ^  -  ;^- 
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we  shall  have 

ix^y  ^dyix^vdx,  dxip  -  dpix  s  dfp 

dxij  —  dqix  sid-^,  tic  • 
dx 

and  consequently 

/{dxir--  dVix)  ^fNmdpc  VfPd^ 

and  integrating  by  parts,  in  the  second  member  of  this 
equation,  each  term  in  which  t  is  affected  by  thechara^ 
teristic  d^  we  shallhaye 


f-.'-""-r-f.- 


idx 


Bj  means  of  thew  ezpresdons  we  obhuh 

i/Fdx  s  Fix  +  |p  -^  +  &C.J  » 

+  &«.•       \, 

We  may  lexteft^  diis  result  ,^thput  any  difficulty  to  the 
ease  of  a  greater  number  of  Variables  dependent  on  x^  by 
adding  for  each  of  them^  a  series  of^. terms  dmilar  to  those 
which  have  been  obtained  by  considering  g  alone ;  but  it 
is  important  to  observe,  that  if  we  replace  «  by  its  valae 


^9  -  P  A^»  the  part  aftcted  by  tte  sign  /  may  then  be 
written  thus, 

and  we  now  see  that  m  this  case. the  coefficient  of  ^^  and 
that  of  }x  have  a,  relation  which  cdnid  hot  be  perceived  in 
the  preceding  No.  and  in  virtue  of  which,  if  one  of  these 
cbefficients  be  nlade  eq^ual  to  zero,  the  other  also  vanishes. 
329.  A  remark  not  less  worthy  of.  fittention  is^  that  if, 
in  the  developement  of  iJU  (S27),  we  had 

M  --dN  +  d*P  -d'g  +  &c.  a:  0 

die  variation  y)  IT*  would  be  entirely  freed  from  the  integral 
sign }  but  these  equations  are  precisely  those  which  ought 
to  hold  good,  in  order  that  the  function  U  should  be  im- 
mediately intej|rable  of  itself :  this  may  be  shewn  dpricri, 
by  applying  the'  method  of  variations  itself  to  determine 
these  conditions.  . 

In  fact,  let  V  be  the  difimhtiai  of  a  function  Ui ;  or^ 
let  17*  =  dUi,  and  consequently  ^ 

iU^idU^^dW^ 
it  follows  then  that  if  U  be  a  complete  difierential,^Zr 
ought  also  to  be  one  \  aiid  consequently  when  we  have 
broughl  out  from  under  the  integral  sign  all  those  terms 
which  are  susceptible  t)f  integration,  thosef  which  remain 
idust,  coUectitelyj  b^  equal  to  zero  \  and  that,  without  the 
necessity  of  suj^posing  any  relati6n  between  x,^,  >  Jr,  iy. 

The  developem^t  of  ifVdx^  as  it  mni^l^es  only 
the  nngle  con£tJK>i| ., 

dx      dx  ,  dx 
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ifcdwfiy  th»t  tliat  wliidi' delates  fo  tKe  ViriiUe  »  becomes  of 
no  use  wheh  the  function  D  is  reduced  to  the  form  Fdx, 
V  containing  only  x^  y,  tad  the  difiettiltial  cotflkients  of  ^. 
SSO.  These  remarks  .^re  not  limiled  to  the  iexpresuon 
for  JIJ\  they  equally  intend  to  thoee  oi  ffU^p  U,  &c. 
whatever  be  die  number  9^  the  sigfis  of  ittte;grltion ;  and 
if  we  seek  the  variations  of  these  latter  formulae,  as  we  haye 
done  with  respect  ic^  fUy,  we  slhall  find  the  equations  of 
condition^  whicTv  niust  Jiold  good  In  brder,  that  U  shall  be 
the  complete  differential  of  a  function  XJ^of  an  order  in\- 
mediately  inferior  to  I/i>  of  a  function,  cTg  whose  order  is 
inferior  tb  that  of  t/by  i^o  unit^,  &t;  anrf  so  pn.    Let 

^U^MU  +  N4ix  +  P_d^ix  +'Qd»>x  +  &c. j  . 
we  shall  have  thep,  bv  what  we  haye  already  shewn» 

,  ,       f  +(,(l^Jkc,)d^ix  +  &c. 

+  /(Jtf -rf  JV+ J*P— iPQ+ &C.)  ?^ 

^ut,'  ^/17  =  8  l/i  i  and,  since  I/,,  =^.4/  (Tj^^'it  b^omes 

Z  Ui,  is  therefore  obtained  by  integrating  ^jf  Cf  once  nM>re» 
and  bringing  from  under  the  i^rst  sign  of  integration  all 
wUcb  It  is  possible  tpintegnite^    Thus  we  ^nd 

+/(«,-  </'+^g-&c-)?3f-f/(/>-  rfj  +  &c,)rf3j 

+/(f-ic.)^Sy  +  &c. 

+/f(M^dN+d'P-^'  iPQ  +  atc.>  »i^  * 

and^  integrating^  by  pd^ithe.  terms  Vhici^  contain  the  dif- 
ferentials o{i  X  and  B  ^j'  we  have 


-i/X  w-  dn+  d^p  ^  d'q  ^d^r^  fcc.)  ty. 

Such  is  the  expression  for  the  required  variation,  which 
will  not  be  entirely  freed  from  the  two  signs/  unless  the 
equations 

iV-  2dP  +  3<re-4d»iJ  +  &c.  s&O 

i»-  %dp  +8<Pj-   4^r+&c.  sO 

Af-    i/iV  +    rf»P-    d»Q  ^i'R  ^  &c.  «0 

*     m--    dn    •¥    ^p  —    id'g    +  d*r  —  &c.  atO, 

be  identical  $  in  which  case  I  U^f  being  once  integrated  |e- 
htive  to  the  characteristic  B  will  at  once  give  Ug^  or  the 
second  integral  of  the  proposed  function  U. 

Forinstance^  let  17»s«d*^  +  8rfa:rfjr +^i*x; 

and  we  have 

^U^d'ylx  +  ^dydBM^yd^ix 
+d^xS^+2d*</ay+xiP8y, 
M^d'y,    N:=r2dif,    P«SS 
ms^x,     0K2dx,     p  xs  x\ 

and  the  equations  of  condition  given  above,  become 

2  dy  -  2  dy  sz  0 
2dx  -  2dx  a  0 

the  proposed  function  is  therefore  immediately  integrable. 
The  party^x  +  x  8y,  freed  from  the  signy^  gives,  when 
^  integrated  relative  to  the  characteristic  i,  U%zzx]f. 
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The  foregoing  processes  are  si(fficient  Co  shew  dnt  tlie 
first  integration  of  a  differential  function  of  m  variabieSt 
requires  m  condidons  to  be  satisfied,  when  these  Tariables 
are  regarded  as  independent,  and,  that,  for  a  number  m  of 
successive  integrations  there  will  Vemn  equations  of  con- 
dition. There  would  be  but  i»— 1  for  the  first  int^ra^ 
tion,  and  i»  («i  - 1)  for  all  together,  were  th6  proposed  fane* 
tion  of  the  fanafFdx^  where  F  contains  only  dif- 
ferential '!Coefficients. 


On  the  Mamma  and  Minima  of  indeterminate  iU'^ 
tegral  Formulas. 

dSl.  Integrals,  such  as/y  d  x,'/ ^rfjr*  +  dif\  may  be 
called  indeterminate,  when  no  particular  form  is  assigned  to 
the  function  y  \  but,  in  order  that  they  may  be  susceptible 
of  a  maximum  or  a  minimum^  these  integrals  must  be 
definite  (209)>  since  it  is  only  when  taken  between  given  ^ 
limits  that  they  have  any  fixed  value,  when  y  is  determined 
in  functions  of  x. 

The  principles  laid  down  in  No.  184*,  respecting  funo* 

tions  whose  form  is  given,  will  apply  also,  with  the  aid  of 

.   the  Calculus  of  Variations,  to  indeterminate  integrals.    Id 

fact,  pursuing  the  course  traced  in  No.  121,  the  result  of 

the  substitution  of 

*  +  8'>    ^+Sy,    dx+idxp    dy  +  hdy,iiLc. 

in  the  place  of  the  quantities  x,  y,  dx^  dy,  &c.  in 
any  function  u  of  these  quantities  may  be  arranged  accord- 
ing to  the  powers  of  the  variations  S  x,  S  y,  2  d  f ,  2  dy,  &c. ; 
and  lu  will^ contain  all  the  terms  of  this  developement  in 
v^hich  the  variations  do  not  rise  above  the  first  degree. 
These  terms,  since  they 'change  their  sign  at  the  same  time 
with  dit  variations  which  affect  them,  ought^  according  to 
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the  theo^  above  cited,  to  Tanidi  in  the  cz^  d  a  matinmm  or 
mhnmmnt  uriiateYer  be  the  variations  I  x  and  ly  \  and  con- 
sequently we.  must  have  lu^r^O.  When  iie/iT,  since 
IfU  t=:fl  (/^  (BS5) ;  vwt  must  have,  at  the  maximum  and 
fnimmtmo^fUs  the  equatton/t  1/ 9O,  noticing  however 
that  it  is'onlf  when  takes  b^^^^^  the  limits  ( assigned  for 
/l/"  that/8  I^is  to  vanish. 

It  follows  also  from  the  same  theory  that  the  condition 
2 1#=0  does  tiotmces&arily  indicate  the  existence  of  a  fnax- 
imuni  ca:.,nunmum,  since  this  requires,  besides,  that  the 
terms  in  which  the  variations  rise  to  the  second  degree 
shall  always  preserve  the  same  •  sign  ^  the  discussion  of  thes6 
latter  conditions  is  too  complicated,  and  too  delicate  to  be 
introduced  in  this  place. 

SS2.  The  developement  of  /S  t/  is  composed  of  two 
parts  entirely  distinct  from  each  other  (327),  since  one  of 
them  is  freed  horn  the  sigh/  and  the  other  remains  af- 
fected by  it )  the  first  may  be  represented  by 

•  8«  +  158^  +  .irfS  a?  +  ft  rf8y  +  &c- 

and  the  latter  by  /{x^^^^^S}-         "^ 

These  two  parts  cannot  be  compared  with  each  other,  since 
the  latter  is  unintegrable,  so  long  as  hx  ^nd  iy  preserve 
that  independence  which  the  nature  df  the  problem  re- 
quires i  and  in  this  state  we  cannot  cause  the  integral  to 
vanish  by  any  other  means  than  By  making  separately 

X  =  0,    >/r  =  0, 

the  number  of  which  equations  is  universally  equal  to  that . 
of  the  independent  variations;  but,  when  there  are  no 
more  than  two  variables^  and  17  may  be  thrown  into  the 
form  FdXfihe  developement  of  the  variation  oi/Fdxin 
(328),  shews  that  x"^  -  V^/'y    ^<^    consequently  that 

dL 
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Xdx  -h^d^  e±  Of  a  cDndltiba' easily  taUud  jn^^Cferf 
particular  icase.  It  fdloim^ front  thi^  that  thg  iyatbno 
^azQznd  ^ciO  ate  m  fact  <me  and  the^satte^tand  that  one 
relation  oalj  exi^s  betwebn  x  and  y  twfaick-  iv^  might 
equally  well  his^  obtained  \if  making  la: ^9,  that  is  to 
say,  by  supposing  x  not  to  Tary  y  bot.  this  hypothesis'  (as  we 
shall  soon  see)  would  greatly  restrict  the  properties  of  that 
part  of  th^  variation  which  is  unaffected  by  the  signy*. 

It  appears  then  that  the. equations  ttodced  in (S^),  as 
expresung  thb  <x>nditions  wUch  render  the  iiormdbB  fU 
md/Vdx.mtegtihlt^  and  whichindiatcase  an  identical, 
determine,  in.  every  other  case,  the  relation  between  ^  and 
X  by  vAkh  the  proposed  integrals  attain  their  tMoximum  or 
minimum  values.  We  easily  see  that  these  equations  may 
rise  to  an  order  whose  exponent  is  double  that  of  the 
highest  differential  involved  in  either  U  or  V. 

333.  The  expression  fot/$  U  becomes,  by  the  disap* 
"l^earance  of  the  part  afiected  by  the  integral  aign, 

fh  l/:as#a  j:  +  ??^+«iJfiap-K0iJay +  8cc. 

and  making,  foir  the  sake  of  brevity/^  Ud:^,  -the  complete 
value  of  diis  integral  is  obtaii^^  by  taking  the  difference 
between  those  of  fp  at  each  of  the  limits  (209) }  so  that  if 
^'  represent  the  value  of  ^  at  t)^  first  limit,  and  ^*'  at  the 
second,  vre  shall  have/B  {/a^"^^',  whence  it  fellows, 
that  in  the  case  of  a  maximum  or  minimum  of  the  integral 
/£/,  the  condition 

^must  also  be  satisfied  \  but  we  must  be  careful  to  notice, 
that  this  equation  contains  no  quantities  but  such  as  are 
relative  to  the  limits  of  the  integral/ £/;  and  that  the  vari- 
ations a  a',  a^,  Srfx,  h  dy^  8cc.  may  there  be  either  nothing, 
or  simply  connected  with  each  other  by  given  relations,  ac- 
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Wording  at  these  limits  are  fixed  or  variable.  The  Geome-^ 
trical  apiAiGMsea  ^  these^  ^IMferent  circamstance^  will  illus- 
trate them  toflkkmilf . 

, »  ....-  .     i  '.  ■ 

The  former  case  takes  place  when  the  curve  which  ren- 
ders the/proposed  integral  a  maximum  ot  minimum,  is  to  be 
determined  among  all  curves  subjected  to  the  condition  of 
passing  through  two  point9>  whose  co-ordmates  are  given, 
as  well  as  every  thing  else  relating  to  them  i  and  when 
the  integral  is  to  commence  at  one  of  these  points^  and 
terminate  at  the  other.  If  af  and  1/  denote  Ae  co-ordi- 
nates of  the  first,  and  sT  and  j/'  those  of  the  second,  these 
quantities,  since  they  belong  to  all  the  curves  which  can 
.  come  tinder  condderation  in  the  question,  will  not  undergo 
any  variation.  When  therefore  we  change  x  and  y  first 
into  *'  and  y',  and  then  into  of'  and  y",  we  must  make 
lx'=0,  ^y=0,  Sx"=0,  8y'=0.  The  terms  affected  with 
these  variations  will  therefore  disappear  of  themselves, 
from  the  equation  0"—0'  =  O,  which  will  in  consequence 
be  verified,  if  it  contain  only  these  terms  i  and  the  curve 
deduced  from  the  equation  x  =  ^*  ^U  completely  resolve 
the  problem,  provided  we  subject  it  to  the  condition  of 
passing  through  the  two  given  points ;  which  may  univer- 
sally be  efiected  by  a  proper  determination  of  the  arbitrary 
constants,  comprised  in  the  integral  of  the  equation  cited, 
which  in  that  case  will  be  of  the  second  order. 

If  the  equation  ^''— ^'asO  contain  besides,  terms  af- 
fected with  S  Jx',  S  J^,  tdx^,  Idy"^  and  if,  in  addition  to 
the  preceding  .oondidoo,  the  tangents  of  the  curve  sought 
be  requited  to  have,  a  given  mdination  to  the  line  of  the 
abscisse,  at  the  limits  of  the  integral,  these  terms  will  dis- 
appear of  ihenMe^viHi  because,  as  the  differentials  dx  and 
dy  uadevgo  no  change  at  the  limits,  the  variations  tdx\ 
c dy,  2  dx\  i  dy\  wll  be  equal  to  sero,  and  will  therefore 
cause  the.  products  into  which  they  enter  to  vanish ;  but  in 
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order  to  afike  the  curve  required  aatisfjr  thk  condidoQj  itf 
equation  ought  to  contain  two  arbitrary  constants  more  dua 
in  the  case  last  examined,  and  conseqoentljr  the  difierential 
equation  ^sO  ought  to  be  of  the  fourth  order.  This  wDl 
'suffice  to  point  out  in  what  manner  die  equation  ^"^^'szO 
will  be  be  satisfied,  when  the  co-ordinates  of  the  limits 
and  their  difierential  coefficients  have  fixed  vahxes :  we  now 
proceed  to  condder  the  cases  where  the  limits  themselves 
must  be  regarded  as  Tariable. 

S34.  It  may  be  required,  that  the  cunre  which  has  the 
proposed  maximum  or  minimum  property,  shall  be  taken,  not 
among  all  curves  which,  can  be  drawn  through  two  given 
points,  but  among  all  which  can  be  drawn  between  two 
Fig.  given  curves  A  A'  and  B  Bf^  fig.  55,  without  determining 
^^'  the  points  in  which  these,  latter  are  intersected  by  it.  It 
is  evident,  that  in  passing  &om  one  curve  ^  J3  to  another 
AB\  the  extremities  A  and  B  will  have  changed  their 
places,  the  abscissae  which  correspond  to  the  beginning  and 
the  end  of  the  integral^  have  not  therefore  the  same  values 
in  its  varied,  as  in  its  primitive  state ;  and  the  ordinates  of 
those  points  will  have  varied  according  to  the  law  which 
determines  the  nature  of  the  curves  A  A'  and  BB.  Under 
these  circumstances,  the  variations  of  the  ordinates,  and  of 
their  abscissae,  must  have  the  same  relations  as  the  difie- 
rentials  relative  to  the  curves  AA*  and  BBTy  which  rela- 
tions ^re  expressed  by  the  equations  of  these  curves,  and 
are  therefore  given.  It  is  requiste  then  to  introduee  these 
reladons  into  the  equation  ^'^-^^zrO,  and  afterwards,  in 
order  to  verify  it,  we  must  make  the  coefficients  o£  those 
variations  which  remain  independent,  equal  to  zero. 

In  proportion  as  the  function/E/ contains  diffinrentiah 
of  higher  orders,  the  number  of  terms  of  the  equation 
^''-4>'=0  will  increase,  and  we  are  at  liberty  to  subject 
the  limits  to  new  conditions ;  as  for  instance,  if  the  curve 
AB  were  required  to  be  taken  among  all  which  can  toock 
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at  once  thtf  two  curves  AA'  and  BR.  In  virtue  of  this 
conditioni  not  only  the  co-ordinates  x  and  y  must  have, 
at  the  limits  of  the  integral^  relations  expressed  by  the 
equations  of  these  curves  |  but  the  same  must  also  lurfd . 
with  respect  to  their  differentials.  Thus  the  vatiations 
^dj^,  ^dy'y  Zdaf'^ldi/'f  are  no  longer  independent ;  but 
must  coincide  with  the  second  differentials,  relative  to  the 
given  curves.  Wfi  niay  dien,  with  the  help  of  these  rela- 
tions, eliminate  some  of  the  variations  ^dxf,  ^dif',  tdsT^ 
Idy'y  from  the  equation  ^^~  ^'=0;  and  it  must  then  be 
satisfied,  by  putting  separately  equal  to  zero,  the  coefficients 
of  the  variations  remaining,  which  will  be  entirely  arbi- 
trary. 

The  equations  obtained  by  this  process,  since  they 
establish  relations  between  the  co-ordinates  of  the  extreme 
points  of  the  proposed  curve,  will  necessarily  have  reference 
to  the  constants  introduced  by  the  integration  of  the  equa« 
tion  x=0,  and  will  serve  to  determine  their  values. 

dS5.  A  few  particular  applications  will  illustrate  the 
preceding  theory;  but  we  must  first  remark,  that  since 
there  are  circumstances  where  it  is  necessary  to  consider 
the  variations  of  the  limits,  if  the  co-ordinates  /,y,  x'\  y\ 
of  these  limits  enter  into  the  expression  for  U,  diey  must 
be  made  to  vary  in  that  expression,  as  well  as  x  and  ^, 
and  consequently  to  add  to  ^  17  the  terms 

AIJ    +FSy     +^"Sa"     ArB'ly" 

and  since  die  variations  IJ^  rfy,  IJ\  ly'\  are  independent 
of  the  indeterminate  co-ordinates  x  and  ^,  they  may  be 
brought  from  under  the  sign/,  while  the  functions  A\  A**^ 
Sec.  A'x,  A''iy  &c.  remain  a^cted  by  it :  and  it  will  be  re- 
quisite to  introduce  into  the  first  part  of  the  variation/S  U^ 
the  terms 
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diese  integrals  being  taken  between  the  same  limits  as  that 
proposed  at  first. 

It  is  not  at  once  evident  whaf  the  preceding  terms  be- 
come,  if  .one  of  the  limits  be  at  the  same  time  the  origin 
of  the  co-ordinates.  This  ^difficulty  may  be  avoided^  by 
making  £rst  of  all 

a7=:jr-:r',     y^T-y', 

and  then  supposing,  that  the  origin  of  the  co-ordinates 
JT,  Tf  is  fixed,  while  the  quantities  x'  andy  are  variable; 
thus  it  becomes 

As  to  the  diiFerentials  dx^  dy^  &c.  since  they  do  not 
depend  on  ^he  quantities  x  and  y\  they  consequently  have 
no  variation,  and  the  expression  for  B  LT  becomes  simply 

Af(s.¥-g/)+israrfA'+&c. 

It  is  then  allowable  to  put  x^,  y,  equal  to  zero,  provided  we 
allow  the  variations  Ixf^  ij/,  which  may  be  conadered  as 
the  first  degree  of  magnitude  of  these  quantities,  to  remain. 
On  this  supposition  JT  and  J^  again  become  x  and  jf,  and 
the  change  which  takes  place  in  /3  U  reduces  itself  to  the 
terms— Ba^/Jlf— Byyiw,  whose  integrals  must  be  taken 
between  the  limits  originally  proposed. 

336.  Suppose  it  were  required  to  deft^rmine^  in  func- 
tions of  X,  in  such  a  manner  that  f^dx^-^dy^  between 
given  limits,  should  be  a  miftimum,  which  comes  to  the 
same  thing  as  to  find  the  nature  of  the  shortest  line  tuhich  can 
be  drawn  between  two  points  upon  a  plane.     Now  we  have 
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and  /8  C^=y  If  dir  +J"^  dly, 

making  ^dx^'^dy*=^dsj  and  transposing  the  characteris* 
tics  d  and  h    If  we  now  integrate  by  partSt  we  get 

and  the  part  affected  unth  the  sign/gives  (392)| 

d^JL  =0,  whence  ^=C,   ^  =  C,^=Cx+C". 
ds  ,  ds  dx  ^ 

This  result,  as  might  be  ejected,  indicates  a  straight  line  $ 
and  the  consents  which  it  includes,  will  suffice  ta  satisfy 
the  conditions  relative  to  the  points  between  which  it  must 
be  drawn.. 

The  part  freed  from  the  sign/^  or  <p  (333),  Srontaining 
only  the  variations  of  the  co-ordinates  of  the  extreme  points, 
vanishes  when  they.are  fixed ;  and  the  constants  C  and  C 
ate  in  that  case  determined  by  subjecting  the  right  line  to 
pass  through  these  points.  When  they  we  not  fixed,  bu4 
only  subject  to  the  condition  of  being  situated  in  givea 
curves,  the  quantities  x'  and  y%  x"  andy,  which  are  un- 
known, must  then,  as  well  as  their  variations,  satisfy  the 
equation  0"  -0'=  0,  which  becomes 

and  also  the  equations  of  the  given  curves,  whose  differeo- 
tials  we  will  denote  by 

dtfssmdXs       dt/zzftdx^ 
we  have  dien  (334), 
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and  on  account  of  the  independenee  of  the  variations  Jy 
and  B  /j  this  equation  separates  itself  into  the  following : 

rfx-'+^'W'^O,  or^  =  -i, 

dx  +Wrfyr:0,  or  -j^s— _, 
ax  mf 

which  denote  that  the  proposed  right  line  must  meet  each 
of  the  given  curves  at  right  angles. 

In  consequence  of  the  equations  ^^Ci  +  C^y  we  have 
dy  s  Cdx^  for  every  point  in  the  right  line,  and  the  prece- 
ding equations  become 

1+C«"=0j      l+Cw'ssO; 

but  the  cgnstant  C  depends  on  the  co-ordinates  of  the 
extreme  f  oints,  because  die  equation  of  the  right  line  drawn 
tihroug^  these  points,  is 

y-y=  ^5^'(*-A  which  gives  Cr=^Z^: 
and  sub^tuting  this  value  for  C,  there  result  the  equations 

the  combination  of  which  with  those  of  the  given  curves 
determines  the  pcnnts  through  which  the  shortest  distance 
between  these  curves  passes,  and  completes  the  solution  of 
die  problem. 

We  should  have  arrived  at  the  same  equadons,  by  first 
supposing  the  extreme  points  fixed/in  which  case  vre  should 
have  the  equation 
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between  y  and  4l  In  fact,  by  reason  of  dus  relation,  the 
integral/ Vrfof*  +  iy%  when  taken  between  the  abscUs*  *' 
and  /',  becomes 

and  the  n^ere  application  of  the  Differential  Calculus,  su jices 
fo  determine  the  minimum  of  this  expression^  if  we  take  into 
consideration  the  mutual  dependence  which  the  equations 
of  the  given  curves  esiabU^  between  /  and  y,  aif'  and  i/\ 

It  is  dius*  ihat  we  may  arrive  at  the  solotion  of  ptoUems 
•iimbr  to  the  foregoing,  without  the  aid  of  the  equation 
^f'—  4>'^0  (which  is  not  deducible  by  the  methods  of  Enler 
and  Bernoulli),  as  often  as  we  .are  able  to  obtain  the  inte^ 
gral  proposed ;  but  by  considering  that  this  integral  is  an 
implicit .  {motion  of  the  quantities  rebtive  to  its  fimitf, 
M.  Poisson  has  immediat'^ly  investigated  the  relations  which 
an  absolute  maximum  of  the  proposed  integral  requires  to 
be  established  between  these  quantities,  making  use  of  the 
method  of  dificfentiation  under  the  sign /(note,  page  334). 
Thus  he  has  arrived  at  the  same  equiiKioii  <f^*^4(( atO^ 
which  results  from  the  method  of  variations. 

S97«  The  problem  of  the  preceding  No.^  when 
considered  as  relative  to  space  of  three  dimensions,  leads  to 
flht  determination  of  x  and  y,  in  functions  of  jr,  in  the 
expression/Vj  x* + rfy* + d  a:*,  which  if  we  put  =fJs,  we 
have 


458     '  .  INTEGRAL  CAJU^ULUS. 

The  part  affiscted  by  the  sign/  affiirds  the  three  equadoosi 

rf^^O,    dil^o,    rf^=o, 
at  us  as 

whose  combinations  by  2  and  2,  agree  in  giving 

d  z  dz 

-7-  ss const..  -r-  =:const«j 

dx  djf 

and  denote  that  the  line  required  is  a  straight  one. 

If  this  right  line  be  drawn  between  a  fixed  point  and  a 
curvej  whose  difierential  equation  is 

dz^pdx+qdy, 

we  must  hare,  at  the  second  limit  l%"^plaf''k'qljf^  and 
the  first  being  fixed,  gives  ^'ssO.  The  vaju^  of  I  z"  dicre* 
fore  chattges^'sO  into 

{daf'^'p''dz'')l3r^{df^fdz'')lf^  0; 

whidb,  putting  the  coefficients  of  the  independent  variatioDS 
equal  to  zero^  gives 

.whence  we  see  (by  No.  143),  that  the  line  required  is  a 
ncmnal  to  the  given  curve  surface.     ^ 

If  the  whole  course  of  the  shortest  lin^  to  be  deter- 
mined^ is  subjected  to  the  condition  of  lying  upon  a  given 
xurve  surface^  the  variations  ^x^^y^  .^  Zf  ifpder  the  Aga/, 
must  satisfy  the  differential  equation  of  that  surface,  wUch 
we  shall  represent  by  ^zp/^i^x  +  frfy;  we  therefore  make 

^z=:p^x+qhy 
in  the  expression  ioxfdU^  which  thus  becomes 
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From  the  part  affected  by  the  signy^  we  derive  the  equations 

as       ^     di  as  as 

one  of  which|  together  with  that  of  the  given  surface,  is 
su£Bcient  to  determine  the  nature  of  the  shortest  line  which 
.  can  be  drawn  upon  this  surface  between  two  points  in  it. 

If  this  line  is  to  be  drawn  from  a  fixed  point  to  a  curve  - 
traced  on  the  same  surf  ace,  we  shall  first  have  ^'ssO,  and 
if  we  denote  by  dy^zndx^  the  differential  equation  of  the 
pn^ection  of  the  proposed  curve  on  the  plane  of  the  x  and 
y,  we  shall  have  sy  =»''£/"}  and  the  equation  ^"sO, 
which  wiU  be  changed  by  reason  of  (his  to 

djr^p''d%"^ijlil'^i'df)fi'^Oy     , 

will  denote  that  the  two  curves  under  consideration  must 
cut  each'  other  at  right  angles. 

S88.    We  proceed  to  investigate  the  relation  between 
X  and  j(,  which  shall  render  the  expression  /-^^i££, 

a  minimum  where  T  is  considered  as  a  function  of  the  co- 
ordinates x'  andy,  J*  andy,  relative  to  the  limits.* 

To  resolve  this  question  in  all  its  generality^  we  must 
make  F  vary  as  well  as  y  (335).     Suppose 


*  His  is  the  problem  of  the  Brachystochrone,  or  the  curve 
along  which  a  body  will  descend  in  the  least  possible  time  from 
one  point  to  another. 
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and  we  shall  have 

Now  from  the  terms  tffected  wkh  the  aign  f^  we  derifv 

uas  ir  uds 

the  first  of  thesej  which  is  the  most  simple^  gives 

^=:C,  whence    .,     "^  ^  0^2^-7). 

This  result  denotes  a  cycloid  (102) ;   for  if  we  make 
;/  —  F=  z,  we  shall  obtain  . 

When  S  Y=  0,  the  quantity  ^  gives,  for  the  UmitSy  the 
equation 

dy'8<+rfy'S/=0,         dsflaf+dy'ly'zzO, 

from  which  we  conclude,  as  in  No.  336,  that  if  the  curve 
required  be  drawn  between  two  others,  it  must  meet  them 
at  right  angles. 

When  lTi&  not  nothing,  we  must  calculate  the  vahw 
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oi  J—  f  between  the  limits  of  the  proposed  integral. 
Now  the  equation 

u^  uds 

{luaished  bjr  the  coefficient  of  S  jr  utider  dte  sign  /,  gives 

/-4  = T"  +  const. 
»'           uiis 

and  if  we  tal^e  notice  that  I  Y^  since  it  does  not  depend 
pn  the  indeterminate  variables  jr  and^^  must  have  the  same 
value  at  both  limits^  the  equation  ^"  —  0'=:O  becomes 


tfii'  tt'dy      ^  TIT  ^ 

^71/        u'd/        tidr- 


V 


If  we  take  Ts  y,  which  gires  B  Yrzijf,  we  have>  after 
ndudiq;  and  Mparadog  the  variations  relktite  to  each  limit, . 

li'd^'        *  ii'if  ^       *     t/d/       ^  t/'d/'  *        * 
and,  if  we  then  make,  as  in  No.  936, 

dx 
and  call  to  mind  that   — r-  s  C,  the  equations  above  will 
uds 

take  the  form 

from  which  it  follows,  that  rl'^m.  This  result  diews^ 
jthat  at  the  points  where  the  required  curve  cuts  the  given 
ones,  these  latter  must  have  their  tangents  parallel.  More* 
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over  the  equation  relative  to  this  last  limit  comes  to  the 
same  as 

and  therefore  provesj  that  the  required  curve  must  cut 
the  second  given  curve  at  right  angles. 

s  339.  The  preceding  problems  relate  to  ai^solttte  max* 
ima  and  minima  \  but  the  question  To  find  among  aU passiUe 
relations  iitween  x  and  y,  wUek  give  the  same  value  of  the  in- 
determinate integral  fXiyy  taken  from  x  =z  x'  to  x  =  x",  thA 
which  renders  the  expression  fXJ  a  maximum  or  minimum 
under  the  same  circumstances^  belongs  to  the  class  of  relative 
maxima  and  minima.  It  may  be  resolved  by  making  the 
variation  of  the  fimction fJJ-k- a fUi  equal  to  zeroi  ^  being 
a  constatit  but  indeterminate  coefficient.  This  is  not  the 
place  to  demonstrate  this  rule  in  detail ;  we  may  however 
easily  perceive  that  if  the  s|bove  function  be  a  maximum  or 
minimum f  and  we  supposey*]7x  =  ji,  the  integral y*C7  will 
always  have  the  greatest  or  least  value  which  it  is  sus- 
ceptible of  on  this  hypothesis.  The  indeterminate  coefficient 
a  serves  to  supply  the  condition  y^l/j  =  A. 

If  for  instance  the  curve  were  required  which,  under  a 
given  perimeter,  shall  include  the  greatest  or  least  space, 
we  should  have 

fU  +  afU,  ^f\j,dx  +  a  Vdx'  +  i^} : 

and  if  we  put  va**  +  dy*  ssds,  the  part  of  the  variatioa 
affected  by  the  sign/  would  be 

and  would  give,  for  the  determination  of  the  curve  re- 
quired 

dx  -  ad-^  =  0, 
ds 
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whose  integral 


-«^  =  C,orrfy=:7=^ 


C)dx 


eridendy  denotes  the  circle  whose  radius  is  a. 

This  oidius  is  to  be  determined  from  the  value  assigned 
to  the  perimeter/ Vrfx*  +  rfy*j  and  the  constant  C,  and 
that  which  would  be  introduced  by  the  integration  we  have 
left  unperformed,  will  suffice  to  make  the  circle  pass 
through  the  fixed  limits.  Its  area  is  a  maximum  or  mkfi* 
mum^  according  as  it  turns  its  concavity  or  its  convexity 
towards  the  axis  of  the  abscissae.  Such  is  the  simplest  case 
of  the  *^ Loperimitrical  PrAkms^  so  called,  because  at 
first  only  curves  of  the  same  length  were  considered  '*^. 


«  See  Note  (Q). 


APPENDIX. 


On  Differences  and  Series. 

540.  A  HER t  BS  being  a  regular  progression  of  terms 
increasing  or  diminishing  in  magnitude  according  to  a 
certain  law,  it  follows,  that  when  that  law  is  given,  and 
the  place  of  any  term  in  the  series  assigned,  its  magnitude 
may  be  detennined ;  and  thus  the  successive  terms  of  the 
series  may  be  produced  in  order.  To  assign  the  place  of 
any  term  in  a  series,  it  is  sufficient  to  indicate  the  number 
of  terms  ]>y  n^cb  it  is  r^moted  from  some  one  which  we 
regard  as  fixed.  This  number  is  usually  called  the  indeM 
of  the  term  to.  which  it  corresponds.  For  example,  in 
the  series 

0,  1,  4,  9,  16 X*, 

if  we  assume  the  first  term  as  our  pomt  of  departure,  we 
shall  have  for  the  corresponding  series  of  indices 

0,  1,  2,  3,  4 X. 

If  the  series  be  continued  backwards,  the  indices  must 
be  considered  as  negative ;  thus  in  the  series 

•••■"*,•••■"  1,  0,  I,  o,  2#,..»«.»X*,..» 

•••  —  X,  •••"!,  O,  1,  %,  5,  ••••#•  X,*«« 

the  numbers  in  the  lower  line  represent  the  indices  of  the 
terms  inmiediateLy  abote  them. 

Sn 
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34fl.  Since  a  regular  progression  or  uniform  law  is  es- 
sentially included  in  our  notion  of  a  series,  it  follows  that 
the  magnitude  of  every  term  is  determined  solely  by  its 
index,  and  by  the  law  which  the  series  observes  $  in  other 
words,  that  any  term  is  a  certain  function  of  its  corres- 
ponding index,  the  form  of  which  does  not  change  in  pass- 
ing from  one  term  to  another,  but  remains  the  same 
throughout  the  whole  extent  of  the  series.  Thus,  in  the 
former  of  the  above  series,  each  term  is  the  square^  in  the 
latter,  the  cube  of  its  index,  lliis  function  analytically 
expressed,  is  called  the  general  term  \  and  it  is  evident, 
that  by  substituting  successively  in  its  expression,  instead 
of  the  symbol  {x\  which  denotes  the  index  the  progression 
of  natural  numbers. 


.-2,  -1,  0,1,  2,  S, 


the  terms  of  the  series  will  be  produced  in  this  order :  the 
general  term  may  therefore  be  considered  as  characterizing 
the  series,  and  as  including  all  its  'properties,  and  our  rea- 
sonings respecting  series  will,  in  consequence,  be  wholly 
confined  to  their  general  terms. 

llie  general  terms  of  an  arithmetic  and  geometric  pro- 
gression  are  respectively  a-^-bx  and  a*,  for  when  each  of 
the  above  progression  of  numbers  is  successively  written 
for  X,  in  these  expressions  we  obtain  the  series 


fl— 2i,  fl  — i,  a,  a-^it  ^  +  2i, 


1         1     ,  e 

a*        a 


In  general,  .when  we  speak  of  a  series  in  future,  we  shall 
consider  it  as  continued  indefinitely  both  ways,  unless  the 
contrary  is  expressly  mentioned.  This  is  essential  to  afl 
reasonings  in  which  only  the  general  term  is  employed, 
and  is  precisely  analogous  to  the  expression  of  a  curve  by 
its  equation,  in  which  no  limitation  of  its  extent  is  ad- 
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mitted.  The  sum  of  a  series  is  the  aggregate  of  all  its 
terms  connected  by  the  sign  + ,  which  the  word  series ^ 
alone  is  frequently  used  to  signify. 

342.  The  general  term  of  any  series  is  usually  denoted 
by  subscribing  its  index  to  a  certain  letter,  (called  a  cha- 
racteristic),  towards  the  right-hand,  thus,  u^^  A^^  or  affixing 
it  in  any  other  part,  as  'u^  according  to  the  necessity  of  the 
case,  just  as  in  the  foregoing  pages,  f{x)  and  0  (x)  have 
been  used  to  denote  functions  of  x.  Convenience  of  writing 
where  the  same  letters  frequently  occur,  arising  from  the 
rejection  of  superfluous  parentheses,  is  the  only  reason  for 
the  distinction. 

u,  then  being  any  function  whatever  of  x,  if  for  x  we 
write  successively  the  progression 

...—  2,  -J,  0,  1,  2, x,  x+1,  ... 

we  shall  produce  the  series  » 

of  which  it  is  the  general  term. 

The  excess  of  the  term  u^  + 1  over  that  which  immedi- 
ately precedes  it  (ttA  or  the  function  «,  4.1— «,,  is  called 
the  £fference  of  the  function  u,,  and  is  denoted  by  the  sign 
A,  thus 

Now  it  is  obvious  that  x,^.!  — </,  is  a  certain  function  of 
JT,  the  nature  of  which  is  entirely  dependent  on  that  of  the 
original  function  t^^  from  which  it  is  derived :  A»^  is  there- 
fore a  certain  function  of  x,  derived  in  this  particular  man- 
ner from  f/„  and  as  the  latter  has  u^  the  former  must  be 
considered  as  having  Ai^  for  its  characteristic.  The  dif- 
ference of  the  function  A  «,  ( or  the  second  diff^erena  of  «,)  is 
therefore  a»,  +  1  —  A«,.  This  second  difference,  or  A  (Aw,), 
by  an  abbreviation  of  the  same  kind  as  that  used  in  the  Dif- 
ferential Calculus,  is  written  A'^f/^y  and  thus  we  have 
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In  like  manner 


A"tf^=  A*-"^«,^.i-  A'  —  ^W/. 

343.  When  the  particular  form  of  the  f auction  «/  if 
assigned,  nothing  is  easier  than  to  deduce  the  Tadues  of 
the  successive  differences  A»,,  A*ir,y  8tc.  in  terms  of  r. 
It  is  only  to  write  x  +  \for  x  in  tie  expression  dffhe/unctim, 
and  to  subtract  from  the  result  the  origindl  expression  :  the 
remainder  is  the  first  difference  of  the  proposed  Junction^  atei  tk 
others  may  be  obtained  in  like  manner. 

If  for  example  we  had  f/^=ii +^  x,  tre  should  otedn 
Att,=  |tf+*(jr+l)|  ^{a^bx)zzb\     A««,=i-*=0, 

More  generally,  liu^zza-^'h.Vg^  where  v,  is  any  function 
of  Xf  we  should  find 

Att,=  (tf  +  *.t;,  +  i)-(a  +  *.ti,)=*(v,  +  j-v,)&*.  Atv 
^luppose  again  uj^a^.     In  this  cise 

A*t/,=tf'+v- !)-«'(«- i)=^(«-iy 

and  so  on  to 

AX=«'(«-1)*. 
The  following  results  will  be  useful  to  us  in  our  future 
enquiries,  and  \vill  senre  at  present  as  iexerciies  for  the 
reader.    Supposing  then  u^  and  v,  to  represent  any  func- 
tions whatever  of  x,  we  have 
A  («,.v,)  =«,+  !.  t;,  +  i-«/,,v,=  («,+ Ai/,)(t;,+  Av,) 

zzug.  Av^  +  v,  ,  A«,+  Aftt,.  Av, 

=  »,.  Av,  +  t;,  +  i.  A», 
A  !?!.  =2l±i  —  -f  =  %..A«;,— ii^>  Ay, 

by  reducmg  to  a  common  denominator,  and  substiMltiBg 
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forujf^i  and  v,  4.  ^  in  die  numerator,  their  values,  tr,  +  A »« 
andv,+  Av^. 
Again, 

=  »x  +  l .t«,  +  «.(»,  +  »+l*«,). 

If  ly^  be  the  general  term  of  an  arithmetical  progressioni 
or  if  «,=ii+ix,  the  factor  »,  +  „^i— 1/,  becomes  («  +  !)*, 
which  being  constant,  it  appears  that  the  difference  of  a 
factorial  function  of  this  kind  is  of  the  same  form  with  the 
function  itself,  only  having  one  factor  less ;  in  like  manner 


l^x  +  s  «,......«,+  ,+  !  ' 


to  which  result  the  same  observadon  may  be  applied,  only 
that  the  number  of  factors  in  the  denominator  of  the  dif- 
ference is  greater  by  an  unit  than  in  the  function  proposed* 
Again,  we  have 

S44.  The  successive  differences  of  any  rational  inte- 
gral fun(^on  of  X  are  easily  obtained,  and,  as  they  lead  to 
certain  very  remarkable  result?,  we  shall  proceed  to  investi- 
gate them.  To  begin  with  a  simple  case,  let  us  take  h^bsjt^, 
whence  we  get  A  i/,=  (x  +  1)*-j:««=  2x+l,  and  A'ii,= 
2i(^+l)4.1~(2x4-l)=2,  aV=0,  &c.  If  we  suppose 
Ug=^x^f  we  have  in  like  manner, 

A  .x»=(x  +  l)*— J:*as»r»  +  Sa:+1 
A».i>=3  .  A  (x»)  +  3  .  Air:6x+6, 
and  A*  .  1^=6,    A* .  «'=  0,  &c.  and  so  on. 

The  general  expression  of  any  rational  integral  function 
bring 

its  first  difference  will  be 
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where  B^...!^  iT,  are  certain  constant  coefficients. 

In  like  manner,  since  this  if  a  rational  integral  function^ 
one  degree  lower  than  the  original  function^  we  shall  have  for 
the  difference  of  this,  or  the  second  difference  of  u^ 

A««,  =  «(»-l)-rf.a*-*  +  -B'V-»+...r, 
and  the  rrth  will  be 

A"«,=«(«-  1)  ...  fi  .  1  •  A^ 
so  that  in  general,  the  nth  difference  of  a  rational  integral func'* 
tion  of  the  nth  degree  is  constant,  and  of  course  all  the  higher 
orders  of  differences  vanish* 

In  order  to  see  more  clearljr  the  meaning  of  this  result, 
suppose  f/,sa;'  +  2  j:  +  3,  anci  putting  0,  1,  2,  3,  &c.  suc- 
cessively for  X,  we  form  the  series  i/q,  Ui^  &c.  Subtracting 
then  each  from  that  which  follows  it,  we  obtain  the  series 
of  values  Auq,  AUu  &c*  and  from  this  in  like  manner,  the 
series  A^uqj  A^f/^,  &c.  is  derived,  as  follows 

f/pS=S,  »i  =  6,  »s=15,    »3=:S6,   U^=s75,  &c, 

A»o=S,  Atti  =  9»  A«j=21^  AOs-  399  &c. 

AX==6,  A^i/i=13,   A^tt2=rl8,  &c. 

A»«o=6,   A'i/i=6^  &c. 

A*«o=0,  &c. 

where  we  see  that  the  terms  of  the  series  composing  the 
third  order  of  differences  are  all  equal  to  each  other, 
and  to  1 .2. 3,  the  degree  of  the  proposed  function  having 
3  for  its  exponent. 

345»  If  in  the  equation  A'«,=:  a«/*  + 1—  Ai/,  (342),  we 
substitute  for  A  u,  and  A  ti,  4.  i,  their  values,  </x  4. 1  -  »^  and 
«5  +  «-«*  +  ii  we  find 

AX=«*  +  «-2«x  +  i+«'*' 
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If  in  this  equation  we  substitute  An,  for  x,  we  get 

and  writing  for 

A«,+j,  A«*  +  i>  ^«x>  theirvalues,  «,  +  3— w,  +  2»  &c. 
we  obtain 

A  little  attention  to  the  steps  of  the  above  process  will  con^* 
▼ince  us,  that  the  manner  in  which  the  coefficients  in  the 
expressions  for  these  successive  differences  are  produced 
from  each  other,  is  precisely  the  same  as  in  the  operation 
of  raising  the  binomial  ti-^l  to  its  successive  powers  by 
multiplication,  and  that  we  ought  therefore  to  have 

AM  «  .«('»"- 1)  O 

A"»,  =  l/^  +  »--  «,+  ,-!+  .-L_-i»,+  , -8- &c. 

which  enables  us  to  express  the  nth  difference  of  any  func- 
tion in  terms  of  its  successive  values.  Conversely,  if  we 
would  express  any  term  in  the  progression  of  these  values 
in  terqs  of  the  function,  and  its  successive  differences,  we 
have 

«*  +  !=«*+  A«,. 

In  this  equation  for  »  write  2*+ 1,  and  We  get 

«^x  +  2  =  W,  +  l+  A«,+  i, 

whence,  by  substituting  for  u,^i  its  value,  »,+  Ai/„  and 
for  A»jr+i>  its  equal  Afi,+  A^i/,  obtained  from  this,  we 
find 

«*  +  «=«*+2  A»,+ A*i/,: 

again,  writing  jt  +  1  for  x,  and  proceeding  as  before 

i/^  +  ,=i#^  +  3  A«,  +  3  A»«,+ A.5tt^ 

and  we  conclude  by  the  analogy  which  subsists  bet\(reen  the 
production  of  the  ironstant  coefficients  in  thede  expressions, 
and  in  those  of  (1  +  A)*,  (I  +  A)',  &c,  when  developed  by 
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actual  multiplicatioii,  in  powers  of  the  symbol  A>  lliat  in 
general 

1  1  •  « 

S4f6.  As  the  above  demonstration  of  these  two  theo- 
rems, founded  on  something  like  an  inductive  process,  may 
not  appear  satisfactory,  we  shall  now  present  the  reader 
with  one  which  has  the  advantage  of  setting  in  the  clearest 
li|^t  the  analogy  above-mentioned.  It  will  also  afibid  us  an 
opportunity  of  introducing  to  the  notice  of  the  English  stu- 
dent, the  principles  <^  the  «  Calculus  of  Generating  Func- 
tions." 

Suppose  ^  (0  to  be  a  function  of  /,  susceptible  of  deve* 
lopement,  as  JFoUows: 

in  which  it  is  evident,  that  u,  may  represent  any  fimctioii 
of  X  whatever,  by  considering  this  equation  as  the  defimtm 
of  ^  (0*  ^I^  developement  of  ip  (t)  therefore  must  pro- 
duce, or  gnuraUy  the  coefficients  •••  »o,«..tf^  annexed  to 
their  proper  powers  of  t^  which  may  be  looked  upon  as  a 
mere  instrument  for  the  purpose  of  keeping  them  disdnct 
from  each  other,  and  presenting  them  to  the  eye  in  their 
order.  This  function  is  therefore  called  the  generating 
function  of  u^.  For  instance,  —  log  (I  -/)  is  the  generat- 
ing function  of  -  ,  and  p — -^  of  x,  for  the  developements 
of  these  functions  are  respectively 

-  +  -,  +  ..X  +  &c. 
\     2  X 

1.^  +  2  ./*+...x.^4-&c. 

If  we  multiply  both  sides  of  the  equation  («)  by  I,  we 
find 
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where^the  coefficient  of  f  beiiag  jh^Lu  it  appears  that  the 
generatihg  fimctioii  of  t^^^^ is  /. ^  (/),^  and  in  like  manner 
tj^at  of  u,^ .  y^t.^ (t).    Again 

which  shews  that  ^  .  0  (/)  is  the  generating  function  of 


if^  +  i,  and  in  the  sanae  manner  we  find  ^-V-0  (')*  for 
thatof«,+^,. 

Hence  it  follows,  that  the  generating  function  of  Au^^ 

or  of «/,+,- »,  will  be  (7  —  O  .^  (0  for  this  function, 

bcin^  dereloped,  will  produce  the  difierence  of  two  seriesi 
w&os^  general  terms  are  respectively  y^^i  .f,  and  u/*. 
To  find  iheu  the  generating  function  of  au^,  we  have  only 

^  to  multiply  that  of  ar,  by 1.    Now  AUj,  itself  may  be 

conrid^red a^jinew  function  of  r,  whosb  generating  func* 

tion  is  ( —  1 J  •  ^  W>  «id  therefore  that  of  itj  difference* 

and  in  like  manler,  th&t  of  A^u,  will  be^ 

.2.  s  (i-l)'.-f.(it), 

that  is 

Hovf  it  is  evidepjt  that  the  sum  of  the  generating  functions 
of  ai^y  i|itmber  of  functions,  such  asf^^^^f  »»  <^F-f»-M'  &^- 
.(^vW7:94ieM)  connected  by  any  constant  cpe%ientS|*  i^ 


So 
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ths  lame  ^ritb^lic  gen^tatiag  functioas  Df  thmr  nm,  wlien 
aiftcted  respeedveif  vkhthe  same  coeflktentt^    Bot  m 

hare  seen  that  T- V-  ♦  (0  is  the  generating  function  of 

aboFe  expression  is  therefore  the  generating  function  of 

«»  +  *— Y^*+n-i+&c. 
as  well  as  of  A^c^j*  whence  it  follows  that 

A*«x  =  «*  +  i.-  -«/,+,-i  +  8tc, 

for  the  generating  functions  of  hoth  being  the  same,  the 
coeAfiienfs  qI  i-  m  their  <ie?btepements  num  bet  iJfipricTJL 
bQwever  these  developeitients  may  hav<e  been  {Kfic^nneA' 

547.  The    generating    function    of    «,^«    beiag 

(y)".^{4  or    |l  +  (-L  ^  i)J\^  W,   if  Wfi.  ibh 

velope     <1*  +  /- 0[   i"  powers  of  (——  l)  itwiH 

take  'die  fotm 

which  is  also  the  generating  function  of 

1  1.2 

and  hence  it  appears  that  this  Jatt^  expression  is  equal  to 
»*  +  •• 

548.  It  will  easily  be  seen .  that  the  extent  of  this 
"  rtikhod   is*.^  rpt  confined  to  the  cases  here  presented.    It 

would  surpass  the  limits  of  an  Elementary  Essay  like  the 
^res^rit  ho  ehter  tnuch  farthcif  itito  the  stibjedt.  Our  in- 
tention has  been  raiflier  to  exdte  the  curio^  of  (he  m- 
telligent  Header  tespectiiig  one  of  ^dte  most'  tekntfd  ibifen- 
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tions  of  analytical  geniusy  ^an  to  satisfy  it  by  a  detail  suited 
to  its  importance.  We  c^ft^only  accompany  him  one  step 
f»liiBr,  after  wiuch  we  must  refer  jiim  to  the  ^^Th^prU 
Analytique  des  Protabilites**  of  Lzplzce,  a  work  indispensably 
necessary  (o  all  who  would  tho^ughly  understand  the 
nature  of  differences  and  series,  or  form  an  elegant  taste  in 
analytical  composition  *. 

Instead  of  considering  ttie  function  u^^i^u^  we  mighty 
wWk  'ptWfif  geffMflrMity  have  supposed  A  0;,  to  repreaait 
any  cthar  combination  of  the  successive  values  tf«9i(r-f  i» 
fi,^.^  &e.»  of  the  first  degree.  For  example,  if  we  had 
originally  defined  A  u,  to  mean au,  +  bti,^i'k'cu,^i  where 
a,  i,  Ci  are  any  constant  coefficients  \  we  ^ould  have 

A^M[,  s  a  A  i/«  +  3  A  11,^.1  +  c  Af/^^2 
A»i»,  =:  a  AV+  *  ^V^-j  +  c  A*ii,  +  j, 
See.  =  &c. 

and  the  expression  for  A"fo  in  terms  of  Kr*  f^^^y  &c.  may 

be  obtained  as  follows : 

The  generating  function  of  A  11,  is  evidently  in  this 

case  (346), 

ftodif  we  regard  this  as  the  geneffatfie^  functbn  of  a  new 
function    a»x  that  of  AAt^^or  A*Ug  will  be  found  by 

multiplying  it  again  by  the  factor  f  fl  +  —  +  -^  1  which 
produces 

*  The  reader  is  referred  also  to'  the  Mecanifue  Celeste,  torn. 
IV.  to  the  Journal  ie  J^EcoU  VoljfUchnique^  No.  15.'  Also  to  the 
MemoirtB  de  i'Acad.  des  Sciences,  1779.  In  our  own  language 
we  are  not  a^var«  that  atiy  mention  "cf  the  subject  isio  be  founds 
if  we  except  a  paper  by  the  Author  of  this  £atty>  in  the  Trans* 
actions  of  the  Royal  Society,  }^V5,  where  iht  JA^gfM  nNNfor 
will  find  some  further  developaineBt  feif  it.  . 
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and,  in  like  manner  the  generating  function  A*  ci,  will  be 

(-+7+7)".*(')' 

If  the  factor  ^a  +   —  +  X  j  be  developed  in  powtit 
of  tf  by  the  usual  methods,  it  will  produce  an  expression 

40+^.(7)  +^*'  (7)'+    -*«•  (7)" 

where  -rf^,  Ait ...  -^j.  are  certain  known  functions  of  n, 
41,  3,  r,  and  we  therefore  have 

for  the  generating  function  of  A*»x9  whence  we  see  that 

AX  =  A^u,  +  ^1^,4:1+ i^j»tf,  +  j^ 

and  the  same  reasoning  majr  be  applied  when 

Ati^szaus-^  i»*'+i  + *«*  +  «•• 

549.     Instead    of    developing     (ii  +  *-  +   7J   m 

powers  of  *- ,  we  might  have  diosen  any  other  function 

of  /,  or  any  other  method  of  deveJopement.    Suppose  for 

instance  we  had  taken  z  s  —  +  1  for  the  function  of  /  ac- 

t 

cording  to  whose  powers  we  would  have  the  developement 
performed.    This  gives —  =:;?—*  1,  and,' 

whose  developement  we  may  represent  by 
5^  +  -Bi«+, Bf^z"^. 
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N0W9  whM  we  affii  0  (I)  to  this,  we  must  cons^er  fi^t 
that  ar  •  ^  (/)  or  (--  +  1 V  ^  (/)  is  the  generating  func- 
tion of  Ug^i  +  u,:  as  we  have  usef  A  u^,  to  denote 
^yM  +  i.u,^2  +  cu^^fy  it  will  be  necessary  to  denote 
tf,^i  +  u,hj  some  other  symbol,  and  as  it  is  indifferent 
irhat  we  employ,  we  will  suppose 

V  f/,  +  1 +V  «,  =  V'w,,  &c.  ' 

thus  we  have  z  .4p{t)  for  the  generating  function  of  v  f*Mf 
2* .  ^  (0  for  that  of  v"^  u,j  &c.  (948)»  whence  it  is  easy  to 
conclude  that 

and  in  like  manner  an  indefinite  number  of  expressions  for 
the  same  function  may  obtained,  differing  in  form  accord- 

^+-H — ^J    • 

The  reason  of  the  analogy  observed  in  (345)  between 
the  process  of  substitution  and  the  elevation  of  a  binoniid 
to  its  powers  is  now  sufficiently  evident,  and  we  will  there- 
for^ dwell  upon  the  subject  no  longer. 

850,  Returning  to  our  original  definition  of  A  Ug,  in 
the  equation  ' 

^•l/,  stt,  +  ,  ^  -   l/,  +  ,^i  +  — ^— j-  «^,+  i— «-«C. 

if  we  assign  particular  values  to  1/^  we  shall  obtain  very 
Ttt^ily  the  expressions  for  the  ?/th  differences  of  the  func-- 
tions  so  given. ,  Let  us  take  for  insunce  Ug  =  x^,  and  we 

A*.jr  =s(j  +  «)!"-:--(^  +  »-   ir  +  &C* 

1: : .  I  ■    ■       I.         I  ■■  .'t. 

*  the  full  point  after  the  A  in  A».  a?*,  serves  to^ distin- 
guish A'^^jT)  from  (A^x)^  with  which  it  might  be  confounded, 

and 


1.2.  Sf,«,  (844),  hence  we  hafe 

(«  +  xy  -  -  (» +f  -  ly  +  &c.  =  1 . 2,.a» 

Hl^^tevelr/be  At  Value  o^  x)  )0r  dnpposiiig'  nti^  ^  A 

If  we  suppose  x  =  0,  and  denote  by  A*  •o"  the  pardciihir 
value  which  A*  .  2^  has  in  that  das^,  we  find 

A*o* « n^-.  2  (^^ ir+2i2i:^^<i,^er-»& 

1  1  •  s 

when  M  is  greater  than  m  this  exprcB^ion  is  therefore  ooa- 
,  stantly  equal  to  zero^  and  when  n  =  x;7»  we  see  that 

1  X  •  ^ 

These  are  the  singular  results  we  alluded  to  in  our  inves- 
tigation of  the  successive  difiereticei  «f  any  c&tional  itil^gral 
'^function,  (844):  the  numbers  comprdiended  under  die 
•fefrtn  A*o*  possess  a  v«st  Variety  of  very  curioiis  pn4)ef- 
ties,  and  are  intimately  connected  with  many  .of  the  noit 
interesting  enquiries  in  the  pure  mathematics  *• 

851.    The  remarkable   form  of  the  expvenons   tar 
A*xi^  and  »,  4. ,» deduced  in  (345)  affords  us  an  opportunity 

dnd  which,  as  in  the  OiiSerentiai  CalcuYds,  fs  oceasionally  (bilt 
inelegantly}  written  thus  A*JP*,  without  the  point.  Tfcnit 
A».«*,±=A'(tt*0'' 

*  The  reader  who  is  curious  ppon  this  subject^  will  find  mnA 
satisfactibti  iu  the  p^'rU^Df  a  paper  by  Dr.  Brinkley«  in  the 
Phil.  Trans^  18QZ*  ->¥Aere_jhey  are  employed  with  great  effect 
In  a  paper  also^  by  the  Author  of  this  Essay^  in  Phil.  Trans. 
1816.  i.  a  great  number  of  their  properties  (some  of  them  of  a 
very  siDgular  nature),  is  demonstrated. 
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seems  to  unite  in  the  most  perfect,  in^aer  the  psopeitiw 
«sf  conciseij^js^  wnjpljpity  an4  ele^vw?^.  wi.  .i^ppars 
plfculi^rly ,  Wei)  adapted  t9  QgetJ  new  an4  eplWTgpd.WWSt 
of  the  extent  and  meaning  of  apalytipal  gpef^^pn^. 

.  ^.  tte  c)spt«saioa'(i  4t  A)%  cegafdadras  a  fuliettoii  of  4 
ctftaii)  Symbol  A,  ke  davf^jedift  (Kmi^fs'^f  j&[^  trMffll 
produce  die  series  \     •       ,  •  ^ 

1+»A   +1^5LZl>A«  +  6tC. 

li  Is  bf  no  conseqiience  to  oiir  present  purpose  in  what'light 
we  regard  ttatt  symbol  A;f  whether  as  a  quantityj  or  merely 
as  an  instrument  by  -SM^^  o£  which,  a^d  fa^  inpiioo^M 
purely  mechanical,  we  gr^  ei^^led  to  produce  the  numerical 
coefficients  of  the  serres  affected  with  their  proper  ppwers 
of  Ae  tefci*  ^.  .  Ih  Ais  point  of  view,  the  eVpre^ssion 
(l  4r  (^T  hiusi-^ehconsiderei  ai  hating  no  other  ineanhle 
tfHm  a^  im  abbiWHitri^expression  for  its  developertent,  pnd 
"When  prtfaed  tO" the  function  «^,  each  terra  of  thfs  de- 
yddjiemefit  U  undi^stbod  to  be  ^^plied,  separat^ly^  to  thf 
same  function^  so  that  the  follo^hig  expressions 

(1  +  A)V, 

tliiafbetndisctiminately  used  for  one  another,  the  two  for- 
mer being  regairdei  as  haying  do  meaning,  but  a^  Ubbrevi- 
atioris  of  the  latter.  la  general,  if  /(  A)  W  a  function  of 
A  ^evelopaUe  in  a  series  of  powers  of  A,'  such  as 

.        J.A«  +  jB.A^+«&c. 

4befl  the  expresakm  /( A)«^  is  used  as  an  abbrevi'adon  of 

y^.A««,  +  5,AP«,+8u:. 
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and  the  same  notisttida  is  applicable  to  otherchacacfteriitic  * 
lettersi  suchas.df,.^  ^ySic. 

*  It  follows  from  this,  that  the  successive  performance  of 
two  or  more  series  of  operations,  represented*  hj  f{A), 
f(A\  Kc.  upon  the  Same  function  u^  is  equivalent  to  the 
perlorm^cic^.of.  that  iSeries  of .  operatipns  wfajch  is  rcpre- 
|gnte4  bj  theic  {ifoduct.  n  Suppose,  for  instance,'/ (A )aa 
1  +  A,  and/(A)=:A- a'  ;  then 

/(A)ifr^tf/+ Aif,    ^    ,1 
and/(A);^/(A)i/,i  =  A|i/,+  AtfJ-AMtf,+  AK,?, 

Mrhich  is  also  the  expanded  expressiQd  for' ' 

The  reason  of  this  is  evident,  since  /(A)  JC/  (A)*= 
(A-i2^'Ul  +  A)=,A(lt.A)^^!'(lH^^)t  toirfiicl^  if 
,tve  affix  u^^  the  same  terms  are  produced  in  the  samf 
oi;der,  and  the  same  holds  good  in  gen^^  Thi»:obferT»- 
tion  is  the  ground-worl^of  ^%  viic^e  Sfrstem,;  and  should 
be  carefully  attgided  to  by  the  feader.   .  .     .    ;,      «    . 

352.    We  have  then 

and  it  will  hot  be  amiss  to  shew  how  the  other  equation^  ex- 
pressing the  value  of  A*«,  in  terms  of  u,i  u,  ^  „  See.  may  be 
deduced  from  this.  For  this.purpose  wp  have  only  to  con- 
sider^ that-  A*  and  [(1  +  4^)  -r  l,}"  are  id^ntiqillj  the  samsy 
^and  the  latter  of  these  is. ^so., identical 5i^ith 

'  (1  '^^r-\ (1  +-^i-7*+  ^^Y^K+^r-'-&c.. 

so  that  this  expression,  '^f  developed  in  powers  of^bya 
men  methanie^l  process  ^  ymxAA  produce  simply.^.  '  A&t^ 
kig  now  the  function  u^  it  appears  that 


:} 
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t»«t(l  4-  A)r«:,  ha$  no  oAer  meaaing  thu.the  series 
•r«,4.«yindsoonfortlkere8t$  coosequentlj 

353.  This  process  depends  on  the  priadple^-  tbst  it  is 
the  same  tlung  whether  we  afltx  the  v,  to  the  sum  of  any 
number  of  functions  of  A«  or  take  the  sum  of  the  resulte 
produced  by  affixing  it  to  each  separate  function^  which  is 
obyiou$ly*die  case.    For  instance,  suppose 

then  we  shall  have  \  /(A)  +  i^^CA)  |i#*afc 

which  is  the  sum  of  the  twei  series 

/(A)ll,«fl»,+*  Air, +Ac. 

S54.  We  proceed  to  the  in?esdgatnm  of  other  Teb» 
tions.  We  have  seen  that  the  diftrence  of  the  product 
Us-VmcH  two  functions  u,  aB4  v^  is  represented  by 

A .  «,v,  m  »«  A  v»+Vx^c^«+  A»*i^  Vj*  (-«) 

In  order  to  find  the  expression  for  the  «tk  difference 
of  the  same  product,  we  may  proceed  as  follows : 

each  term  of  which  being  es^anded  by  the  Mp  of  the 
equation  (a\  as  follows^ 

3  T 
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A  (tf^A«>)-«^AS+A<»*A"x+A«'xA*v*>  See. 
we  find 

and  so  on;  bift  th^  prooe§s  aoofiib^cofots  Crottbksone  fton 
the  vast  multitude  of  terms,  the  law  of  whose  coefficients 
is  not  immediately  visiUe;  The-  s^rstem  of  notation  abore 
explained,  h  separating  the  jj/mbols  of  operation  from  those  tf 
ijfiim^t  iriit  We  afibtd  lis  a  i^aarkaUe  aissistance. 

We  first  observe^  that  if  we  suppose  an  acee&t  applied 
to  the  letter.  A  to  indicate  that  it  is  to  be  referr^  solelf 
to  v^  while  the  unaccented  A  refers  io^^opbf^  we  shall 
then  have 

'    •A-a''*vX=:A*'»,XA*v„ 

the  accent  over' the  A  being  understood  to  make  no  altera* 
lion  whatever  in  die  natui^  of  tbeoparatioii  denoted  by  that 
letter;  but  simply  to  uidioate/  that  in  the  d«velopement  of 
the  ultimate  result,  the  powers  of  the  accented  A  are  to 
be  placed  imiuediately  befote  the  v,,  and  those  of  the  un- 
accented before  »,.    ThatW^hivt^^  ' 

A(i/,  v,)=«,A.D^+^*Air,+ AJi>v,  *^  ^  +  a'+ A  A>,tv 

Now  the  diAfence  ol^  this  is  eqoal  to  die  sum  of  those 
of  itsseparftjex^no^i  tbatis  ^      " 

A*(i^,vJd:(A  +  A''+AA7Vi  A«r, 

+  (A  +  A'+AA')«xAv, 

+  (A  +  A'+AA')Att,Av 
But  according  to  the  system  of  notation  we  have  adopte4f 
if  any  combination,'  such'  as    A"*  A^*  be  prefixed  to 
A'i4  A«^^,  it  will  piXHtuee  A~4*''ir,  A'+tv^  which  Si  alto 
^cepr^aeoted  by  A**+'  A'*  +  ^u,  v^    The  above 
therefore  become? 
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+  (A  +  A'+AAOAA'tt,t;^    . 

in  wKich.  the  fymbols  of  operation  may  fxovr^  without  con» 
fusipoi  be  separated  from  those  of  quantity,  when  we  find 

A\i/,t;,=(A  +  A'+AAO(A  +  A'+AA')*,v„ 
•that  is, 

(A+A'+AAO*«f,v^; 

for  the  Mine  combinations  of  A  and  A^  must  result  from 
thi^,  as  from  ^e  other#  Just  iii  the  same  w^y  we  may  shew 
from  this,  that 

A'.»,v,=t(A+A'-f  AAy«,v„ 
and  soon.    Now  A  +  A'A A't=(t+A)  (1  +  A')-1>  and 
tneniore:    > 

A*.«,v,^|(l+AXl+A')-l}-«;t^,. 

This  resutt  mi^t  also  have  been  deduced  from  what  we 
proved  in  (S6i),  for  eince  the  perfowKmce!  of  any  num- 
bdr .  of  sticcesaive  opemtioos  ia  denoted  by  pre^adng  the 
product  of  the  functions  representing  them  separately,  if 
these  operations  be  aU  the  same,  and  «  timea  repeated,  the 
ntb  power  of  the  f uf^tion  representing  them  must  be  pre- 
fixed.   : 

S55.  What  we  have  demonstrated  in  the  case  of  two 
functions  u,  and  v,,  holds  good,  mutatis  mutandis^  iot  any 
number  i/,,  V„  i/^  8tc.  If  we  suppose  A  to  refer  to  u,^ 
A'  to  fiVy  A^  to  f/'^  and  so  on,  we  ^all  have 

A».(il,.i/,,i/^.  &C.)=S(1  +  A)(1  + A').  &C.-1 }-«//,. «/'. 
where,  in  the  developement  of  the  second  menober,  each 
term,  suchaa  A**^'*  a%..  being  aj^ied  immediately  be- 
fore  Um  </^  «/'..#  is  suppo^d  to  have  no  other  meaning  than 

4.%,x  AV*x  A'  t^M  H  8w. 
the  accents  over  the  tetters   A  being  used  wihf  as  a  iemforarjf 
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^cMtrivaaci,  U  keep  thir  powers  ^Uthct,  and  at  tie  i&me  time 
to  point  out  their  iypGcation  to  tko  proper  fimdioni,  and  in  no 
wag  altering  the  meaning  of  the  characteristics  themsehfts. 

The  difiere^ce  of  the  proposed  function  or  A  ^(fiy.i/^...) 
being  (««  + 1  </« + 1  f/^  4. 1  •  &c .  -  fi,  </,  f/% .  kc,  if  for  n,  ^  1,  tec*, 
we  substitute  their  values  u,+  ^u^ss(l  4.  a)  u^  i/,+  Ai4= 
(1  +'AO»«&c. 
we  get 

A.(l^,«/,.8LC.)«(l  +  A)tf,x(l  +  A')«',X«FC.-«y,.&C. 
=  ^(l  +  A)(l  +  AO(l  +  A'0-fcc--l}«y^,,«M:. 
from  wUch  it  may  be  shewn^  just  as  in  the  case  of  tirt 
functions  (S54)  that 

A*.(«ryX',.&c.)=» 

J(l  +  A)  (1+  A')  (1  +  a")-8cc.- l^»»,«',i/'.,  fcc. 

the  complete  developement  of  which  is  easily  obtained  by 

the  theorem  for  raising  a  multinomial  to  the  ndi  power, 

the  expression  within  the  brackets  being  equal  to 

A  +  A'+fcc.AA'  +  &c.  + +  AA'A''.  &c- 

cmtuning  all  the  possible  combinatioas  of  A,  A',  &c.  by 
ones,  twos,  thiees,  &c. 

356.  The  same  diflerences  may  be  expressed  in  an- 
other and  much  more  simple  form,  by  uniting  sereiml  of 
their  terms  together  by  means  of  the  successiire  values  of 
one.  of  the  functions.  For  if  we  set  out  from  the  equatidii 
(S4S), 

we  find 

A\(i^,0«  /i.(»,ilO+  i:^.(«',+iA«:) 
but  the  foregoing  equation  gives  by  making  the  proper 
substitutions 

A .(«,  Zi  1/.)  =  «,  AV^  +  A  «^+i .  A  K 

and  if  these  values  be  substituted  in  the  expresMon  fior 
A*  •  {ug  t/,)  it  becomes 
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andj  in  Uke  manner  it  n»j  be  shewn  daj| 
A".  (>».«/,)  = 

The  separation  of  symbols  of  operation  fxom  those  of 
jquantitj  a£Fbrds  a  very  elegant  demonstvation  of  this 
dieorem,  for  if  we  throw  the  expression 

J(l  +  21)  (1  +  £i')-  l)"«,ii'^ 

into  the  form 

and  then  develope  it  by  the  bmomial  theorem,  we  find 
A«. («.,,/,)  = 

J  A'-  +  ^A  A^-K1  + AO  +  ^!^^^A»A'— XI  +  A?  +  8CC.L,„;. 

Now»  any  term  of  thiSj  such  as 

A-A'—- (1  +  A'r«,i^, 
resolves  itself  into 

A^w,  X  A"-"'"«/,+^ 
since,  as  we  have  seen  (S5£)y 

(I  +  Ar«.  =  !/,+«, 
and  thus  the  expression  for  A**  •  (ug  O  becomes'  at  lengtli 

«,A*«/.  +  ^.  Af^,A— i«/,^i  +  8u:. 

The  intellqreht  reader  will  perceire,  without  difficulty^  the 
exact  parallel  which  subsists  between  these  processes  and 
those  of  the  Calculus  of  Generating  Functions. 

387.    It  b  easy  in  all  cases  to  find  the  successire  dif* 
ferences  of  any  assigned  function  of .x,  but  the  enquiry . 
taken  in  a  general  point  of  viewf  without  reference  to  the 
particular  nature  of  that  function^  assumes  a  much  more 
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ixuare$ting  fotm,  w&m*.  it  is  proposed  to  determine  a* 
in  terms  of  u,  and  its  dxfferentiai  coefficients.    To  tbb 
endy  we  have,  by  Taylor's  Theorem,  (21) 

A  1^,  *=  «#  +  i  -  »#  =* 

I   dx       1.9      dx"        1.9.*    rf«» 

H  we  separate  the  symbols  of  operation  from  &ose  of 
quantity,  we  get 

the  d  and  its  powers  being  Immediately  referred  to  the 
functicai  u^  and  aibcting  that  alone.  Nov,  the  setiea 
within  the  brackets  has  for  its  abbreviated  e^^i^esuon, 

^  -  I, 
and  therefore 

Lagrange  first  remarked  that  not  only  this,  but  the  more 
general  equation 


A*« 


(-  -  ')■ 


is  QUitpersaly  trvc^ ;  and  in  fact  if  we  call  to  mind  what  ' 
has  already  been  said  at  the  lattet  end  of  (351)  and  (354) 
respecting  the  symbol  A,  and  reflect  that  the  whole  is 
equally  applicable  to  the  symbol  ^  it  wiU  aciMcfy  spfiear  lo 
require  further  demonstratioiv  I^  Ae  opeMiim  denoted 
by  A  being  eqfiivalef  t  to  thd  aeries  e£  epctatioiis  deooisd 

by  ^'  -  1  and  A^  ttpoA^im  of  tins  ktter  smes  •£  ope- 
cations  n  times  being  equivoleiit  so^oae  series  of  operations 

having  \j^*  -  1^  for.  its  ej^ressk^n,  it  is  cvideat  that 
the  operation  denoted  by  A*  is  equivalent  to  that  denoted 


by  v^-*l/  ,  and  therefore  A»tt,i  v**  -  t) u/^ 
but,  a8  the  discorery  of  diis  theorem  and  its  consequences 
have  formed  in  some  reyectr:;^n\eQpch  -in  mathematical 
literature,  and  as  it  seenM  in  general  to  be  regarded  as  in- 
V4)lfp9g  a  pei^(4w^  of  obKy^ltyfAWf'i^haU  pfocpft^to  a 
more  particular  demonstr^op^of  ^iin  /S^^g  tibWitbH 
equation 

and  separating  the  symbdfif  of  t>pemron  from  tnose  hi 
quantity^  yre^fpt     '.  .   .  '  j  ..  ^  \  \   •  . 


or  «,+«  =  ^       «,. 


la  this  eqttat(eti  tf  we  writie  suctes^Vety  n  ^  1,  it -2,  ice. 


font, we  find  fi«:^».^=^  /    ^^ir^  »,^^_jjs^       ''»„  &c. 


Now  we  hare  shewn  (S45),  that 

and  wfMiag  fot  ir^ 4. i^  ii«4.«^^,iSi9-  ^)«r  vrivecii  we  ^ 

1  .1*2 

or,  again  $epara09g-the«ymbqIaQf  openRti^  frolR^lhose  of 
quantity, 

A-^.^l/^'-jr"^'  +  ITT'""'"  -  *^-^-^^* 

or  since  (^'  —  l^  when  developed  in  powers  of  j-    must 
fttcessarily  pioducetkeeonie'seriesas^  *''  —  j  e      4»  +  Sic, 
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would  producei  and  b  theiefor^  an  abbrevbted  expreniaii 
for  the  same  combination  of  opeiatxons 

A"iV  as  (#^  -  1\   »,♦. 

559.    Suppottng/(  A)  to  represent  anf  function  of  A 
detelopaUe  in  powei^  of  Ay  as 

we  have, 

cstf»,  +  *.(€3^- Ai«,  +  r(^»-A  fi«  +  &c. 

or,  separating  the  sfmbok  of  operation  from  those  of 
quantity 

for  it  is  evident  tiiat/^  if'«—  i^  when    developed  must 

produce  the  same  series  of  powers  of  (^j-)  iwluch'  would 
result  £rom  the  devebpement  of  the  expression 

^prfaich  is  all  that  is  intended  by  the  eqinessioQ  in  question. 


*  This  demonstration  is  in  substance  the  same  with  that  giyen 
by  Pr.  Brinkley  in  the  paper  above  referred  to,  tMi.  Traar. 
1807.  i»  and  is  the  most  elegant  of  any  (among  the  great  Tarie^ 
which  hare  appeared  of  this  impodant  theorem)  which  bars 
come  to  our  knowledge. 
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This  theortm  is  due  to  Arbogast,  who  first  demised  the 
method  of  separating  the  symbols  of  operation  from  thpse 
of  quantity  in  researches  of  this  kind. 

S60.    If  we  suppose  the  form  of  the  function  /  to  be 
such  that/(A)  =  (1+A)",  we  have 

and  consequently. 


d 


(1  +  A)»  «^  =  e  *'  u,  =  «,  +  i„  as  before. 
Agab,  if /(A)  =  {log.  (1  +  A)}%  we  have 

{log.(l+A)}-«,==^, 

an  equation  which  expresses  the  value  of  any  difierential 
coefficient  of  u^  ia  terms  of  the  function  itself  and  its  suc- 
cessive differences.     If,  for  instance,  nnl,  we  have 

du,  _  A  <l,        A^ii^        A»>^       -  ^ 

-— —  _»         _         —  ' '        "T*         '"         *~  OtC« 

Jo:  1  2  3 

361.    The  developement  of  the  equation 

is  very  easily  obtained.  It  will  consist  of  a  series  of  terms 
of  the  form 

thatis,    J^u^-^J,.^  +  A,.^  +  !ic. 

and  J^  is  evidently  the  coefficient  of  r  in  the  develope- 
ment of  (f*-  1)".    Now  to  obtain  this,  we  have, 

(/'- 1)»  =  ^'  - ? . /-i)'+'^^^^<^>'  -fee. 
1  1.2 

So 
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but  the  coefficient  of  f*  in  the  developements  of  i  ^  e       , 
&c.  are  respectively 

1  •  £  •••  m        1  ^  2  •••  fit 
auid  therefore  we  find^,  for  the  coefficient  reqairedi 

1  •  2  •  S  •••  m 
A»0" 


1 .2  •••171 


•  (S50). 


Now  80  long  as  m  is  less  than  n^  this  vanishes,  as  we  hate 
already  seen,  and  since  when  n^m^  A*  o*ss  1.2...  n,  die 
series  for  A*^,^  becomes 

.         A-0-  +  .         rf^H^'  +  ftc* 


1  .2  •••  (/I  +  2) 


On  <'Ae  AVec^  Method  of  Differences^  when  applied 
to  Functions  of  two  or  more  yariahles. 

362.  If  X  and  y  be  any  two  variables  which  increase 
and  decrease  by  units,  and  if  i/,^,  represent  any  fimction 
whatever  of  them,  the  successive  substitution  of  •••  0,  1, 
2, ...  &c.  for  each  of  them,  will  produce  a  system  of  pro-^ 
gressions. 


••  ''O,  0,    «^0, 1,   <%,  2,  •••  »0,  9  — 


*  See  Dr.  Brinkley's  paper^  above  referred  to. 
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•••  ^t,Ot    ^»,l,   ^r,i,  •••^x,f  ••• 

&c.      Su:.     8cc.       &c. 

in  each  of  which^  taken  horizontally^,  the  general  tenn  is  a 
function  of  one  variable,  y,  alone,  the  value  of  x  remain- 
ing unaltered  throughout  the  whole  progression ;  and  if 
taken  rertically^  of  x  alone,  y  being  in  that'7:ase  constant. 

Supposing  then  x  the  only  variable,  we  have 

which  maybe  termed  the  partial  difference  of  the  proposed 
function,  relative  to  the  variation  of  x ;  and  in  like  manner, 
if  by  accentuating  the  characteristic  A,  we  denote  its  refer- 
ence to  the  variation  of  y,  we  shall  have^  for  the  partial 
difference  relative  to  ^, 

But  if  both  X  and  y  vary  at  once,  we  shall  havp  for  the  total 
Xffirence  of  «, ,,  (which  may  be  denoted  •  by  A  u,^^ 

S6S.  It  is  sufficiently  evident,  that  if  we  consider  only 
the  partial  differences  of  fo,,,  the  same  relations  between 
these  and  their  primitive  function,  and  its  successive  values 
will  hold,  as  in  the  case  of  one  variable,  from  wMch  the 
present  only  differs  in  appearance. 

S64.  If  we  consider  only  the  total  differences,  since  x 
and  jr  are  supposed  to  vary  together ^  and  by  the  same  steps ^  we 
in  fact  establish  a  relation  between  them,  viz.^=x  +  cons^. 
So  that  u,^y  may  in  fact  be  regarded  as  a  function  of  one 
of  them  alone,  and  of  course  the  relations  between'  the 


•  See  the    Tkeorie  Analyfique  ^  des  Prcbabilitis,  page  70, 
where  this  notatiop  is  sanctioned  by  the  authority  vf  Laplace« 
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function  and  its  total  differences  mast  be  die  same  at 
those  above  demonstrated.    For  example^ 

Again,  since^=x  +  C,  we  haye-J- =1,  and  since  in 
genial 

in  this  case  we  have        * 
which  we  may  abbreviate  into 
consequently  the  equation  of  (S58.) 
when  applied  to  this  case,  will  give 

and  the  saine  may  be  extended  to  any  number  of  vambles. 
No  confusion  can  arise  froni  the  intermixture  of  the  powers 
of  rf|  which  refer  to  the  variation  of  x^  with  those  which 
refer  to  that  of  y,  .since  their  application  is  pointed  out  by 
the  denominators  they  cany  with  the^i  and  by  the  nota- 
tion of  4^e  Differential  Calculus,  any  term  such  as 

\dx  )  ^\dy)  ""'"' 
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f^  «     '  rf'  +  'tf,  - 

meaning  nothing  more  than  -; SlI  . 

ax'. ay* 

865.  The  developement  of  tlus  result  is  worth  examin- 
ing.   The  coeAcient  of    /  ^^';''  is  that  of  f'.t'*  in  the 

developement  of  (f* +  *'-!)".  It  is  evident^  that  if  diis 
function  be  developed  in  powers  of  t-^ff  the  above  com- 
bination can  only  result  from  the  term  multiplied  by 
(t  +  f)'-^*i  and  therefore  since  the  coefficient  of  this  terni 
is  by  (361)  equal  to 

1.2.3  ...(/>+f)* 

and  the  coefficient  of  t'.t'*,  in  the  developement  of 

(Z  +  O'  +  'i  is 

(j^-HgU/^+g- !)*>»(?  4-1)   ^     l.g.3  ...(p  +  q). 
1.2.../?  **    1.2  .i./?xl.2,..j* 

the  whole  coefficient  oit't'*  required  will  be  the  product 
of  these^  or 

A*0^+^ 

1  .  2  ..•/7X1.2...  ;' 

and  a  similar  result  will  be  obtained  for  .any  number  of 
variables.* 

366.  There  remains  only  to  be  considered  the  class 
of  relations  which  involve  at '  once  the  proposed  function^ 
its  total,  and  partial  difierences.  These,  however,  are  too 
complex,  and  present  too  little  in  the  way  of  interest  to 
detain  us.    It,  is  sufficient  to  observe,  that  the  total  dif* 


♦  Seethe  paper  referred  to,  page  478.  (Note),  in  PhU.  T\rwm. 
1810,  i.  '^  Go  the  DeveioperoeDt  of  Exponential  Functioas,'' 
where  this  theorem  is  deduced  from  one  of  much  greater  gene* 
rality. 
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ference  is  imm^ately  expressible  hj  means  c^  the  partialt 
as  follows : 

Since         A«,,yr4.,3=i^,  +  ii,,  +  i-a,,,+  i, 

and  A'f^.  +  i,,=»,  +  i,,  +  i-i*.  +  ,,,, 

if  we  add  these  together^  *  and  subtract  the  result  from  the 
equation 

we"  shall  find 

2  A«,,,-  (A  !/,,,  +  !+ AX  +  i.  ,)  = 

whence  we  obtain 

which  (as  it  will  hereafter  appear)  is  analogous  to  the 
equation 

dx  dy 

in  the  DiflFerential  Calculus. 


On  the  Inverse  Method  of  Finite  Uifferences. 

S67.  The  Direct  Method  of  Differences,  of  which  we 
have  presented  a  brief  outline  in  the  foregoing  pages^  con- 
sists, in  determining  the  differences  of  given  functions,  and 
investigating  the  general  relations  which  exist  between 
these  differences  (of  any  orders),  and  the  functions  from 
which  they  are  derived.  The  inverse  method  of  ooune 
has  for  its  object  the  determination  of  the  primitive  func- 
tion by  means  of  assigned  relations  between  it  and  its  dif- 
ferences i  a  much  more  difficult  task,  and  in  which  it  is  to 
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be  lamented,  that  small  progress  has  hitherto  been  made. 
Thede  two  branches  of  the  Calculus  of  Finite  Difierences 
have  precisely  the  same  relation  to  each  other  that  the  two 
great  divisions  of  the  Differential  Calculus  have,  and  it  will 
appear  hereafter,  that  the  latter  Calculus  is  in  fact  easily 
deducible  from  the  former. 

In  order  to  investigate  the  nature  of  a  function  between 
which  and  its  diflFerences  and  the  independent  variable 
given  relations  shall  subsist,  the  simplest  mode  of  proceed- 
ing seems  to  be,  to  consider,  Ist,  The  case  where  the  dif- 
ference is  given  immediately  in  functions  of  the  indepen- 
dent variable,    or  to  determine '^tf«  from    the   equation 

2d.  When  any  equation^  between  u,  the  independent 
variable  x,  and  the  differences  Au,^  aX,  &c.  is  given^ 

.  such  as  o:aF\x,  u^  Aii^  A*tf„  8lc.J 

which  equation,  without  losing  any  of  its  generality,  may 
be  also  thrown  into  the  form 

by  means  of  thie  expressions  A  u^tsu^^i  —  u^  Sec.  Such 
an  equation  is  called  an  equation  of  difierences,  and  its 
order  is  denoted  by  the  highest  exponent  of  A,  or  the  inter- 
val (n)  between  the  most  distant  of  the  successive  values 
of  Ug,  it  contains.  Sd.  When  the  equation  expressing  the 
lelatioo  in  question  involves,  at  the  same  time,  the  dif* 
(erential  coefficients  of  »,,  and  its  differences,  or  successive 
values,  or  those  of  the  differential  coefficients,  as 

o-F\x,  u^  A«^„&c.  3~-f8ic.  A^',   kc.\ 

Such  equations  are  called  equations  of  mixed  differences. 
Very  little  is  known  of  their  nature,  and  we  shall  accord- 
ingly consider  only  the  simplest  forms  of  them. 
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On  the  Determination  of  a  Function^  whose  Dtf- 
ference  is  expludtlff  gwen  in  Terms  of  the 
Independent  Variable* 

366.  Since  Atr^  is  as  well  the  diflRnrence  of  i^«+ C,  as 
of  u^  if  in  reascending  from  the  given  difference  ^u,  to  the 
primitive  function  u^  we  would  give  the  result  all  the  gen^ 
fality  it  is  susceptible  of,  it  will  be  necessary  to  add  an 
arbitrary  constant ;  for  since  the  proposed  difference  wiU 
equally  result  from  fr,-|-  C^  whatever  value  we  assign  to  C, 
provided  it  remain  unchanged,  while  x  varies  from  x  to 
X  +  ly  there  is  nothipg  in  the  nature  of  the  present  enquiry 
to  render  any  one  of  such  values  preferable  to  any  other. 
The  reader  will  observe  then  that  we  are  at  liberty  to  asngn 
any  value  whatever  to  C,  should  it  even  be  a  function  of  x, 
provided  it  remain  unchanged,  while  x  changes  tox+l« 
This  is  all  that  can  be  understood  by  a  constant  in  the 
Calculus  of  Finite  Differences.  Suppose  C,  to  denote  such 
a  function  of  jr,  that  C«ss  C, ^  ^^  or  A  C,aO  \  and  we  shall 
have 

as  if  C»  were  absolutely  independent  of  x.  This  conditioii 
is  satisfied  by  supposing^  C,  to  represent  any  function  of 
cos  S  V  X,  for  since  tiOs  d  «-  (x+ 1)  =  cos  (2 ir -f  e v x)  « 
cos  2  ir  X,  any  funttios  of  diis  quantity  will  possess  die 
property  in  question.  We  ^kall  perceive  die  force  of  due 
observation  hereafter*,  at'  present  we  witt  proceed  to  tbe 

*  So  long  as  we  confine  our  speculations  to  cases  wbere  x 
has  none  but  integer  values  (as  for  example  in  the  sununatioa 
of  series)  since  cos  2  «*  x=:  0,  every  function  of  this  quantity 
must  be  regarded  as  absolutely  invariable^  and  the  arbitraiy 
constant  is  then  of  the  same  nature  as  in  the  Differential  Gal- 
cuius. 
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subject  of  this  section ;   and  firsts  it  will  be  necessary  to 
explain  the  notation  used  in  the  inrerse  method. 

The  characteristic  S  is  used  to  express  the  operation  by 
which  we  reascend  from  the  difierence  Au,  to  the  primi- 
ti?e  function  (or  integral)  u,  +  const,  so  that 

"LAUgzsiUg  -f  const. 

just  in  the  same  way^  and  Sot  the  same  reason  that 

/tf«^ssfi,+constw 

Having  given  then  any  function  f{x)  to  find  the  func- 
tion of  which  it  is  the  difference,  is  the  same  thing  with 
enquiring  the  value  of  the  expression  zf{x).  We  shall 
proceed  to  consider  the  particular  forms  of /(x),  in  which 
this  enquiry  has  been  attended  with  success;  and  firsts  it; 
is  evident  that  the  integral  of  the  sum  of  any  number  of 
functions 

IS  equal  to  the  sum  of  their  separate  integrals 

£/W  +  3:^(j:)  +  &c. 
for,  if  we  take  the  difierence  of  this  expression,  we  pro- 
duce 

In  die  same  manner  it  appears,  that  2  a  .f(x)  ^at^  (x), 
a  being  any  constant  quantity,  so  that  a  constant  factor 
may  be  brought  out  from  under  the  integral  sign. 

369.  The  first  form  of /(x),  which  is  directly  Integra^ 
ble,  is  when  /(x)  =s  any  rational  integral  function  of  x. 
We  have  already  seen,  that  the  diOerence  of  any  rational 
function  whatever,  such  as 

ilx-+Bx*-*+Cx— *+...JCjr  +  Xr> 

is  itself  a  rational  inte^al  function 

8  R 
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where  A^  -^A 

1.2  1 

^_  iif(ifi-l)(m-2)^      (iw-l)(iif— 2)^     ift-2p 
1.2.3  i .2  I 


r'=-rf+iB+C+  ...  *..  K 

This  expression  ^'jr^'-^  +  Slc.  on  account  of  the  inde- 
terminate values  of  A^  B,  C, ...  Kf  and  the  exponent  m, 
may  be  jBade  to  coincide  with  any  proposed  rational  inte- 
gral function,  as  ' 

by  making  i»~ls»,  ormasn+l, 

azzA=i^A, 

I 

*=B'=:  2l(!?L:iL)  A  +  15L=1>  B,  &c. 
1.2  1         ' 

whence  the  values  of  J^  JB>  &c.  are  obtained  as  fcdlowa ; 

tn 

m-*l       2 

i»-2       2  12        ' 

&c. 

The  last  term  L  remains  mdeterminate.  '  It  is  in  fact 
the  arbitrary  constant  which  must  be  added  to  complete 
the  integral. 

We  will^ake  a  particular  example^  Suppose  the  value 
of  £  (i*  4- 1)  were  required :  we  have 
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which  wUI  coindde  wsdi  ii»+ 1,  if  we  put 

SAts\,    3A+2B=Q,    B+C=l, 
whence  J=i,    B=  -J,    Ca4,,  and  therefore 

The  reader  may  exercise  himself  on  the  fgUowing 


a:*'       «♦    .     ** 


* 


6        2  ^   12        12^ 
«+I        2       2    1.2         6  1.2.3.4.5  ■ 

6  1.2 7 

-A     «(«-0'»'(»-6)-,^> 
10  1.2 9 

5       «y(g-^l)...(«-8)         o 
5    ■        1.2 11 

_691    «(<i-l)  ...(«- 10)  .  1 

""210*       1.2 13 
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2     '  1.2, 16 

3617      ii(«-])  ,..(«- 14)         t^ 
SO     '         1.2  ......  17 

•  4^867    ^(fr-})>..  (ii~16)    .^^^ 
42      •         1.2.1....  19 

1222£77       n(H-l)  ...  («-18)^_^a 

""nnp    '     1.2 21 

+     8ic.  +  const. 

whicK  maybe  derived  by  substituting  1  for  a,  0  for  i,  r,  be 
and  1,  2»  S,...  n,  successively,  for  n,  in  the  general  for- 
mula above  given.  The  student  however  who  reads  far 
improvement  will  rarely  proceed  in  this  manner,  as  nothing 
tends  more  strongly  to  impress  the  principles  of  an  analy- 
tical process  upon  the  mind,  than  following  diem  closely 
and  repeatedly  through  the  details  of  particular  examples. 
Graphical  accuracy  can  be  attained  by  no  other  method; 
the  memory  is  at  the  same  time  stored  with  useful  results, 
and  which  is  by  far  the  most  important  object,  the  mind  is 
accustomed  to  dwell  habitually  upon  the  general  principle, 
and  to  carry  on  a  reasoning  process,  while  the  mere  alge- 
braic operations  are  performed  in  a  manner  almost  mecha- 
nical. 

With  respect  to  the  coefficients  expressed  in  numbers 
is  this  last  formula,  they  merit  a  nearer  attention,  on  ac- 
count of  their  perpetual  occurrence  in  the  theory  of  series  ; 
we  shall  take  occasion  hereafter  to  develope  more  particil- 
larly  their  nature  and  their  law. 

370.  The  method  delivered  above,  although  generally 
applicable,  is  in  certain  cases  superseded  in  facility  and 
shortness,  by  the  following.  We  have  seen  (34$),  that 
when  u,  is  of  the  form  a-btx,  the  difference  of  the  func- 
tion 
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is  itself  a  function  of  the  same  form,  haying  one  factor  less^ 
and  expressed  by 

Taking  therefore  the  integrals  of  both,  and  writing 
X— 1  for  jr,  we  find 

Now  «i,  ...  «,4.,_i  is  the  product  of  n  terms  of  an 
arithmetical  progression 


which,  when  developed  in  powers  of  x  is  a  rational  inte* 
gral  function  of  the  nth  degree,  aQ4  to  integrate  it  we 
have  only  to  muttipfy  it  by  the  term  of  the  progression  imme^ 
diatelji  preceding^  or^  to  annex  one  more  foctor  at  the  beginnings 
and  to  divide  the  result  by  the  common  difference^  and  by  the 
number  of  factors,  so  increased.    For  instance, 

s  (1+x)  («+x)  (3 +x)  =  ^^ — ^^  +  const. 

■         (2r+l)  (2t+T)  (2x  +  3) 
Z(2x-¥l)  (gx-h3)  =  ^  '  '     g    '  ' ^^  +  const. 

Ks-VVs-sXs-^)-- 3^ -+const. 

A  little  practice  renders  it  extremely  easy  to  resolre  any 
proposed  rational  integral  function  into  one  or  more  foe* 
torUJsoi  this  form.  An  example  or  two  will  explain  the 
method. 

.r«=r»(x+l)-x*=(jr-l)T(j:+l)+x(r  +  l)-«* 
=(«-l)x(*+l) +x, 

wheace.xS^<^-^)(^-J)^^"^^)+^(^-'^)l.C, 
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Again,  a?*-rS  a?»«B4?»  (jf+l)-*!*  -  8  «• 

=:j:(x-1)  X  (x+l)+j:XJr+l)-a:»-Si* 
={(ir  ^l)j:Cr+a)  (x+£)^«(x  -  l)x(x+l)} 

=  (Af-.l)x(x+l)(x+2)'-2(jp-l)x(x+l)- 

which  is  easily  integrated*.  The  principal  thing  to  be  at- 
tended to  in  these  resolutions  is,  to  keep  the  nunv^cal 
coefficients  as  low  as  possible  by  a  proper  disposition  of 
the  preceding  and  succeeding  factors. 

In  general,  any  quantity  of  the  foim  if  x*+ijr*~"*+&c. 
maybe  resolved  into  factorials  by  the  method  of  indetenni^ 
nate  coefficients ;  thus>  if  a  x^-i-b  x+c  be  assumed  equal  to 

A  (ivfl)  {^f2)+B  (r+l)+C 

the  cQmparisoa  of  terms  will  gire 

If  one  or  more  factors  be  deficient  in  a  factorial  of  this 
kind,  it  may  be  supplied  as  in  the  following  examples : 

Of+1)  (a:+2)  (x+4)  (a:+5)s=  (x+S  -2)  (x+2)  (x+4)  (x+sF 

=i(x+2)(2+8)  (x+4)  (x+5)- 2  .  (x+2)  (x+4)  (x+5). 
Again, 

(x+2)  (x+4)  (x+5)  =  (x+S)  (x+4)  (x+5)-.0r+*)  (x+5), 
so  that  the  proposed  function  becomes 
<4r-f<^  ...  (x+S)--  2  .  (x+S>  ...  (x+5)  +  2 .  (x+4)  (4f+J). 

Again, 

(2  X+.3)  (2  x+7)  «  (2^x+5)  (2  x+7)  -  2' .  (2  x+7). 

A  variety  of  trifling  artifices  of  this  kind  will  suggest  them* 
selves  to  the  intelligent  readier,  which  will  tend  at  least  to 
abrid|;e  his  labour,  if  they  do  not  much  increase  his  know^ 
ledge. 
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S7t.  lie  next  form  ^  f{x)  to  lie  eiamiAed  19  that 
of  a  rational  fraction ;  but  few  cases  present  themselves 
here  in  which  the  integration  can  be  accomplished.  They 
are  comprehended  with  exceptions  of  no  moment^  in  the 
expression 

^.  '■■^«.  ■■  f« ,  "mhtft Ug^a^isCf 

and  some  others  leducible  to  this  form  \  for  if  we  take  the 
difference  of 

— *"  4*  const. 

we  shall  find  for  our  result  the  function  proposed,  of  wluch 
this  is  Consequently  the  integral :  hence,  to  find  the  inte« 
gral  of  a  fraction^  whose  denominator  is  the  product  of  n 
terms  in  arithmetical  progression^  the  but  term  must  be 
effaced^  and  the  resutt  divided  tg  the  number  of  terms  r^- 
mainingi  and  by  their  common  difference,  and  affected  with  a 
negative  sign^  is  the  integrate  a  constant  being  ddded^    Thus 

X  ^  const* -^  -  .   ■  ' 

J(J+l)(x  +  2)  2     x{x^i)      ^ 

=:  const.  —  - 


^Sx  +  l)(3x  +  4)  '     3*  Sj:+1' 

S72.  Should  any  of  the  factors  in  the  denominator 
be  deficient,  they  may  be  supplied  by  multiplying  both 
nvmeraior  and  denominator  by  them,  and  reducing  the  nu- 
merator of  the  resulting  fraction  to  the  sums  or  differences 
of  factorials  consisting  of  the  first,  or  last  terms  only,  of 
the  denominator,  and  by  this  means  resolving  the  fraction 
into  several  whose  denominators  shall  be  complete  factorials 
of  the  kind  above  treated.  An  example  will  render  this 
clearer.    Suppose  the  fraction  to  be 


1^,4.1.  W^  +  s 


.,  wherein,  ah  +  tx 
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by  multiplyiiig  and  dividing  by  ii,+«  =  («  +  a«)+*«  it 

b«COflMS 

s  +  %b  +  ix 

die  numentov  of  which  is  equal  to  «  +  6ap+2*=««.+«*» 
or  else  to  ». 4. ,-  J :  thus  the.  fraction  is  resdTed  into  two, 
in  either  of  the  two  following  ways 

i +  ' 

1  b 

«,  .««+i  •"»  +  «      "* *»+» 

each  of  which  is  integrable  by  the  preceding  No. 

In  like  manner,  ■ 
I J+g  _ 

(«  +  i)(*  +  3)(x  +  4)  ~  (x  +  !)...(*  +  *) 

^  +   1 

(*  +  fi),..0»  +4)       (»  +  ,1)...(*  +  4) 

(X- !)(«+  !)*(*-  !)*(*+ 1)      *(x+l)    (x  +  l)x.(«+l)* 
In  general|  (»,  being  still  of  the  form  a  4-  ^x)  if  the.pxo- 
posed  fraction  be 

^x»+  Jx*-'  + it 

■'■■  ■  I  ■  >  ■   ■ 

where  the  degree  of  the  numerator  is  at  least  hq^her  bf 
two  units  than  that  of  the  denominator ;  assume 

il:r»  +  jBV— *  + ^  = 

and,  developing  this  last  in  powers  of  ^,  the  comparison  of 
terms  will  give  /»+ 1  equations  for  determining  Oy  i,  O^^ 
and  the  fraction  resolves  itself  into  the  following,  each  of 
which  is  integrable. 
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Thus,  for  ezampley  if  we  propose  to  integrate 

(3  J  +  1>(3j+4) 
af(a:+l)(x+«)(J:  +  S)     - 
we  assume 

(Sa:+l)(Sx  +  4)=tf  +  *x+rx(x+l) 
or,       4  +  15j:  +  9  i^=  «+  (*+f)  x  +  r  i* 
whence, 

fl  =  4,  ^  =  9,    6=15-9  =  6,    so  that 
rSx  4-  l)(3x  +  4)  _       4  6  ^  9 

i:(x+l)(^+2)Cx+3)    x...(x+3)    (jr+l)...(r+S)    (x+2)  Or+3) 
and  the  integral  required  is 

4  S  9 


C- 


Sx(x+l)(x+2)       (j:+.liU'+2;       jr+2  * 


373.    The  next  form  of  /(x)  which  corner  to  be  ex- 
amined is  (/)  =  a'  J  now  we  have  seen  that 

A  fl'  =  (fl  -  1) .  a\  whence  Z  a*  s=  +  const. 

To  this  we  may  add  the  functions  sin.  x%  and  cos.  x^,  which 
are  combinations  dependent  on  this  form ;  for  since  (164) 

If  we  integrate  these  by  die  above  formula,  and  reduce  the 
results  as  much  as  possible  by  the  help  of  the  equations 

cos,  (x-  1) (>-  COS. « 0  se  2  sin,  (^-  V  sin.  (-~-  0 

/        ^\* 
1  -  cot. ^  ss  2 . /sin.  -^  1 

9f 
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and 

sin.  rfl— 8in.(x-l>^=:2.8in.  (— Vcos.  (  aV 

we  shall  obtain 

X COS.  ix0)  = 7T\'  "^  **°'** 

CO..  {-^e) 

X  8in.  (j?fl)  = —j^ \-  const. 

2  sin.  (-) 

and  in  the  same  manner  may  the  integrals  of  the  functions 
(sin.  xer  •  (cos-  *  *)*j    ^  .  sin.  X  a,    «* .  cos. «  ^,  &c, 

be  obtained. 

974'.    We  have  seen  (343),  that 

and  if  we  suppose  u,  zifif  +  7,  we  shall  find  by  writing 
jr  —  1  for  X, 

^(^  +  1  -  1) 
and  in  like  manner  we  obtain 


^kp^  +  i) (/>«*+»-*+?) 


=1  const. — 


pi^d'-^-X)    CP^+j) (/^«'  +— *+9) 

375.    Since  A  («,  •  v,)  =  »,  A  v,  +  v,+ ^  A  1^^, 
if  we  integrate  both  sides,  we  find 

a  formula  analogous  to  /y  dxssyx  ^fxdff^  and  which 
enables  us  to  find  the  integrals  of  a  great  variety  of  func- 
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tions.    Suppose,  for  instance,  that  the  functions  proposed 
were 

where  u^  is  a  rational  integral  function  of  the  nth  degree, 
or 

we  have  thcp^  Av,  s^  a',  v,  = ,  whence 

.        a  -  1 

fl*  a 

Zu^if  s -tt,  -  S -.fl*  A«,, 

a  —  1  a  —  1 

but  by  writing  A  u,  for  n,,  we  find 
^d  so  on,  to 

which  last  integral,  since  A"  ti^  is  constant,  is  found  equal 
to 

fl*  A*  i/^  +  const. 


Ifl*  A»,=- 4^  f/,  —  2 tf*  A*«„ 

a  —  1  a  -  1 


{a  -   1)» 
and  consequently, 

,     ±  T-,  +  const. 

(fl-1/  (fl-  !)•  +  » 

S76.     In  general,  u,  and  v,  being  any  functions  of  x, 
we  have  .  ^  , 

X(i/,  .  V,)  =  i^,£  l>^  -  r  (A  «,s  v,  +  0 

8    &C. 
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where  n  may  be  any  integer  namber  we  pleaae  \  and  if  u, 
be  ai^y  rational  integral  function  of  the  nth  degree,  it 
becomes 

The  reader  may  take  as  examples  to  this  formula  the  fol- 
lowing, 

X  x^ .  COS,  «r  ^>  £  ■  ~g   '*  I <  in>  #>  11  I  y 

(2*  +  l)(ax  +  3;(2x  +  5) 

^x{x  +  l).(8in.  x^. 

377.  To  derive  a  general  formula  of  the  same  kind 
for  2*  («x,  V,),  i'  («^ .  V,),  Sec,  we  hare  only  td  conrider  tktt, 
by  writing  in  the  equation  {a)  of  (376)  2  v,  for  v^  we  get 

q:2(A«  +  i«,X»  +  V,  +  ,4.i). 
Again,  in  the  same  equation  writing  Ai/,  for  i^  5:*  v, 4.,  for 
11^,  and  «  -  1  for  #,  we  find 

q:  £(A»  +  »i/,X«  +  »t;,  +  .  +  0, 
and  so  on,  till  we  come  to. 

Now,  taking  the  integral  of  (a),  we  find 

in  which,  substituting  the  values  given  by  the  above  equa- 
tions, we  find  at  lengdi 

±(«  +  l)AX:&"  +  *v,+* 

If  we  again  integrate  this  equation,  and^for  each  term 
write  its  value  derived  in  the  same  manffer  ffMi  the  cqui« 
tion  (p)  of  (376)^  we  get 
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!»(»,«,)  =  u.\*v.  -  3  A  «f,S*v,+  ,  +  ... 

and  so  on>  to      . 

2.'  («, .  v.)=:u.Vv,-  ^A«,r +  »«,+  ! 

*  l,2...(r-l)  ^  •+" 

las    ••••••    \^"*"    1}  ^ 

378.  This  leads  us  to  consider,  more  extensively,  the 
general  relations  which  subsist  between  any  functions,  of 
whatever  form,  and  their  integrals  of  any  order.  Now, 
since  the  performance  of  die  operation  £  upon  any  series 
of  terms,  al 

-rf  A-i/,  +  jBA"i/,+&c, 
reduces  it  to 

-if  A*-"A|/,+  Ba*-*i/,+8cc. 
k.  appears,  that  prefixing  £  to  (^a*  +5a*  +  &c.)», 
has  the  ssime  effect  as  prefixing  A^^;  in  other 
words,  2;  is  equivftknt  to  A  "^  tad  in  like  raflniier  aioce 
integrating  A'^nt,  n  timet  reduces  it  to  A"*—''  ir,, 
£"  m«tt  be  equivalent  tq   A*-*.    The   same  reasoning 

is  applicable  to  the  symbols/^,  and  (3~)^*«      When- 
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ever  therefore,  in  separating  symbols  of  operation  firom 

those  of  quantity,  as  in  the  expressbn  jF(  A)!^,, /^^— )ir^ 

terms  containing  negative  powers  of  A  or  -~  occur,  they 

are  understood  to  be  replaced  by  the  corresponding  positive 
powers  of  £  and/.  Thus,  for  example, 

(flA""*  +  i  +  rA)«x==«*  S  i/,+*«jr  +  rA«,, 

This  being  premised,  we  proceed^to  shew  that  the  equa- 
tion 

which  was  shewn  in  (857)  to  hold  good  for  positive  values 
ef  itf  is  also  true  for  negative,  the  negative  powers  of  A 
and  d  which  occur,  bemg  understood  as  above  explained, 
or,  that 

for,  since 

A»r«,-=w^/ 

we  must  have 

V^  must  therefore  represent  such  an  operati6n,  or  series  of 
ope^dons,  as  is  capable  of  exactly  counteracting  that  repre* 

.sented  by  \e  <^—  1  /  .  Now  it  is  evident,  that  ^^  *^—  1^ 
does  in  fact  represent  such  a  series ;  for  since 

(<^-i)"x(^^'-i) """«!; 

this  equation  must  also  hold  good  when  both  factors  are 
developed  in  powers  of  tf,  and  consequently  the  develope- 
inent  of  the  latter  must  be  such  as  exactly  to  destroy  all  die 
powers  of  d  in  that  of  the  former,  and  reduce  it  to  unity, 
which  prefixed  to  i/^  gives  simply  Ug.  If  then  £"  be  at  all 
capable  of  representation  by  any  series  of  operations  de- 
noted by  d  and  its  positive  and  negative  powers,  that  series 
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can  be  no  other  than  the  cievelopement  of  \e*'  —  1  y  .  Now 
it  19  easily  shewn,  that  it  is  capable  of  being  so  represented. 
Suppose  for  instance  fK=.  I,  and  since 

1    ^j?         1.2  i/jp» 
if  we  write  2  »,  for  «„  we  get 

'     1    dx         1.2      rfx* 
which  equation  is  evidently  capable  of  being  satisfied  by 
such  an  expression  of  2  u,  as  the  following : 

Xm,:^Afu,dx  +  Bu,+  C^'  +&c. 

ax 

provided  J,  B,  C,  &c.   are  properly  assumed.    Again, 
since  we  have 

where  a,  b,  c,  &c.  are  the  coefficients  of  the  developement 

(d  X  » 

edM  —  1/  ,  if  we  put  l*«<^  for  «,,  we  get 


»,  =  if. 


!i'+*-^'+-^c. 


which  in  like  manner  is  capable  of  being  satisfied  by 

and  so  on  in  general. 

If  the  reader  should  not  immediately  see  the  force  of 
the  above  reasonings  we  would  recommend  him  to  actually 
perform  the  operation  of  determining  J,  JB,  C,  8ic.  in  the 
expression 
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by  substitption  in  the  equation 

1     ax 

which  he  will  see  b  precisely  the  same  as  in  the  determi- 
nation of  a  quantity  X  in  powers  of  another^  J,  from  the 
equation 

by  assuimng  f or  z  a  series  with  indetermkiate  coefficients, 

r=-rf.  I   +B+Crf+&c. 
a 

and  substitution.  We  will  accompany  him  one  or  two 
steps  in  the  process 

«,=i  (Au,^B  IfL'-i-  C.&c. 
1  ^  ax 

whence 

and  the  substitution  of  x^Ad-^  +B+Cd+  &c.  in  the 
above  equation  between  s  and  d  gives 


*  It  is  easily  proved,  that  ifAu^B  .  ~  +  C .    —  +  &c 

dx  dx* 

=:««,  +  &.  j5r  +  c.  -jp +&c.  whatever  be  Uiefbfm  of  the 

iuoction  «„  then  A^a,  B^b^  C^c,  &c.  for  since  the  equalma 
M  true  sodepeadeat  of  any  particuiar  form  of  Ug,  Jet  «,=«<% 
and  dividing  both  sides  of  the  resulting  equation  by  ^,  we  gel 
A+Bx-\^Cz'+8f,Q.  sc  a+  *«+c2^+  kc.  which  being  true  in- 
dependent  of  any  particular  value  of  «,  gives  A^a,  B^b,  &c. 
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+  &c. 
which  plainly  leads  to  the  same  equations.    Now  thblat* 
ter  operation  is  the^  same  with  finding  S  from  the  equa- 
tion 

l=S(f'-r),orl=-^^, 

and  the  coefficients  Ay  B,  6ic.  are  therefore  those  of  the 
powers  of  d  in  the  developement  of  (^'— 1)~*.  The  like 
reasoning  will  apply  to  the  general  equation.  ' 

Lagrange's  theorem  is  therefore  proved  to  hold  good  for 
negative  as  well  as  positive  values  of  n.  When  n  =  — !» 
we  have 

^^«-l 

Let  (f  •—  1)""*  be  developed  in  powers  of  /,  and  a  series 
'  will  be  found  as  follows : 

the  numerical  coefficients  being  the  same  as  in  the  expres- 
sion for  S  .  x" .  (,2i6Q)y  and  we  therefore  have 

a  formula  of  the  most  extensive  use  (as  we  shall  hereafter 
see)  in  the  numerical  compulation  of  certain  functions  of 
very  high  numbers. 


St 
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On  the  Integration  of  Equations  of  Differences. 

379-'  Having  discussed  the  case  when  the  diflerence 
of  a  function  is  immediately  given  in  terms  of  x,  we  now 
piooeed  to  consider  those  in  which  a  certain  relation  ooljr 
between  x,  the  fu^iction  sought,  and  one  or  more  of  its 
differences,  or  successive  values  (367)  is  given,  and  whid^ 
as  we  have  there  remarked,  may  be  expressed  in  general  bj 
an  equation  of  the  form 

o=:-P(x,  ir„  t/x  +  i,...i^,  +  «); (fl) 

n  being  the  order  pf  th^  equation. 

SnppofQ  «^  tq  contain  b^sidei  ^  any  number  m  pf  oon* 
stantij^  4»  kx  Cf  •••  i,  so  that 

«,'=:  0  ^x,  0,  ft,  c, ...  k\ 

shall  be  its  expression.    If  from  this  we  form  the  values  of 
M«+i>  c'^+sj  •••<^x  +  i»>  we  shall  produce  the  e<|uationa 

«^,  +  i=0  ^x+l,ii,  *,...*! 

r  * 


Kow  as  these  equations  hold  good  ^imultaneouslyi  and 
their  number  is  /i+l,  we  may  eliminate  from  them  the  n 
4)uantUies  Oy  bj  .^.1^  and  our  final  equation,  Mrhich  wiU b« 
qf  the  form  (a),  will  be  totally  independent  of  them,  aa4 
this  without  assigning  to  them  any  particular  values  wbat« 
ever.  As  far  then  as  this  equation  is  concerned,  these  va- 
lues are  perfectly  arbitrary,  and  consequently,  in  reascend- 
ing  from  it  to  the  expression  of  u,,  it  appears,  that  to  give 
the  latter  all  its  generality/  or  to  obtain  the  complete  inte- 
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gral,  n  arbitrafy  ddnst^nts  ifitist  b«  introduced  as  iti  the 
theory  of  differential  equationst 

S80.  In  this  latter  th^or^^  tht!  particular  solutions  of  any 
proposed  equation  necessarily  contains  fewer  arbitrary  con- 
stants than  the  co^nplete  integral  (294).  This,  however,  as 
Charleys  has  shewn,  is  not  the  case  with  ^equations  of  dif- 
ferences, solutions  of  which  may,  in  certain  cases,  be  de« 
rived  (by  a  process  analogous  to  that  which  gives  the  parti- 
cular solutions  of  a  differential  equation")  containing  as  many 
arbitrary  constants  as  the  complete  integral  itself,  from 
which  they  were~  deduced.  ' 

This  will  appear»  for  the  first  order,  by  considering  that 
provided  the  equ:itions 

hold  good  at  once,  the  elimination  of  a  will  produce  the 
same  equation, 

whether  we  suppose  a  constant,  or  a  function  of  x  (as  a,) ; 
no^,  on  this  latter  supposition,  sincn  i/«  tib  0  (at,  ag\  and 
thefeford  «r,  4  ^ =^  ( *+ 1 ,  a,j^^  we  ought  to  hate 

0(ar+l,  tf^  +  O  s  *(*+!,  fl,),  or 

0(^+1,  fl,+i)-^(T+l,fl,)=o.  {a) 

This  equation  is  satisfied  by  the  supposition  that  a,^^z=:a„ 
or  4,  s  const,  so  that  i»,«|. ,  — «,,  or  some  power  of  this,  will 
necessarily  be  one  factor  of  ^ ( x+ 1^  a,^i)  —  <f>{ x+ 1 ,  ii* ) : 
but,  besides  this,  there  may  be  others  of  the  fotib 
/(x,  /»„  <>,  +  i)  which  do  not  vanish  by  the  supposition  of 
tf,= const.  Now  any  one  of  these  factors  being  put  equal 
to  zero,  will  s^isfy  th^  equation  {a) as  well  as  «.  ^  ^  -  a^izo. 
Suppose  then 

/<X,tf„  tf,  +  i)=:0, 

MmI  as  dm  k  sbT  eqpialioB  e£  diffei^nees  of  f^e  first  order 
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ler  determining  a,,  the  complete  expression  of  this  functioa 
must  contain  one  arbitrary  constant^  b ;  so  that 

fl,=s>Kar,  *)  and  tf,=^(x,  >Kx,  *)), 

which  is  essentially  difierent  from  the  former  ^(fy  a)  and 
contains  an  arbitrary  constant ;  and  the  same  may  be  said 
of  all  the  other  factors  into  which  the  equation  (0}  can  be 
resolved. 

Let  us  take,  for  instance,  the  equation 

one  complete  integral  of  which  (as  substitution,  will  prove) 

i/^=  x(l— tf  )  +  a*, 

a  being  an  arbitrary  constant.  If  now  we  suppose  a  (ara^ 
a  function  of  x,  such  that 

(x+l)(l-.tf,)  +  ij/=(x+l)(l-tf,  +  ,)  +  a',+  i, 

we  shall  find  by  reduction 

o=(tfx  +  i— tf*)(^,  +  i  +  fl*-*— 1), 

in  which  the  first  factor  being  made  equal  to  zero,  we  get 
^A^ssro,  OT£7^=con8t.  but,  if  wc  suppose  the  other  to  va- 
nish, we  have 

tf*+i  +  ^,-(^+l)=o, 

an  equation  which  is  satisfied  by  the  folIoMring : 

i  being  any  arbitrary  constant.  Let  this  be  substituted  for 
a  in  the  expression  above  given  for  »„  and  it  becomes 

which  value,  upon  trial,  satisfies  the  proposed  equation,  and 
contains  an  arbitrary  constant."  There  is  no  reason  there- 
fore why  it  should  not  be  regarded  as  another  complete  is 
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gral  of  the  proposed  equation  (although  the  analogy  between 
the  method  by  which  it  was  obtained,  and  that  by  which 
particular  solutions  sOre  found  in  the  Differential  Calculus 
may  perhaps  cause  some  to  prefer  the  latter  name),  espef- 
cially  since  this  solution,  treated  in  the  same  manner,  by 
supposing  i  a  function  of  k,  brings  us  back  again  to  the  origi'^ 
nal  expression  for  u„  Jrom  which  we  set  out.  Thus  there  is 
the  same  reason  for  considering  that  expression  in  the  light 
of  a  particular  solution,  as  the  other.  The  subject  is  an 
inseresting  one ;  but  we  cannot,  in  an  essay  like  the  pre- 
sent, pursue  it  farther. 

381.    We  proceed  to  the  integration  of  equations  of 
differences ;  and  first, 

the  general  equation  of  the  first  order  and  degree,  is  com- 
pletely mtegrable,  ^j,  and  J3,  being  any  given  functions  of 
X,  by  supposing 

,A9  the  product  of  all  the  successive  values  of  a  function 
-^ti  beginning  .with  some  fixed  term,  as  ^i,  or  more  gene- 
rally. An  (n  being  independent  of  x)  occurs  ve^  often  in  the 
theory  of  equations  of  differences,  it  will  be  necessary  to  use 
a  j)articular  notation  to  designate  it,  and' for  this  purpose 
we  shall  employ  the  capital  P,  thus 

.    ^1  •  Jl2  ***  ^«  — 1  •  ^g^  IT  Ag 

J^Ag  being  considered  as  a  function  of  x,  derived  accord- 
ing to  this  particular  law  from  A,,  and  having  PA  for  its 
characteristic.     If  A,  be  constant,  and  equal  to  A,  we  have 

PA^=:A  .  A  .  A  :.  (to  X  terms)asil'. 

To  return  now  to  our  equation  of  differences :  the  supposi- 
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giye« 

t;,  + 1  •  P^s-v, .  A,  .  PA.^^'^zB.  J 

but  A^ .  PJj,^iZzPA,y  by  the  definition  aboyegiven^  aad 
thus  it  becomes 

whence 

and  we  have,  therefore, 

B. 


v,=  C  +  T 


PA, 


C  being  an  arbitrary  constant. 


General  Theory  of  Equations  of  the  first  Degree. 

S82.  The  general  Theory  of  Equations  of  the  first 
Degree  and  any  order^  bears  a  striking  analogy  to  that  of 
Difierenttal  Equations  of  the  same  description.    Suppose 

to  be  any  such  equation.  We  shall  first  demonstrate, 
that  its  integration  is  reduciblito  that  cfihe  same  equatien,  dtr 
prived  of  its  last  term  B„  in  such  a  manner,  that  if  F,  be  the 
complete  expression  for  u.  In  the  Equation 

»^+»-^^«x  +  — 1+  ...  ±"-rf^i//*0, (i) 

its  general  expression  in  .(a)  may  be  obtained  by  adding  to 
Fg  a  certain  function  of  t,  which  can  always  be  determined^ 
provided  (i)  is  imegf  able :  und,  Secondly^  that  the  i^tuHkn 
(b)  so  deprived  of  its  last  term  is  always  inlegraUe,  provided  4ir 
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fm  fy  any  twan^  pk$Ut  o  —  1  particular  tntigraisj  wrfunctianr 
rf  Xf  whkh  49tufy  it,  9sstnii(dfy  different  from  each  other.  In 
Remonstrating  these  propositbnsy  we  vill  suppose  n^zS  to 
avoid  the  great  complexity  of  the  expressions  which  an 
indeterminate  value  of  n  would  induce ;  but  evety  step  of 
the  process  is  ^ually  applicable  to  apy  value  of  n. 

Suppose  then  *»,,  *«„  *«,»  to  be  /i  functions  of  x,  whose 
form  is  at  present  unknownj  and  we  may  suppose  the  equa- 
tion 

«*  +  s--^*«*  +  «+*^*"»+i-*^*=J5*» 
to  have  arisen  from  the  elimination  of  two(i9—  IDfuuctiona^ 
^u^  and  %,  betweea  three  equations, 

»ll,+  ,-VK3I««, («) 

for,  if  we  aubtiitute  in  (3)  the  v^ues  of  V#  >n<t  ^^^4-  n  de- 
duced from  (1)9  we  find 

and  agvn  substituting  this  for  ^ii,,  in  the  equation  (3)»  and 
for  ^»,+ 19  its  value  obtained  by  writing  x  + 1  for  ^  it  be- 
comes w,+3-  {*a.+«  +  V+i^*«*t*''+« 

whieh  i»  of  ^  same  form  with  {a\  and  wiH  coincide 
with  k  ftltogetlteri  if  ^«,y  ^m,,  '«,  are  determined ;  so  tlsat 

Now,  first,  as  these  equations  do  not  contain  JS>,  the 
•^ernunation  of  }m^  &c.  from  them,  is  the  same  whatever 
be  the  form  of  3,^  and  tbcarefore  the  want  aa  if  B^^o,  or 


.i.V+'-».  .'-^      >" 
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the  equation  (a)  were  deprived  of  its  last  term ;  but,  secondfy, 
when^«^  Sec.  are  once  obtained,  the  equation  («')  is  readily 
integrated ;  for  we  have,  by  integrating  the  equations  (IX 
(£),  (S),  by  the  last  No. 

«C,  'C,  ^C  being  three  arbitrary  constants,  and  by  substi- 
tuting first  for  '»,  its  value  given  in  the  second  of  these 
equations,  and  then  for  *«,  its  value  given  in  the  third,  we 
find  a  result  of  the  following  form : 

where  (as  is  easily  seen,  byexccvtiog  the  <^entions) 

p  a 

^x— -'^    «#^l  i— -Ijr I  .. 

Jr^^s  >  %   (c) 


s 


t;,=p'-._,£i-^*x 


PV-t,P'».- 


p*-.      p*^ 


the  full  point .  after  the  z  extending  its  operation  over  all 
which  follows  it.  The  whole  difficulty  of  determining  the 
complete  integral  of  {a)  is  therefore  reduced  to  the  disco- 
very of  these  functions,  ^««t  ^a^  '«^  to  effect  which,  let  us 
suppose  BgZziOf  which,  as  we  have  seen,  does  not  influence 
their  values.    This  gives  (^&:o,  and 

which  IS  the  complete  integral  of  (j)|  and  where  the  values 
of  ^Ug  8cc.  are  the  same  as  before. 


BIFFERENCBS  AND   SBRIE8.  531 

Suppose  now  that  the  equation  (f) 

as  integrable ;  then  the  functions  ^U^,  ^U,^  *Ug,  which  mul- 
tiply the  three  arbitrary  constants  in  its  integral,  ate  known  ^ 
and  from  these  ^m,,  V>  '««f  aire  at  once  determined  by  the 
equadons  (c),  which  give 


and  a  similar  expression  maybe  obtained  for  '«,,  mpre  com- 
plicated, however,  for  which  reason  we  have  omitted  to  set 
it  down. 

Thus  *«„  *«,,  '•,,  ate  obtained,  and  these  being  substi- 
tuted in  Qgf  give  the  value  of  that  function,  in  terms  of  x^ 
which  being  s^ded  to  the  complete  integral  of  (  &  ),  gives 
that  of  (tf). 

But  if  by  any  means  we  can  find  »  - 1  of  the  functions 
'{/,,  &c.  (that  is,  ii-l  particular  integrals  of  (&),  as  is 
evident,  since  when  *C,  'C,  &c.as  0,  and  ^C  =1,  the  ge- 
neral integral  reduces  itself  to  >17,),  the  fith  may  be  derived 
from  them,  and  the  equation  (a%  in  consequence  integrated, 
as  follows  :  having,  by  means  of  ^U,  and  ^Ug  (bb**^.^  U,), 
which  are  known,  determined  the  values  of  V,  and  >•«  ,  a«, 
above ;  we  may  employ  either  of  the  equations 

to  give  that  of  '«,,  and  havihg  this,  it  is  only  requisite  to 
rabsdhxte  these  expressions  of  ^x,  ^«„  ^«„  in  the  last  of  the 
equations  (r),  and  in  (d),  to  get  the  values  ct  ^U,  and  Q,, 
which  Sttbnituted  tft  the  e xpreMioiB 

/       9  u  .  • 


523  DIFFERENCES   AND    8£RI£Si 

give  the  complete  integral  of  {a),  as  before. 

S83.   Suppose  all  the  coefficients  of  the  proposed  equa- 
tion constant,  and  ^,=0,  or  let  « 

and  it  is  evident,  that  the  equations  (0  willbe  satisfied  by 
supposing  *«,,  *«,,  *«,  constant,  which  gives 

hence  these  quantities  are  given  at  once,  being  the  roots 
of  the  equation 

and  since  P*«,— i  in  this  case  ssV""^  we  find  by    (c) 

but,  as  ^C,  *C,  ^C,  are  arbitrary,  we  are  at  liberty  to  write 
instead  of  thetn,  the  following  : 

and  we  have,  for  the  value  of  u, , 

and  the  same  may  be  shewn  for  the  general  equation  of  Ae 
nth  order,  with  constant  coefficients.    Thus,  if       ^ 

we  shall  have 

«,=»C.  V+«C  .  V+  .  . .  '^C  ."«', 
where  ^a,  &c.  are  the  n  roots  of 

384.    Should  this  equation  have  equal  roots,  suppose 
"«=:*»+*,  and  we  get  ' 
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or,  writing  ^C  for  ^C  +  *C,  and  *C  for  !I£,  (since ^C  and 'C 
are  arbitrary )»  and  then  making  i  vanish, 

and  if  three  roots  are  equals  weshall^  in  like  manner^  find 

just  as  in  the  Differential  Calculus.  See  (281).  The  pro- 
per number  of  arbitrary  constants  is  thus  restored,  and  the 
expression  for  u,  so  found  is  of  course  the  complete  inte- 
gral. 

S85.    The  above  equation^  as  well  as  the  more  gene- 
ral one 

may  also  be  integrated  by  assuming 
«,=  a'  +  K. 
For  this,  by  substitution,  gives 

\ck'+*-  ...  ;fc«^.a']+Jr(l-^-rf+  ...  ±*^)-jBs=o. 
Suppose  now 

i-^J+  ...  ±*-rf' 

and  the  constant  part  disappears  of  itself.  The  remaining 
part  being  divided  by  a',  gives 

a«-M.ii— *+  ...  ±*^«o, 

an  equation  of  the  iith  degree,  whose  roots  being  called  «, 
e,  ...  ^,  it  is  evident  that  each  of  the  expressions  •%  ^, ... 
^',  satisfies  the  equation 

«,  +  „-* J. tt,  +  n-i+  d:*il.ii'=:o. 

These  are,  in  consequence,  the  n  parti<$ular  integrals  of  that 
equation,  and  of  course 
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:ompIete  integral.    C 


18  its  complete  integral.    Consequenttf, 

B 


1  -  *^  +  ....  ±»uf 
h  the  complete  integral  of  the  proposed  equation ;  for,  the 
quantity  to  be  added  to  *C  a'  +  ....  *  C .  m'  being,  as  we 
hare  shewn,  independent  of  the  arbitrary  constants,  must  be 
the  same  as  when  ^C  n  l^^C  =  ^C=&c.^o,  and  there- 
fore the  same  as  we  have  denoted  by  K,  and  this  icsuk  is 
easily  yerified  by  actual  substitiition. 

He  equation  of  the  first  degree  and  second  order  is 
generally  integrable,  provided  we  admit  as  given  the 
evaluation  of  a  continued  fraction  whose  terms  follow  any 
given  law,  their  number  being  variable  *. 

S86.  Of  equations  of  differences  beyond  the  first 
degree  very  little  is  known.  The  equation  with  constaal 
coefficients 

is  integrable,  by  supposing 

which  being  substituted,  and  the  result  multiplied  by  v«, 
gives 

o  =  v,+j  +  (ii:  +  «v,  +  i  +  (JT*  -  JCfl  +  JT*  +  c)v, 
and  if  we  take  JT  -  a  =;  o,  or  JT  s  tf ,  we  get 


*  The  English  reader  may  consult  a  pa^r  ''op  EquatioDS 
of  Finite  DifFereDces'^  by  the  Author  of  this  Appendix,  pob- 
lished  in  the  Memoirs  of  the  Ana1}rtical  Society  for  181d>  where 
the  theory  of  this  case,  founded  on  a  procen  delivered  by 
Laplace  in  the  Mecanique  C^leste^  is  detailed  at  length. 
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an  equarion  integrableby  (S85).  Let  p.»'+qnF  be  its 
cop)plete  integral^  j>  and  q  being  arbitrary  constants^  and 
we  have 

U,  =  ^Ar +  tf  5 


-*C)«- 


or,  since  2  is  equivalent  only  to  one  arbitrary  constant  C, 


On  Equaticms  of  mixed  Differences. 

S87.  Equations  of  mixed  differences,  in  which  the  suc- 
cessive yalues  and  their  differential  coefficients  rise  no 
higher  than  the  first  degree,  and  inrhere  the  coefficients  o^ 
the  several  terms  are  constant,  are  integrable  by  the  same 
artifice  as  we  employed  in  (385).  Their  general  form  is 
o  =  i#^  + il«,+,  +  JB«#,+,  +  &c.  +  JS: 

+ Ji +  "       d:^ +^^- 

To  take,  however,  a  simple  case,  tuppoee 

ax  ax 

The  substitution  of  Vg+  H  for  »,  first  gives  a  resulty  whidi 
by  supposing 

jr+H(l+il)=:o,  ortfrr--^ 

reduces  itself  to 
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which  is  satisfied  by  supposing  Vj,  =:  e^,  since  this  bein^ 
substituted  produces  (after  dividing  the  whole  by  ^') 

o=:l+^^  +  J?l  +  Cif*. 

Let  «,  Bt  &c.  be  the  vsdues  of  *,  or  the  roots  of  this  equa- 
tionj  and  it  is  easily  seen  that  the  expression 

v,  =  iC. •'  +  *€. S'  +  Scc. 

satisfies  the  condition^  whence  it  appears  that 

K 


«,=:>C.*'+«C.jS'+&C.- 


1+^' 


S88.  Certain  equations^  in  which  the  coefficients  axe 
Yariable,  may  be  reduced  to  the  above  form  by  a  very  simple 
substitution. 

ThuS;  if  in  the  equation 

o=«,-(l+^.0  J^  +*(l+fl.<  +  0«*+i+^> 

in  which  e  is  the  number  whose  logarithm  is  unity^  if  for 
Ug  we  put  Xg  .  V,,  we  have 

Suppose  now  X^  determined  by  the  difierential  equKioa 

X-(l+^^)^'  «1,      . 

,or,  separating  the  rariableS} 

iX.   _     dx 

a  particular  integral  of  this  is 

^'  -  l+«e". 
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wkich,  substituted  in  the  transformed  equation^  gives 

ax 

which  Is  of  the  form  above  considered.* 


On  the  Application  of  the  Cd^ulus  of  Differences 
to  the  Summation  of  Series. 

S89.  If  the  sum  of  the  x  first  terms  of  any  progression 

"i*  ««>  «s>  •••  «* 
be  required,  two  cases  present  themselves,  one  where  the 
general  term  is  explicitly  given  in  functions  of  the  index  x ; 
the  other  where  only  certain  relations  between  the  conse- 
cutive terms,  or  these  and  their  indices  are  expressed.  In 
the  first  case,  if  we  suppose 

5,as«i  +  »2  + U,f 

we  have 

and  subtracting, 

whence  we  find 

iS,=2«,^j  +  con8t. 
Now,  in  this,  making  a: so,  we  find 
So^ossZui  +  const* 

lUi  denoting  the  value  which  the  function  Sf#^  +  i  takes 
when  xso,  and  subtracting  this  from  the  former, 

*  On  the  sabject  of  equations  of  difibrences,  involving  more 
than  one  independent  variable,  the  reader  is  referred  to  a  pa- 
per by  Laplace,  ia  the  Mem*  des.  Savans  Strangers,  1773. 
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If  the  sum  be  lequired  between  die  istli  and  wth  tenDt» 
we  havej  in  like  manner, 

for  the  value  of  die  series 

««4-i  +  *'»+«+  ....-»;• 
Ex.  1.    In  the  arithmetical  progression 

aj    a+ty    a  +  2  jj  •••  ^ +(r— 1)  ^^ 

we  hzveu,^issa'\'xb^  diid'Eu^^iZzxa-b  -^^- *  +  C, 

whence  z  i^i  =  o  4-  Cf  and  the  sum  of  the  x  first  terms  is 
therefore 


2«,  +  i-S«i=a;a+-- b. 


.  Ex.  2.  The  sum  of  the  x  first  terms  of  any  progression 
of  figurative  numbers  being  required :  the  first  order  con- 
sists of  the  series  1  «f  1  + 1  +  &c.  in  which  c#,  s  I,  and 
X  (/,  + 1'—  £  »!  =  X,  the  sum  of  its  x  first  terms,  which,  bj 
the  construction  of  these  numbers  is  the  general  term,  or 
the  value  of  u,  in  the  second  order, 

1+2  +  3+  ...  or. 

Consequently,  for  this  order,  i^,  4.  |  s  j:  +  ] , 

which  is  consequently  the  ezpressiqo  for  »,  in  the  third 
order,  and  therefore 

_(£+l)U  +  2) 
^'+^- TTi ' 

whidi  gives  for  S^  in  the  third  order 
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and  80  on. 


Ex.  3.   The  series  proposed  being  the  geometrical  pro- 
gression 

a4-fl*+  ...  fl*'  +  ^ 
'  we  have 

lO  +  jSfl**,    "LUg  +  i^a  . +  C,  and  therefotp   *     • 

the  sum  required. 

Ex.4.  LetS,^l>  +  2«  +  3*+  ...  x*. 
Here, 

_   J  _ +  C, 

smd  since  tu^^o-^Cf  the  sum  required,  or 

Thus  |t  appears,  that 

P+2*+ -.rX^=(l+2+ ...  x)% 
which  is  bj  no  means  an  inelegant  property  of  this  series. 
Ex.  «. 

In  this  case, 

r«,+  i=sr(-l)'.(x+i)% 

and  we  must  use  the  formula 

8x 
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where  v,=(a:+l)*,    'Av,=:2  ar+3,     AV=2,    «=-!. 

We  find  tfaenj  after  all  reductions, 

and  therefore 

Ex.6.    If5.=  jl-t^3+...^. 

we  harei 

_  1  _         _l^ 

^""'^'-^  U+l)(x+2)  "  *""  x+1 

1 

and  therefore 


Ex.  7.    Suppose 

'      1.3         2.4  ^   8.5 
Here 

1  _  (j+S)-l  _ 

^""^''^(x+Dix+S)         U+l)(i+2)(x+S)  " 

=H(^+l)(x+fi)  ~  (*+l)(x+«)(r+S)K 

-r  *       4-____L_. 

"^~  m        2(x+l)(x+2)'      . 

whence  we  olrtaiii«  after  all  redaptiotiSf 

c_        x(3x+5) 
^'-4U+l)(x+2r 

Ex.  8.     Let 
^'-TTsTt^  3.7. 16   ^  7.1*.  31^ 
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to  X  tenns,  and  we  have,  in  this  case, 

=  c- 


and 


o_  1    _ 1 

'"■g         3(2'**-l)(2'+'-l)  ' 


wbence,  snbMcting, 

£x.  g.   If 

*,^ 1 +  — - — ^  +  &c.  (a?  terms). 

'2,3.4.  6        3.4,5.7  ^ 

In  dns  case« 


!«,+  ,« 


(*+2)(«+3)(r+4)(x+6) 
Now,  (x+  !)•=  (x+4)  (jr+6)  -  (8  x+23) } 
also,  8x+23«a8(«+6)-2Sj 

whence      («+  \f = (x+4)  (x+6)  -  8  (x+6)+25, 
which,  substituted,  gives  . 

S»»+i=S  ; —    '  —8.1 


(x+2)(«+3)  (x+2)  (x+8)  C*+4> 

X  +  5 
■*'*^'^(x+2).: ix+G)' 

the  last  term  of  which  resolves  itself  into  two  integrable 
fractions,  by  substitutmg  <j+(>^- 1  for  x^r^,  in  the  nume* 
rator>  and  we  get 
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On  recurring  Serier. 

390.  The  general  term  of  a  series  may^  as  we  hzit 
already  observed  (389),  be  either  given  explicitly,  m 
functions  of  the  index ;  or  it  may  be  determined  implicitly 
by  some  relations  capable  of  being  expressed  by  an  equa- 
tion, in  the  same  way  as  the  nature  of  a  curve  is  definable, 
either  by  at  once  expressing  its  ordinate  in  functions  of  its 
abscissa,  or  by  assigning  some  equation,  either  algebraic, 
difierential^  or  other,  between  them.-  We  propose,  in  this 
article,  to  consider  the  nature  of  series  in  which  an  equa* 
tion  of  the  first  degree,  with  constant  coefficients,  hblds^ 
good  between  a  certain  definite  numbel*  of  consecutive 
terms^  in  whatsoever  part  of  the  series  they  may  be  taken. 
Such  series  are  called  recurring  serUs^  because  any  tems, 
such  as  tf,-|.«)  being  equal  to  the  sum  of  a  certain  number 
(n)  of  those  immediately  preceding  it,  each  affected  (in  dieir 
order)  with  a  constant  coefficient  \  if  we  wish  to  fom\  the 
successive  terms,  bv  means  of  this  property,  we  are  obliged 
perpetually  to  recur  to  those  already  determined.  For 
example,  in  the  recurring  series 

2+5  +  5  +  9+ 17  + 83 +  8ic. 

we  have  5==S. 3-2. «,  9=3.5-2.3,   l7=:S.d-«,5, 
&c.  and  in  general,    - 

The  general  equation  of  every  recurring  series  is 
o=i{«+„+fl»,^«— 1+*«,4-»-«+  ."*»#»         («) 

and  from  this,  having  given  the  n  first  terms,  aU  die  test 
may  be  produced  in  their  orders  since,  if  xatl, 

««:M= -(*«!•+ *«ii-l+  —  *«l)f 

and  so  on,  for  all  the  succeeding  terms.    Those  preceding 
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til  ( if  the  series  be  continued  backward)  may  also  be  pn>« 
duced  from  n  terms  so  giYen,  since,  making  x^o^  we  liav« 

It  18  evident,  then,  that  so  far  as  the  equation  («)  is  con-  - 
cerhed,  these  terms  (or  any  other  set  of  n  consecutire  terms 
we  may  fix  upon)  may  be  regarded  as  perfectly  arbitrary 
and  independent.  The  complete  integral  of  (a)  will,  aa  we 
have  seen,  involve  n  arbitrary  constants^  and  as  w^  is  re- 
stricted in  the  present  case,  to  denote  the  general  term  of 
the  particular  series  i/^,  i/j,  &c.  whose  first  n  terms  are 
given,  if  we  make  the  values  which  this  integral  takes,  when 
1,  2,...  n  are  put  fqr  «r,  coincide  with- diese* assigned  values 
of  Ui  •••  fi„,  we  get  n  equations  for  determining  the  con« 
stants.  To  exemplify  this  in  the  instance  above  given,  the 
equation  10+ g— 8  i/^  + 1+2  i/,=o,  corresponds  to  an  infi- 
nite variety  of  series  besides  2+S+5+&C.  for  if  we  make 

«!=«,  u^zsb^  we  get  «,=3  *-«  tf,  &c/and  tro=""  k*   ^» 

&c.    Now,  if  we  integrate  the  proposed  equation,  we  get 

the  toots  of  u^-S  f/+2s50,  being  1  and  e,  and  if  we  as- 
sume 

tf,a3Ci+2  Cg=:2,      «2=sCi+4.  C,esS, 

we  get    .        C,  =  l,    C,=i,    «,=  l+2— S 

for  the  general  term  of  the  particular  series  under  consi- 
deration.* 


*  To  particularize  any  proposed  recurring  scrie%  it  is  i 
times  usual  to  express  the  coefficients  which  connect  any  term 
with  the  preceding  ones  under  the  name  *'  Scale  of  Relation.'* 
Thus  /+g  is  the  scale  of  relation  of  the  aeries  whose  equaliott 
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S9I.  To  investigate  the  general  term  of  a  recnrnng 
s^esy  wp  have  dierefore  only  to  integrate  the  eqaadon 
expressing  the  relation  between  its  successive  terms,*  and 
to  determine,  the  arbitrary  constants  in  die  integral^  by 
making  the  expression  so  found,  coincide  successively  widk 
a'  sufficient  numbet  of  the  first,  or  any  other  terms  which 
may  happen  to  be  given  :  and  hence  a  remarkable  conse- 
quence fdlows,  that  (except  in  certain  particular  cases)  a 
recurring  series  may  be  resolved  into  one  or  more  geometric 
progressions.  This  will  easily  appear,  if  we  consider  that 
{a)  being  the  equation  of  the  series,  if  we  call  the  roots  of 

o=ti-+^ii— »+6ii— *+  ..•* (*) 

^9  0»  r>  ^s  f^  the  complete  value  of  »« will  be 

Ci  .^+0..  fi'+C, ./...  + C. .  ^', 

Ci,  C2,  ...  Cn  being  II  arbitrary  constants.  Now,.Ci«% 
Cq  d',  &c.  are  the  general  terms  of  the  respective  geomemc 
series,  * 

so  that  the  recurring  series  Ui+Ug+  &c.  is  made  up  of  the 
several  geometric  ones, 

The  only  exception  is  in  the  case  of  equal  rootSj  when  the 
integral  of  the  equation  (a)  (390),  changes  its  form*    Sup- 
pose two  roots  ff,  09  equal ;  then  the  part  of  the  integral 
.  depending  on  these  roots  changes  its  form,  and  becomes 

'and  the  series  C,  (1  .  «+2  .  «*+  ...  pca.')  enters  into  the 


*  For  brevity's  sake,  this  will  in  future  be  called  the  eqqa* 
tion  of  the  seriesy  as  in  the  theory  of  cunres  we  say  the  equatioD 
of  a  curve. 
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composition  of  die  recaning  tisriesy  i»Btcad  of  the  series 
C«  (0+$*+&c.)  If  three  roots  «,  /?,  y,  be  equal,  the  series 
.C,  (y+  7*-|-  Sic.)  must,  lu  like  manner,  be  replaced,  either 
by 

or  by  Cs(l.2.a  +  9  .S  .•«+&c. 

The  constants  C^,  Cf ,  &c.  ar^  easily  detormiaed  by  the 
ec^uations 

Ci«^+C,0»+C3y'+&C.=  i/,    .   (rj   . 

&c. 

or  fai  the  case  of  equal  roots,  by  the  equations 
(C1+C2 . 1)  m+Cs  y+  &C-s=l/i,  &c. 

392. ,  The  sum  of  any  recurring  series  may  be  obtained 
either  by  summing  the  geometric  or  other  series,  of  which 
it  is  composed,  or  by  the  following  process.  If  in  the 
equation  of  the  series  (a)  (390),  weput«,  +  ,_i+Air,  +  „_i 
.for  tfg^ni  it  becomes 

In  this  again,  writing  f/,^.».j^+  Ai«,h-»— s  ^^^  ^^^  equal, 
u,+»^i,  in  the  second  term,  we  get 

and.soon,  to 

and  integrating,  we  find,  after  writing  x+ 1  for  x. 
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wluch  gives  for  the  $dm  of  the  fintir  terms,  (ot2»,^i-*7«i) 

l+a  +  b+...  k  "^' 

S98.  It  is.pfDper  to  tematk,  diat,  although  the  roots 
of  the  equatiouV+tf  ii|* ""  *+.•.*  =o.be  notobtainable  by  any 
known  method,  still  both  the  general  term,  and  the  sum  of 
the  recurring  series  may  be  completely  exhibited  in  an  alge- 
braic formula,  free  from  radicals,  and  involving  only  x,  0, 
h^ ...  k\  for  since  the  equations  {c) (391)>  for  determining 
Ci,  Ce,  8cc.  involve  these  quantities  so  combined  with 
a,  Bf  &c.  that  if  in  any,  or  all  of  them,  two  of  the  latter  quan- 
tities (as '«  and  S)  be  transposed,  the  equations  remun  un- 
altered, provided  C^  and  Q  be  transposed  in  the  same  way: 
if  therefore  C^  be  obtained  from  these  equations  in  func- 
tions of  a,  Bf  yf  &c.  in  the  form 

Ci=/(«,^,y,&c.) 

it  will  follow,  that  we  shall  have 

Cs=/(y,ft«,  &cO,  &c. 

Again,  since  the  interchange  of  C^  for  C3,  and  B  for  7, 
makes  no  alteration  in  the  value  of  Q,  we  must  also  have 

Ca=/(«,y,ft&c.) 
and  in  like  manner 

Ci=/(«,  0,^,7,  &c.) 

and  so  on,  which  can  only  take  place  on  the  supposition 
tfaat/C*,  B,  y,  &c.)  is  symmetrical  with  respect  to  all  the 
toots,  except «.  Hence  it  is  evident,  that  Ci .  a%  or 
«'  •/(«>  B^y^^f  ...)  must  involve  a  in  the  same  manner 
that  Cf  Jff  or  ff  ./(/?j  »»  ri  K  ••• )  involves  B,  and  so  on; 
and  therefore 

Cx .  •'+  Cg  .  &"+  &c.  or  «f„  . 
must  be  a  symmetrical  algebraic  function  of  the  roots  «, 
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$^  JSce.  aad  is  tiierefore  capable  of  expression,  in  finite  ra- 
tional functions  of  the  coefficients  i*  whence  it  also  follows^ 
that  Sj,  ( as  we  have  exhibited  its  value  in  the  last  article)^ 
b  likewise  capable  of  being  so  expressed.  The  resolution  of 
the  above  equation,  or  the  actual  detenhination  of  die 
several  geometric  series  of  which  a  recurring  series  is  com- 
posed, is  therefore  neither  necessary  for  its  summation  (in 
the  usual  sense  of  the  word^  nor  for  the  invest^tioa  of  its 
general  term. 

In  the  case  of  equal  roots,  the  symmetry  aboye*meiK 
tioned  takes  place  only  among  the  unequal  roots,  and  the 
^constants  connected  with  them.  The  foregoing  reasoning 
therefore  extends  only  to  these  toots  and  constants  ^  but  as 
the  equal  roots  of  an  equation  may  always  be  determined» 
and  the  equation  depressed  to  one  which  shall  contain 
only  the  unequal  ones^  any  synunetrical  function  of  these 
latter  may  be  determined,  without  knowing  their  separate 
values.  Now,  suppose  a  and  $  the  two  equal  roots  $  then 
by  transposing  the  terms  afiected  with  «,  in  the  equations 
(^(391),  we  get 

Cs y  +  C^  ^  +  &c.  =  «!-  (Ci-Cg  .  !)• 
C,/+  C4>*+  8tc.«»,-8u:. 

and  so  on,  to  which  the  preceding  reasoning  applies  (• 
being  considered  as  a  known  quantity),  and  by  which  it 
appears,  that 

(Ci  •  a'+C^x.  *0  +  C,/+  C4 >*  +  &c.  =  »,, 

is  a  symmetrical  function  of  7,  1,  &c.  the  unequal  roots. 

S94.  The  consideration  of  generating  functions  is  well 
adapted  to  exhibit  the  theory  of  recurring  series  in  a  clear 
light.  Let  us  suppose  9.  ( /)  to  be  the  generating  function 
of  Ug,  so  that 

*  MediUtiones  Algebraicse,  Cap.  1. 
8  Y 
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^(/)=»i/ +  ««/»+ ...«,<'. 

Then  will  the  generating  function  of 

«^#+»  +  aus+.^i  +  .•.  *  », (O 

be 

^fO-  {i  +  ^,  +.-.* }  ..-(/>• 

Now^  nnce  we  conuder  only  po^ti?e  values  of  x  greater 
than  zero,  this  may  be  supposed  equal  to  any  function  of 
the  form 

where  Ay  By ...  K  are  arbitrary,  for  die  coeflidentt  of  i* 
in  tliis  is  evidently  zero.    Consequentif 

but  since  ^.  (/)  s  ti^  -(.  tf^^  +  8cc*  this  must  contain  only 
poutiTe  powers  of  /  greater  than  zero,  and  therefore 
t-nso,  orias^,  and 

u,  is  therefore  the  coefficient  of  f  in  the  devdopement  of 
this  fraction.  Now  (151),  this  may  always  be  resolred  into 
n  fractions, 

«,  /?>  •••  /*  being  the  n  unequal  roots  of  the  equation 

and  each  of  these  fractions  being  developed  in  powers  of /, 
we  find,  for  the  coefficient  of  /',  or  the  value  of  n,, 

as  before. 
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395.    We  will  take  one  example  of  the  summation  of 
a  recurring  seriee.    Let  us  suppose 

the  equation  of  this  series  is 

tfs  + 1^  5  a  Uj,^  1+6  a*  u,:::o. 

Now,  the  roots  of  the  equation  ii^-* 5^1^4-6^8  0^ 
are  2  tf  and  3  ai  whence 

and  by  taking 

C|.2fl+C,.3tf  =a      1 

we  find  Ci=  —  1,  and  Cg=  1,  whence  ir,te(8'— 2')flr'  forthe 
general  term.  Again^  throwing  the  equation  of  the  series 
into  the  form 

Ai«.4-i+(l-5tf)Ai^,+  (l-.Sa+6tf')ii,=o, 
if  we  write  x+l  for  x,  and  integratei  we  oUain 

»,4.j+(l-5fl)i/,+j+(l-5fl+6fl^3;«r,+i=o; 
whence  it  is  easy  to  see,  that 

which,  by  reduction,  appears  to  be  precisely  what  would 
result  from  the  immediate  integration  of  (3* + * — 2*  + 1)0* + K 


On  the  Connexion  between  the  Differential  CaU 
cuius  and  that  of  Differences. 

S^.  llie  Differential  Calculus,  and  that  of  Differ- 
ences, although  forming  two  distinct  branches  of  analy- 
tical  investigation,  have  still  a  very  near  relation  to  each 
other  \  and  when  the  former  is  considered  iti  the  light  in   ' 
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vhicfa  Leibnitz  presenttd  it,  or  as  depending  on  the  tlieorf 
of  limits,  it  becomes  a  particular  case  of  .the  latter.  Tfab 
must  have  been  already  noticed  by  the  attentive  reader  of 
the  former  part  of  this  work ;  and,  in  confirmation  of  it, 
we  shall  now  deduce  Taylor's  theorem  from  the  equation 

To  this  end,  suppose  u,z:zf(h  x)  =  k,  or,  writing  /  for 
Ax,  Us  =/(/)•  Also,  let  «,  +  »=/(^A  +  «*)=/(^+i)f  or 
nh^i.  The  aWe  equation  may  then  be  written  as 
follows : 

Now,  the  successive  values  of /(/),  oriv,,  10+19  &c. 
may  be  considered  as  forming  a  series, 

/(f),  f{t+h),  /(t+2h),...f(i+k\ 
.  die  number  of  whose  terms  is  n+l ;  and  it  is  evident,  dut 
by  increasing  this  number,  and  proportionably  diminishing 
'  A,  the  quantity  by  which  /  increases  at  every  btep,  the  inter- 
mediate terms  will  approach  nearer  and  nearer  to  each 
other  in  magnitude,  and  their  differences,  or  ^f{t\ 
^/{t+k)  &c.  will  continually  approach  to  zero  a:>  thA 
limit ;  and  for  the  same  reason  the  difierences  of  these,  or 
^^f(f)f  &c«  and  so  on,  will  likewise  approach 'to  zero  as 

their  limit.    Hence,  if  we  consider  the  limits  only  .^-^  5^, 
^^/»+*)^-/(^^m  ^  expressed  by  ^,  (5)  and  in  like 

1  € 

tot  its  limit9  andso  on.    Agai&i  the  factors  1  —  ,  1-^ 
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See.  have  unity  for  their  limit ;  so  that  the  Jimit  of  the. 
above  equation  relative  to  the  increase  of  n,  and  conse- 

quent  diminution  of  A  or  .,  is 
n 

Having  once  arrived  at  Taylor's  theorem,  the  analytic 
cal  theory  of  the  Differential  Calculus  no  longer  presents 
any  difficulty,  and  accordingly  we  may  perceive  by  this 
process  in  what  manner  this  calculus  results  from  that  of 
differences. 

The  general  rektions  above  investigated  between  func* 
tions  and  their  differences^  when  we  tsdce  the  limits,  will 
furnish^  as  is  evident,  analogous  equations  in  the  Difieren*  - 
tial  Calculus.  For  example,  if  we  set  out  from  the  equa* 
tion 
2\*  (», .  t/, .  &c.)  «  {  (1  +  A)  (1  +  aO  &C.-i}Hi^$/,  ... 

In  taking  the  limits,  we  have  only  to  consider  »„  t/,,  &c« 
as  functions  of  A  x  or  f ,  dr  being  supposed  to  vary  by  suc^ 
cessive  units,  and  to  be  mereased  in  proportion  as  h  dimi» 
nishes,  so  that  hx  or  t  shall  remain  finite.    Thus,  the 

limit  of — ^-~j-2 — ^will  be  — jj;^ — i,  or  (if  for  «,, 

ti^,  &c.  we  write  u,  f/>  &c.  and  regard  these  as  functions 

and  if  this  be  developed,  every  term  except 

will  have  th^  sum  of  the  ezponenta  of  A|  A'$  &c.  In  the 


542  OIFFBftENCSS  AND  8ERIBS. 

numerator  higher  than  that  of  A  in  the  denominator  ;  and 
consequently  approach  to  zero^  as  its  limit ;   also^   if  iUt 

function  be  developed^  any  term^  ^^Or)  •  ("T")  •  *^' 
ua&c  wUl  hare  ^^' f^'^^'Jlf  ^^' for  its  limit,  and 

the  result  of  this  operation  will  therefore  coincide  with  the 
developement  of 

Thus  we  hare  at  length 

d»(fi .  i/.  &c.)  -  {d-hd'+tucyot/  Sec. 

where»*  in  the  developement  of  the  second  member,  the 
accents  aflSxed  to  the  d's  point  out  their  applicatiooj  as 
already  explained  in  respect  to  the  symbol  a*  (354). 

Let  us  again  consider  the  equation  of  (S66), 

relative  to  two  variables.  If  we  here  make  x  hzzt,  yi^^, 
and  suppose  u,^  ,=/(/>  ^)  we  shall  have  (coitaideriog  only 
the  limits) 

*  Equations  of  this  kind,  elegant  in  their  lbnn»  and  ex- 
tremely convenient  in  their  application,  are  weH  adapted  to  set 
the  advantage  of  Leibnitz's  notation  in  a  conspicuoof  light.  It 
would  be  next  to  impracticable,  without  eircumlocution,  to  «■• 
press  this  result  in  the  fluxional  notation.  A  correspondiag 
remark  applies  to  the  equation 

2^«(ti,  ii',...  &c.)=  {  (1  + A)  (1  + A').  &C.-I  }»«,•,,&€. 
to  the  expression  of  which  the  English  notation  of  incrementi^ 
as  delivered  by  Emerson  and  others,  is  equally  inadequate.  It 
is,  in  fact,  in  every  respect  the  most  ioconvenient  and  obscnie 
system  which  could  well  have  been  proposed. 
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Again,  Ae  limits  of  ^"y*'*  and  of  ^\*}\  that  la, 
of 

h  *  b 

which,  when  k  and  h  are  diminished  ad  infinitumy  approach 

___  ana   —37-  •  ^^  . 
as  their  limits,  which  are  dso  the  respective  limits  of 
^f:!  and    -   "'■? ,    The  equation  therefore  becomes 

or,  multiplying  by  if*,  and  writmg  u  iotf  {t,  f) , 

'"-''/," +  r?"-       "«•> 

897.    If  we  regard  tf,  as  a  function  of  a  +  i  Xf  since 
i^(^i4-3  or)  =  3,  thisliriU  be  the  same  as  to  suppose  it  a 
function  of  another  variable  t,  whose  difference  is  if  and 
which  is  itself  dependent  on  x,  by  the  equation  a+bx=:t» 
In  the  same  manner,  if  we  suppose  y(x)  =  f,  we  get 
A/=y(x+l)  — /"(x);  eliminating  x  between  these,  an 
equation  will  result  between  /  and  A  /,  and  u,  will  become 
a  function  of  a  variable/,  between  whiCh  and  its  diffiTence 
a  certain  relation  is  established.    It  is,  however,   in  all 
cases  unnecessary  to  introduce  this  consideration,  it  being 
far  simpler  to  regard  the  independent  variable,  as  having  its 
'  difference  essentially  unity,  and  in  the  light  we  have  consi- 
dered the  calculus  of  differences,  no  other  hypothesis  respect- 
ing its  value  can,  in  strictness,  be  admitted.    Whenever^ 
therefore,  temporary  reasons  render  it  convenient  to  assign 
any  other  yalue  to  it,  its  dependence  on  some  other  variable 
X,  whose  difference  is  unity,  ought  never  to  be  left  out  of 
view. 
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On  the  Determinatian  of  Functions  from  ghek 
Conditians4 

398.  We  hare  already  seen  (SSO)^  that  the  axbitnuy 
functions  which  enter  into  the  integrals  of  partial  differeo- 
tial  equations,  must  be  determined  so  as  to  satisfy  certain 
assigned  relations  between  the  functionSi  and  the  rariaUet 
they  involve,  and  two  simple  instances  of  this  determina- 
tion have  been  given.  We  propose  here  to  consider  die 
'  subject  in  a  rather  more  general  point  of  view,  and  ez^ain 
the  treatment  of  cases  where  the  function  to  be  determined 
enters  under  various  fonxis,  and  in  difierent  combinations* 
The  integration  of  equations  of  differences  is  only  a  parti* 
cular  case  of  this  kind;  the  equation  u^+i—^  au  <v 
f  (^-Hl)—  2^  (jt)  a=  o  denoting  only  that  sudi  a  function 
of  X  is  required,  that  when  «+  1  is  substituted  for  x,  die 
result  shall  be  twice  the  original  funcdon.  Suppose,  m- 
stead  of  x+ 1  we  had  some  other  funcdon  of  x,  9»a  +  irp 
and  our  equadon  would  be 

which  is  of  a  different  kind  from  any  we  have  treated.  The 
following  process  delivered  by  Lapkde,  applies  to  evef^ 
equation  of  the  form 

when  «  (j),  A  (*),  B  (x)  denote  functions  of  x,  >and  p  (x) 
'    the  function  to  be  found.    Suppose  z  a  certain  function  of 
Xy  and  Ug  a  funcdon  of  z,  of  a  certain  form,  to  be  deter- 
mined, and  let  the  conditions  be 

i/,=x,     «,  +  !=«  (x), 

or  that  when  x  is  changed  to  a  (x),  z  shall  change  to  z+l, 
which  if  z  were  an  integer,  would  come,  to  the  same  as 
supposing  X  to  be  the  2th  term  of  a  s^es  of  functions 
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These  equations  give  ^ 

,  whicb,  since  the  form  of  the  function  a  is  known,  is  an 
equation  of  diiFerences  of  the  first  order,  the  independent 
Tariable  being  z.  Let  this  be  integrated^  and  the  form  of 
the  function  »,  becomes  thereby  known.  Hence,  in  the 
equation  «,=  jr,  the  manner  in  which  z  enters  being  known, 
z  may  be  determined  in  functions  of  x.  Let  now.  w,  be 
written  for  x  in  the  given  equation,  and  ft  becomes  ( re- 
placing «  (x)  by  («,+ j) 

9(tfs  +  i)  +  -^(«.)  •  9  («.)+B  («.)=o.         (a) 
It  b  evident,  that  f  («f  +  i)  is  the  same  function  of  j(-f  >, 
that  ^  (ug)  is  of  2.    If  then  we  suppose  for  an  instant 
^(tt,)=v,,  wehavef  (^,  +  i)=:v,  +  i,  and 

r,  ^  1  +^  (ir,)  .  V,  +  -S  («,)=b } 

and  since  ^  (v,)  and  £  (i/,)  are  known  functions  of  z,  this 
is  also  an  equation  of  difierenceis  of  the  first  order  for  the 
determination  of  Vg.  Let  its  integral  be  found,  and  it  will* 
be  of  the  form 

Vg=.F{z,  Q. 

Now,  if  from  the  equation  «,  a=  x,  the  value  of  z  he  de- 
duced as  above,  and  the  result  substituted  for  z  in  this 
integral,  the  second  member  will  become  a  knoM'n  func* 
tion  of  X ;  but  v,  =  ^  («,)  =  f  (x)  ;  and  thus  at  length  the 
'  form  of  ^  (x)  becomes  known. 

The  constant  C  introduced  by  the  integration  of  (a), 
may,  as  we  have  before  remarked,  be  an  arbitrary 
function  of  cos  2  ^  ;r,  or  :=:x  ( ^os  2  t  » ) ;  thus  our  equa- 
tion for  V,  becomes 

^  (x)=t;,=jF  (2,  X  (cos  2  T  t  ), 

in  which,  if  the  value  of  z  in  terms  of  x  be  substituted, 

S  z 
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we  obtain,  by  assigning  the  fonn  of  the  function  x  >Q  ^  ^"^7 
we  please,  an  indefinite  variety  of  forms  of  die  function 
required. 

The  integral  of  the  equation  i/,  +  i=«  (u,)  also  inTolvet 
an  arbitrary  constant,  which  may  in  like  manner  be  re- 
placed by  an  arbitrary  function  of  cos  2  «r  z ;  but  this  for 
the  most  part  leads  to  transcendental  equations  of  rery 
great  complexity. 

*As  an  example,  let  us  take  the  above  equation, 

9(o  +  *x)— 2  9(x)  =  0. 

Supp9sing  here  a+b  r =«, ^.  1 ,    x=iUg ,  we  get 

«'»  +  !=«+*  ««> 

^  which  gives 

c  being  an  arbitrary  constant. 

The  proposed  equation  now  becomes       1 

f(«,  +  i)-2^(i/.)  =  o,  orv,4.i-2t;,  =  o, 
if  f  (</«)  be  made  equal  to  v. :  consequently,  integrating, 

v,ssp  (r)=x2'  .  X  (cos  2  w  2), 

X  (  cos  2  v  z )  being  an  arbitrary  function  of  cos  2  wz. 
In  this,  for  z  write  its  value,  deduced  from  the  equation 
if),  and  we  find  the  general  expression  for  p  (x),  which,  in 
the  simplest  case,  when  f=:l,  and;^  (cos  2  vz)^!,  wiO 
appear  to  be 

399'-    The  same  artifice  applies  to  the  more  general 
equation 

which  it  must1)e  remarked  is  reducible  to  the  more  simple 
form 
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by  the  substitution  of  /  for  « (r),  or  by  substituting  for  x 
.  the  inverse  Junction  of  •  (x)^  by  which  is  understood  that 
function  which  written  instead  of  x  in  the  expression  of 
a  (x)  produces  x,  as  the  final  result.  Thus^  if  we  substi- 
tute   fZL-l  instead  of  a?  in  the  expression  f       ^,  the  re- 

suit  is  Xy  and  the  former  is  therefore  the  inverse  function 
of  the  latter.  In  like  manner  e'  and  log  x  are  inverse  func- 
tions of  each  other^  since  log  (e')=:x. 

The  artifice  so  ingeniously  employed  by  Laplace  in  the 
case  of  the  above  equation,  is  however  inapplicable^  when 
the  function  to  be  determined  enters  und^r  more  than  two 
forms  J  as  in  the  equation  * 

o^F\x,  pXx),  p d(pc)j  p 0 {x)\. 

Ft  »9  B,  being  the  characteristics  of  known  functions  ;  the 
reason  of  which  is  evident.    If  we  suppose 

x=zu,,  «(j:)=i^,  +  i,     or  i/,^. !«»(«,), 

we  are  not  at  liberty  to  suppose  ^(x)=:«^,^2,  ori/,.!,  &c« 
(without  which  the  resulting  equation  cannot  be  treated  as 
one  of  differences) ,  for  such  a  supposition  would  give' 

and  thus  establish  a  relation  between  the  functions  a  (x) 
and  0{x)y  which  may  not  hold  good.  If,  however,  it  should 
so  happen,  as  for  example,  in  the  equations 

o=F\xy<p(x),(pix^),(p(x'x\   . 

the  process  may  be  applied,  whatever  number  of  terms  of 
this  kind  the  equation  may  contain.  The  discovery  of  a 
direct  method  of  treating  equations  of  this  kind  in  general 
13,  however,  still  a  desideratum. 
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400.  The  necessity  of  Mf  po$ii^  die  constants  intro- 
duced by  the  integration  of  the  equations  of  differences» 
at  which  we  arrive,  to  be  arbitrary  functions  of  cos  2  t  », 
is  here  evident,  as  z  is  in  no  part  of  the  process  supposed 
to  be  an  integer  number,  but  merely  to  increase  or  de- 
crease by  units.  Cxeometrical  considerations  will  still  far- 
FiG.  ther  elucidate  this  point.*  If  on  the  line  ARlBg.  36)^ 
^6-  drawn  parallel  to  the  axis  of  the  abscissz  O  X^  at  any  dis- 
tance from  it,  and  divided  into  parts  AA'j  A'JT,  jfjf^jiLC. 
equal  to  each  other,  and  to  unity,  we  construct  curves 

^B,  jfB\  A'B\  A"  S,  AC,  AC,  A*C\  A^T  AD, 
Aiy\  A^ITy  A'"U,  &c.  consisting,  between  these  points, 
'  A,  A',  A\  8&C.  through  which  they  pass,  of  equal  and  simi- 
lar parts,  these  curves  will  satisfy  the  equation  A  ^  =  o. 
This  is  evident  at  once  for  the  points  A,  A,  A''  AT,  &c. 
and  it  is  also  plain,  that  if  we  take  AP^^x,  AP^=x+\^ 
the  arcs  AL  and  A  L\  AM  and  A  M\  AN  end  AH' 
being  equal  and  similar;  the  ordinates  LP  and  VP*,  MP 
and  M'F,  NP  and  N'P',  &c.  will  be  also  respectively 
equal,  and  v^e  have  consequently  for  «ach  curve  A  ^  =  o. 

.  Since  the  continuity  of  the  resulting  curves  does  not 
follow  as  a  necessary  consequence  from  the  equation 
A  y=0)  the  curves  AS,  AT,  AU^  &c.  are  not  subject  to 
this  law.  The  polygon  JSF  Et"  KF*  ET...  T,  consist- 
ing of  similar  parts  hFK\  EFE'y  &c.  in  like  manner 
gives  A^  s  o,  at  intervals  denoted  by  qnity  ;  the  same 
would  be  true  for  a  series  of  et^ual  and  similar  afcs  of  any 
curve  whatever  put  together  discontinuously,  as  in  the  case 
of  the  arcs  GH,  G^If,  G'H\  &c. 

It  is  evident,  that  the  equation 


*  The  rest  of  this  atlicle,  is  translated  frcMn  the  Freach 
edition,  with  slight  modiEcations,  suited  to  the  light  in  which 
we  have  considered  the  subject. 
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^9sf{cos2wx) 

f fves  rile  to  lines  whick  safisfy  Ae  above  condition. 

The  determination  of  the  arbitrary  functions  which 
enter  into  the  integrals  of  equations  of  differences,  cannot 
be  accomplished  by  making  these  integrals  coinpide  with  a 
limited  number  of  given  values  i  for  it  is  evident,  tha^every 
arbitrary  function  comprehends  implicitly  an  infinite  num- 
l>er  of  arbitrary  values.  .  Suppose^  for  instance^ 

horn  which  a  certain  number  of  values,  a,  a\  a\  &c.  of  Ug 
are  to  result.    If  dbese  are  to  cpi^espond  to 

a:=o,    x=l,    *s=:€i  *«. 

•J  '.  »  ■    . 

t^e  first  only  of  the  cond^tjions  can  be  generally  satisfied; 

since)  having  assigned  to  f  (cps  6  r^)ai;(  initial  determinate 
value,  such  that  ^(^^  c^  the  .tfame  v^^qfe  will  occur  again 
for  the  indices  x  ss  1,  jrs^j  &c.  from  which  it  foltews. 
that  the  values  of  u^ ,  corresponding  to  these  indices,  ai« 
also  determined:  n',  tl\  &c.  must  therefore,  necessarily 
correspond  to  intermediate  indices.  H,  however,  instead 
of  assigning  a  linMted  number  of  insulated  values,  inde- 
pendent of  each  other,  we  suppose  that  »«  in  t)ie  in- 
terval comprised  between  x^o  and  xsl,  shall  give  air 
ways  the  same  values  as  a  certain  given  equation  Ugzsfip^^ 
the  question  becomes  determinate.  In  fact,  if  we.  would  ^ 
determine  the  value  of  u, ,  corresponding  to'an  ind^  equal 
to  a  number  m,  plus  a  fraction  n^  whether  commensurable 
or  not,  the  value  of  «»  must  first  be  found  by  tile  equation 
«M  =yU)>  s^nd  the  result,  f/.  =:/(»),  compared  with 

Un  =  Xn  •  9  (cos  2  V  u) 

gives  the  value  which  ^  ( cos  2  «•  /i)  must  have  in  this  case, 
and  which  is  the  same  with  ^  (cos  ^  v  (w  +  /i)).  The  va- 
lue of  tf^  -i-«  then  becomes 
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u^  +  u  =  JT.  +  •  .  9  (cos  2  «•», 

and  is  entirely  determined.  The  only  conditbn  Co  which 
the  equation  u,=f{x)  is  subject,  is,  that  the  same  values  of 
Uq  and  Ui  must  result  from  it  as  from  the  equation 

f/«  =  jr«  •  ^  (cos  2  V  ar). 

The  geometrical  construction  of  equations  of  differences 
accords  perfectly  with  this  theory.  Suppose  Au,=F(Xf  u^ 
any  equation  of  this  kind  of  the  first  order.  After  assum- 
ingi  or  determining,  by  the  conditions  of  the  problem,  die 
Fig.  first  point  J?  (fig.  57)  of  the  curve  required,  since  the  pro- 
^7.  posed  equation  affords  no  information  respecting  the  points 
corresponding  to  the  pprtion  of  the  abscissa  ^jfssl;  but 
only  gives  the  ordinate  A'S'-^u^'^  we  are  at  liberty  fo  draw 
through  BB  a  portion  of  any  curve  whatever.  This  being 
done,  to  obtain  the  portion  corresponding  to  the  abscissa 
JtA'y  we  take  any  point  P'  in  it,  and  in  the  direction  P'A 
set  off  FP  equal  to  i4^isl,  and  erecting  the  ordinate 
PJIf,  draw  AflK  parallel  to  PP'\  then,  having  deduced 
from  the  equation  A«,=P(jri  u^  the  value  of  A  i#,  for  the 
abscissa  AP^  this  will  give  the  line  UM'y  which,  added 
to  Pjy^PMy  will  determine  the  point  M.  In  the  same 
manner  must  all  the  points  of  the  arc  BB"  be  found,  and 
this  arc  employed  in  its  turn,  like  the  arc  BPf  will  give 
those  of  the  third  arc  S^B*"^  and  so  on.  It  is  evident,  that 
by  the  same  process  we  may  continue  the  curve  backwards 
from  Ay  and  it  will  still  satisfy  the  proposed  equation, 
since  the  values  of  the  differences  Aw,  r=  DM  will  have 
been  deduced  from  this  equation.  The  reader  is  left  to 
apply  similar  considerations  to  equations  of  the  second,  and 
higher  orders. 
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On  Interpolations. 

401.  Ohe  of  the  principal  uses  of  the  Calculus  of  Dif- 
ferences consists  in  the  Interpolation  of  Series^  or  the  inser-  ' 
tion  of  terms  intermediate  between  those  of  a  given  series, 
which  shall  be  subject  to  the  same  law  a^  the  rest.    For 
this  purpose^  the  terms  of  this  series  must  be  considered  as 
particular  values  of  the  function  which  expresses  its  gene- 
ral term,  corresponding  to  a  given  regular  succession  of 
indices.   When  this  general  term  is  given,  we  may  deduce' 
frofh  it  as  many  particular  values  as  we  please ;  but  when 
this  is  not  the  case,  as  for  instance,  when  only  a  limited 
number  of  the  first  terms  is  given,  it  is  the  business  of  in- ' 
terpolation  to  discover  that  general  term,  or  at '  least  to 
assign  some  function  of  the  index  which  shall  represent 
the  proposed  series  of  values. 

The  problem  in  this  state  is  plainly  indeterminate,  as  in 
fact  it  requires  us  to  derive  the  analytical  expression  of  a 
function  from  a  limited  number  of  its  numerical  values, 
and  therefore  admits  of  an  infinite  variety  of  answers.  It 
comes  to  the  same,  as  forming  the  equation  of  a  curve 
which  shall  pass  through  a  limited  number  of  points,  whose 
abscissse  represent  the  values  of  the  independent  variable, 
and  the  ordinates  those  of  the  function,  and  whatever  num- 
ber of  such  points  we  assign,  must  be  insufficient  to  deter- 
mine the  curve,  unless  its  species  were  given.  When, 
however,  (as  is  almost  always  the  case  in  practice),  we  pro- 
pose to  interpolate  a  series  within  very  narrow  limits,  we 
may  conceive  the  expression  of  its  general  term  developed 
in  a  series  of  positive  powers  of  its  index  (or  of  that  index 
plus  some  constant  quantity),  and  neglect  all  the  powers 
beyond  a  certain  limit  \  and  by  this  means  the  function 
which  in  that  case  is  a  rational  integral  one,  becomes 
known. 
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402.    Suppose  then>  that  the  given  values 

of  a  certain  unknown  function  y,  are  found  to  correspond 
to  the  given  vahies 

*©f  ^i>  ••»•••  ^»— 1 
of  a  certain  function  z,,  whose  form  is  either  given  or  noti 
it  is  required  to  assign  the  value  of  u, ,  which  shall  cor- 
respond to  any.  proposed  value  z,  of  the  latter  func- 
tion, in  which  x  lies  either  between  the  limits  o,  «~  1,  of 
not  far  beyond  them  on  either  side,  and  varies  but  little. 

Since  the  function  is  supposed  to  vary  continuously 
(which  is  essential  to  interpolatioQ),  there  lAust  be  some 
one  of  the  given  values  of  z^^  as  Zi,  for  instance,  which 
differs  but  little  from  z,,  so  that  ^^  —  z^  is. small,  and  its 
powers  after  the  ( /i  —  l)th  may  be  neglected.  Now,  since 
Uj  is  an  implicit  function  of  z^^,  and  therefore  of  z^-^Zi,  it 
may  be  expressed  in  a  series 

a+PCz.-Zi)  +  ...  f«(r,-z.)«-*+  &c. 

which,  if  We  stop  at  the  nth  term,  and  thea  devdope 
each  term  in  powers  of  z^  takes  the  form 

u^czA'^Sz,^Cz*+  ...  M.z*-\ 

!Aj  B,  C,  &c.  being  certain  functions  of  Zg .  Thus  it  ap- 
pears, that  provided  x  vary  but  little,  so  that  z,  —  -z^ 
shall  remain  small,  it  is  permitted  to  as»gn  stich  a  form 
to  u,  as  the  above  (the  coefficients  A^  JB,  8cc.  bdng  con- 
stant;  though  at  present  unknown)  although  z,  should 
happen  not  to  be  of  small  magnitude. 

To  determine  these  coefficients  we  have  only  to  make 
the  above  expression  of  w,  coincide  with  the  n  given  va- 
lues it  assumes,  when  jr=o,  I,  2, ...  «  —  1,  which  gives  m 
equations  for  that  purpose  (which  is  the  reason  why  we 
stopped  at  the  («— l)th  power  of  Zs—Zfi  had  we  stop- 
ped sooner,  we  should  have  a  condition  too  much  $  if  later^ 
too  little).    Thus, 
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«— 1 , 


If.  we  subtract  successively  the  first  of  these  equationt 
from  the  second,  this  from  the  third,  and  so  on^  *  and  di- 
Tide  the  results  by  Zi  — ^o»  »2-  ^i  >  8cc.  We  shall  find,  (put- 
ting for  the  sake  of  brevity 

fuzHa^Uo,  "-^^  ^U^»  ?^i^*  ^U„  &c.) 
1/0= J5  +  C  (2:0  +  Zi) + D  (zo* + Zo  Xi+z^^)  +  &c. 

irg= B  +  C(2:j  +  Z3)  +  Z)  (z,*  +  2.  zj  +  Z3*)  +  8cc. 
&c. 
Again,  subtracting  Uq  from  Ui,  Ui  from  C/'^ ,  and  so  on, 

and  denoting  the  quantities   —J 2. ,   -« &c.     by 

Uo',Ui\^c.j  wcfind 

•l7/=C  +  2?(z3  +  zs  +  Zi)  +  &c. 
&c. 
whence  we  derive 

.  Now>  if  for  the  sake  of  keeping  our  ideas  distinct,  we 
suppose  only  four  terms  in  the  expression  for  ly,,  the  ope- 
Mtion  will  terminate  here,  and  we  shall  have  the  following 
Talues  of  A,  B,  C,  D, 

C  =  l/o'-Uo"(^t  +  ^i  +  ^o)        - 
4a 
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40S.    If  we  substitute  these  values  in  the  expression 
for  u,9  we  find  ^ 

«/,  =  tfo+  Uo(Z,-  Zo)'\-Uo{s^s-Z,(Zi'¥Zo)'¥ZiZo} 

+  J7o"{2;%-2\(2:2  +  Za  +  2:o)  +  2',(Z2  Z1  +  Z2  Zo  +  ZiZo)  -z^z^  z^\ 

It  is  easy  to  see  that  the  coefficients  of  U^^  IJ^^  &c.  are 
decomposable  into  simple  factorsy  and  that  u^  may  be  writ- 
ten as  follows : 

If  we  pursue  this  process  farther,  we  still  obtain  a  formula 
analogous  to  the  preceding ;  so  that  in  generalt 

«/^  =  Wo+  C/o(^x-2o)  +  t/o'(3r,-a:o)(z,-2i)+ 
where  we  suppose 


C/o= 

^1- 

«0 

^0' 

u,= 

—  > 

2l 

u,= 

—  > 

-s« 

&c 

Ul- 

-So 

u^- 

,&c. 

u: 

_U{ 

-u^ 

,  &c. 

^3—  Zq 
&C. 


404.  We  have  thus  obtained  two  expressions  for  «,, 
or  rather  the  same  in  two  (fifferent  fomis;  but  it  is  yet 
susceptible  of  another  very  elegant  fonn>  due  to  Laigrai^, 
and' which  has.  the  peculiar  advantage  of  being  well  adapted 
to  logarithmic  computation.  If  in  the  expression  for  £/« 
we  write  the  values  of  Ux  and  I/q,  we  find 
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which  is  of  the  foi^tn 

in  like  manner^  t//,  I//,  8cc.  are  found  to  be  of  the  form 

Again,  if  these  results  be  written  in  the  expression  for  Vt^\ 
it  will  take  the  form 

and  so  on»  «,  0»  y,  3,  &c.  being  certain  coefficients  inde- 
pendent on  «0  9  f^i,  &c.  and  consisting  of  various  combina- 
tions of  Zo>  2i9  &c.  If  now  these  values  be  written  for 
J7o,  l/o'j  8^c.  in  the  expression  for  «, ,  it.  will  take  the 
form 

where  a^  bf  c,  ••«  k  are  coeflScients  dependent  on  Zq^  Zi ... 
3^—1,  Zm*  These  may  easily  be  determined  in  any  parti- 
cular case,  by  pursuing  the  above  process  of  substitution ; 
but  their  values  may  be  seen  as  it  were  by  inspection,  if  we 
reiiollect,  that  when  x=o  (oriZ«=  Zq)  u,  becomes  u^  and 
therefore  in  that  case  ^=0,  r=o, ... k^zo^  znda^l ;  thus 
Zm  -  ;Ko  is  a  factor  of  all  the  coefficients  but  a ;  and  in  like 
manner  z^—z^  of  all  but^,  and  so  on  $  thus  we  must  have 

and  making  JTBsOt 

whence  .' 

J  1 

and 

a  =  (g^ -  ^i)  (^'-  ^g)  *-'  fa  -  g»  ~  1) . 

in  like  manner, 

&C. 
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for  n<Hie  of  the  coefficients  can  contain  any  power  of  z^ 
higher  th^n  n  ~  1 .  Substituting  therefore  these  raluesy  we 
get 

+  8cc. 

e^ch  term  of  which  may  be  easily  calculated  by  meaos  of 
logarithms, 

405.  In  the  case  when  the  differences  of  the  terms  z^, 
Zi,J8cc.  are  constant,  or  z,=p  +  xi,  we  have 

^0 T— >      ^1— -^,<XC. 

whence  we  find 
and  consequently 

.  which,  whenjp  + x  A  is  substituted  for  Zi,  reduced  itself  to 

and  therefore  might  have  been  immediately  derived  from 

the  equation  so  often  mentioned, 

it- 

^  1 

by  writing  0  for  ar,  and  x  for  n. 

406.  It  is  sometimes  necessary  to  calculate  the  <fiffcr- 
cntial  coefficients  of  a  function  from  similar  data,  that  is. 


vAien  only  8k)me  of  its  values  ar6  adsign^d.  In  dUs  cailsei  #d 
must  have  recourse  to  the  eq\iatioit 


^=llog(l+A)f«,.' 


Thus,  since 
we  have 


duj,  _  du,    dx 
dzt  ""  dx   '  Jzjr* 


and  if  z  incTCase  ttniformly,  or  nearly  so,  -j-^—h,  and 
^'^^J^^gcc.t 

^2,         /l     <     1  > 

which  gives,  for  the  value  of  — ,  the  following  expres* 
sion : 


h    i    \  S     ^  5 


If  the  increase  or  decrease  of  z,  be  not  uniform^  but  frf- 
low  any  assigned  law,  Zg  will  be  a  given  function  of  x. 
Thus,  if  ?,  should  have  its  second  differences  equal, 
jX*z,=2A,  z,=/  +  Ajr  +  ix*;  whence  we  find 

^  s  A  +  2ix,  and 
^'  = 1_    5^-,l^'+&c.? 

407.  The  most  ordinary  cases  where  interpolation  is 
required,  are  those  where  the  given  differences  Ar/o,  A*«o, 
&c.  form  a  series,  the  terms  of  which  converge  to  zero, 
as  in  the  following  example,  taken  from  a  table  of  loga- 
rithms. Suppose  it  were  required  to  find  the  common  lo- 
garithm of  3- 14  J  5926536  by  means  of  a  table,  containing 
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die  logaritb^ns  of  numbers  from  1  to  1000,  to  ten  ded- 
mals.  The  logarithma  in  the  ubles  must  be  regarded  as 
particular  values  of  u^^  and  the  numbers^  as  thpse  of  z,\ 
and  if  we  take 


:3'14,  ZiaiS-15, 

z«s3'16,  . 

s,=3-17. 

Z4=3-18, 

ve  shall  find  the  foOowing  values  for  Wq,  u^,  8u;.  and  tbdr 
diflFerences                                       y 

».' 

A«, 

A'«, 

£^*u.  1  AX 

»4  = 

0-4969296481 
0-498S1055S8 
0-4996870826 
0-6010592622 
0-5024271200 

13809057 
13765288 
13721796 
13678578 

-43769 
-43492 
-43218 

+277 
+  274 

-3 

Now,  j?,=:3-1415926536,  and  since  z^-t^  =  *,  ^  =0-01, 
z,-Zo=0-0015926536,    Z,-%i^  -- 0-0084073464, 
a,-  Zg=  -0-0184073464,  z^-Zj^  -0' 0284073464, 

which  values,  substituted  in  the  equadon 

*''-  ^^   ITT      '^         1. 2. A* 

4.    (^^-^o)  (g^-^li)  U-Zg)  ^  3  ^ 

"•■  TTsTsTiJ?  '• 

after  executing  the  arithmetical  operations,  gives 
I/, =0-497 1498726. 
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On  the  Numbers  of  BernoidUL 

40B.    If  we  develope  th^  function      ■    ■  in  powers  of 

fy  we  shall  obtain  a  series,  the  coefficients  of  which,  as  we 
have  already  proved,  are  the  same  with  those  oifu^dx^ 

Ugy  —'^  &c.  in  the  general  expression  above  given  for  zu^ 

It  is  evident  that  this  dev^lopement  will  contain  no  odd 
powers  of  t  higher  than  the  first;  for,  if  we  suppose 


jl^=zf(t),  we  have 


and  consequently 

Now,  if  f{t)  be  supposed  equal  to  a  series, 

we  have  /(-/)=/?- j/+r/*-j/»+&c. 

whence,  /(/)-/(—/)  =2  gZ+S  j/'+8cc. 

which,  compared  with  - 1,  gives  ^=  —  ^ ,  /=o,  &c. ;  con- 
sequently y*(/)  may  be  expressed  in  a  series  of  the  follow- 
ing form : 


•  -1  2  .     M.2        M.  2.  3.4 

Bi,  Bj,  ^5,  &c.  being  certain  numbers  (called  the  2Vit//»- 
iers  of  Bkkhovilla),  whose  law  we  propose  to  deter- 
jnine. 

If  we  take  the  differential  coefficients  of  the  function 

y(r),  we  shall  find,  that  the  supposition  t=^o  renders  them 

all  -| ,  so  jchat  the  usual  method  of  developement  is  inap« 

plicable.     An  ingenious  artifice,  due  to  Laplace  (from 
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whom  the  whole  of  this  very  instructive  process  is  taken*), 
enables  us  to  elude  this  difficulty.  If  we  resoire  fit) 
into  two  fractions,  by  means  of  the  identical  equation 

I        ^       t 

where  x  =  ^« ,  we  find 

t 

and  therefore  the  coefficiei\t  of  /^%  in  the  developemeat  of 

f  {-  )/  —  (0  "^ust  equal  that  of  the  same  power  in  the  deie- 
/ 

lopement  of  _H— .  ,  that  is,  to  the  same  coefficient  in  the 
^•5  +  1 

developement  of  — —  ,  multiplied  by  {^)    .    This  last 

coefficient  we  will,  for  the  present,  call  aj,,  and  if  we 
denote  by  *2,  the  coefficient  of  /*'  in/(/),  we  shall  have 

b^^(^ \)  for  its  coefficient  in / (^^  —  fit)\  conse^ 

quently, 

which  gives 

but  we  have  also 

whence  we  find 

'  ■' '  '  '        ■     •  ■ i^.i  .,      ■ 

*  Mem.  de  I'Acad.  1779.  sur  Tusage  du  calc  des  diff.  par- 
tielles  daus  la  theorie  des  suites.  , 
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It  only  jremains  now  to  determine  the  value  of  a^, ;  and 
since  the  same  difficulty  does  not  occur  in  tlie  differential 

coefficients  of  - — -y  we  may  here  employ  the  method 

explained  in  (19).    Let  u  represent  the  function -j , 

and  a^g  will  equal  the  coefficient  of  /''—*,  in  the  develope- 
ment  of  Uf  or 

_  1 d^'—^u 

''*'■■   1.2...(2x-l)  *  dP^^^'  .    ^^^ 

where  f=o,  dr^ssl,  after  the  differentiations. 

Now,  a  few  successive  differentiations  will  convince  us 
diat     ^^_^  must  always  be  of  the  form 

^^a,-i  =  (1+^)*'    . 

^nd  the  numerator  of  the  second  number  may  be  deter- 
mined at  once,  if  we  consider  that  this  equation,  being 
identical,  if  we  multiply  both  sides  by  (1+^)  the  first, 
however  developed,  can  contain  only  positive  powers  of 
/.    For  the  sake  of.  brevity,  let  •ssv,  whence  we  get 

-p-  =  r  =  V,  and 
dt 

Now,  («+l)~*=w-»-t»-»  +  v-*-&c. 

at 
and  in  general 

-{l"-».v-'-  «"-».t»-»  +  3»'-».v-'-&c.  } 

and  multiplying  this  by  the  series 

4  b 
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«»»+l5  «*.->  +  2i(«5z2l«*'-»  +  &c. 
1  1*2 

the  developement  of  (v+l)*',  all  the  negative  powers  of 
V  must  necessarily  destroy  each  other,  and  may  therefore 
be  left  out  of  consideration,  when  we  find  for  our  result' 

V  1  1.2  ^ 

expressing  the  value  of  fl+it;T|-...iv  *'""*;  which,  maUng 
v=  1,  and  consequently  (l+v)*'=2  *',  gives  us  the  value 

of      %g^j^  >  in  that  cade  equal  to 

The  substitution  of  this  in  the  equation  (6)  gives  die 
value  of /J 2,,  which  again  substituted  in  the  expression 
for  jB  e,^  1 ,  at  length  affords  the  following  general  formula 
for  the  xth  number  of  BemouiUi. 

Thus  we  find,  B,^^ ,   B3=^.    ^3«  i  - 

/ 

409.  These  numbers  are  of  the  most  extensive  utility 
in  the  theory  of  series,  and  to  notice  all  their  applications 
would  be  endkss ;  we  shall  content  ourselves  with  pxe> 
senting  a  few  of  the  most  simple.  ^ 

The  numbers  of  Bemouilli  occur  in  the  developement  i 

of  the  function  tan  B ;  for,  since  by  dividing  the  exponentiai 
expression  for  tin  0  by  that  for  cos  9  (164),  we  have 
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tanfl=  -^  {  ' _     A   = 

the  coefficient  of  ^«'— *  will  be  equal  to  that  of  the  same 
power  of  /,  in  the  developement  of  ,    multiplied  by 

-  -I—  .  (2  -v/^TD^'-S  or  to  that  of  /»%  in  the  deve- 
lopement of  j^,multipUedby(2\/ZT)»%or(-l)'.2»% 

and  is  therefore  represented  by (— 1)* .  2  *' .  aj,,  in  which  ^ 
expression,  if  we  substitute  the  value  of  a  2  ,|  deduced  from 
the  equation  (a)  of  the  last  article,  it  becomes 

1.2...(2x)      *""/' 
90  that  giving  x  all  its  values  from  o  to  ap,  we  find 

1.2    *       1.2.3.4  I.2.8.4..5.6 

for  it  is  easy  to  see  that  tan  B  can  contain  none,  but  odd 
Powersoft. 

The  developement  of  cotan  ^  is  also  easily  obtained  ^ 

for,  since  cotan  ^= -r,  we  have 

tan  V 

cotan^=i/TT.  '-_-_±£ = 


^^-l{^^    Tii=^ 


Now,  alnce 


(♦-I       *       a^l.?         1.2.S.4 
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if  for  /  we  write  2  0  V^ZTi^  we  find 

I 

410*    Thede  numbers  also  occur  in  the  expressions  for 
the  sums  of  series  of  the  form 

1*»   '^S**       5*»  . 

But  in  order  to  shew  this,  it  will  be  necessary  to  resoWe  the 
functions  sin  B  and  cos  0  into  their  factors.  Now,  since  m  B 
vanishes  on  the  supposition^  that  ^=o^  or  Bzz  ±w,  0zz  ±.^m^ 

&c.4t  follows,  that  a,  1+?.,  1--,    1+—,  1 ^,&c. 

IT         »         a*         z » 

must  be  factors  of  sin  0*  Again,  since  these  are  the  only 
values  which  render  sin  0  zero,  its  expression  can  admit  no 
other  factors,  functions  of  0,  and  therefore  we  must  have 

8in«=.l.fl(l  -  1')  (l-  ^),  &€.  (ad  int) 

Now  as  0  diminishes,  —^  approaches  unity  as  its  limit,  ani 

therefore  we  must  have  ^=:  1,  and 

.in.-.(l-^)(,-^)&c. 

Exactly  in  the  same  way,  since  cos  0  vanishes  upon  the  $«• 
veral  suppositions 

a«  ±  !,(?=  ±1!:,  8tc.  or  1  -  (-6y=  o,  &c. 

and  approaches  unity  as  its  limit,  when  0  decreases  to  zens 
we  must  have 

.o..=  (l 11.,)  (l  -  -il,)  .  ».. 
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These  eqaatione,  writing  in  tbem  retpecttrely  w9  and 
^«  for  tf,  give 

8in,rfl„,0.(l-?.*)  (l-,l*)&c. 

cosr.=0-?.:)(l-i:)&c. 

If  we  take  the  logarithmic  differential  of.  the  first  of 
these,  we  find 


.  cotanirO 

1     «e 

1 

1 

-&c. 

'-(I)* 

If  each  term  of  the  second  memjber  of  this,  hfi  developed  in 
powers  of  6,  we  shall  find  for  the  coefficient  of  a^'~^  in 
their  aggregate 

-<~  +  ^  +  3T,+  8cc.) 

but,  by  the  last  article,  the  coefficient  of  6  *  • — *  in  ir  cotan  »  6 
is  found  to  be 

1.2 2x^'""'^''  ' 

and  equating  these,  we  get 

thus, 

2  +  _L  +  _L  +&c.=  i! 

1*    ^    2^    ^  3»      ^  6 

J      +    -L   +  J-   +  &c!=   I-* 
1*  2*  3*  90 

18  ;^    2^  T^    36    ^  «*•      945 

If  we  treat  the  expression  for  cos  -  6  in  the  same  manner, 
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and    compare    the    result  with    the    developement  of 

— -  .  tan  ^  0  5  we  shall  find 
2  2 

thus  we  have 

Again,  smce  the  series 

is  composed  of  the  two  series 

the  latter  of  which  is  equal  to  —  ^-y-,  (-%r  "^"S^*  "**  ^'^^ ) 
it  is  evident^  that  we  must  have 

-i-  -    *    +  _L  -  &c  -  (g"-'-')^"j 

T^         2^7    +  sTT       8«= 1.2...8X      ^•'-'' 

411.    The  equation 

"J  2       1.2     dx        1  .2.3.4  rfj:* 

is  likewise  very  useful  in  determiningi  by  approximation, 
the  values  of  various  analytical  expressions^  which  can 
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scarcely  be  obtained  in  any  other  manner.    Suppose^  for 
instance,  it  were  required  to  find  the  product  o(  the  natu- 
ral numbers  from  1  to  or,  x  being  a  yery  lugh  number,  as 
1000.    If  then,  we  take  f/;,8clog  ;r,  we  Ha?e    / 

2riogx=:/rf:r.logx-^^+^^.i  -A.  \  +  &c. 

=  C  +  (x-  i)log  jr-x+-rL  .  i    -  &c. 

and  therefore,  sitice  log  (1 . 2  ..•  xjslog  r+z  log  x, 

log  (1.2  ...  j:)  =  C+(x+J)logx— X  +  &C. 

To  determine  the  constant  C  we  must  consider  the  limit, 
when  X.  becomes  infinite,  in  which  case  we  hare 

log(l  .2...  x)=:C  +  (x  +  §)logr-X} 
whence 

log(1.2  ...  2x)=C  +  (2j:  +  i)log2x-2*, 
and, 
Iog(2.4...2x)  =  log (2*.  1.2  ...X)  =z  x.log2 
+  C  +  (x+  i )  log^x— X. 

From  these  three  equations  C  may  be  found ;  for  if  we 
subtract  theiast  of  them  from  the  second,  we  get 

log  (1 .  3  .  5  ...  2  X-  l)=x  .  log  X  +  (x  +  i )  log«^x-,     (a) 

and  again,  subtracting  this  from  the  third, 

whence 

2C-2log2^1og^^^V^^^-^)^'j^^)^ 

6  ,  6     ja     3a (2X-1)».2X 

=  1      {  ?J^  X  ^^^     X  2  X  .  2  X  ) 

^i  1.8       S.5         '"  (2x~lM2x+l)  5 

Since,  x  being  infinite,  the  limit  of  - — -—  is  the  same  with 

2x+l 
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~-  •    NoWy  the  second  member  of  dus  equadon  may  be 

readily  obtained  from  the  eipression  for  sin  ir  0^  ^bore 
given  J  for,  if  we  make  ^==:|,  we  get  (410), 

whence 

»  _  2.2    ^   4.4 
2=171    ^   375    ^'^^^ 
Thus  we  have 

2  C- 2  log  2=  log  (p; 

whence  C  =  log  Vgl^^ 

and 

log(1.2...jr)=log  VT;  +  (x  +  ^)logT-x  +  ^  .  i   -  kc. 

1.2     X 

and  passing  .from  logarithms  to  numbers, 

. J L.+te. 

1.2...  x=v2^.  tf— '.  ^t'  +  ixf  *^'     «<>' 

=v5Tx.(?y.  h+—  +  — ^  +  &C. } 

If  x  be  considerable,  the  series  within  the  brackets  may  be 
regarded  as  unity,  and  we  have 

1.2...x=VT^(fy: 

thus,  if  a:  =  1000,  this  result  approaches  within  about  a 
12000th  part  of  the  truth ;  and  if  we  calculate  its  value  by 
a  common  table  of  logarithms,  we  find 
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"'    Log  v'jOOO  V  =       1*8990899 
JOOO  .  Log  1(X)0=;3000-0000000  ' 


3001-8990899 
1000  .  Log  .*  =  434-2944819 


Q  567' 6046080 


consequently  !•£••.  1000,  a  ^lunjber  whosft  direct  arkh- 
metical  calculation  would,  in  all  probability,  be  impractica- 
ble to  human  industry,  consists  of  2568  places  of  figures, 
of  which  the  five  first  to  the  left  are  40238,  and  this  num- 
ber,  followed  by  2563  ciphers,  expresses  the  result  within 
about  one  12000th  patt  of  the  whole ;  a  degree  of  accu- 
racy abundantly  sufficient  in  many  researches,  where  the 
ratios  only  of  high  numbers  are  required,  as  in  most  pro- 
blems of  chances.   * 

The  product  of.  the  successive  odd  numbers,  1,  3,  ••• 
(2j:-1)  is,  in  like  manner,  when  x  is  considerable,  ex- 
pressed by  the  function 

^.  (i-'y, 

as  appears  from  the  equation' (^r)  of  dii$  article. 


Application  of  the  Integral  Cnkulus  to  the  Theory 
^  Series. 

412.  There  exists , a  great  variety  of  series^  the  sums 
of  which^  to  infinity,  or  to  a  limited  number  (:r)  of  terms 
may  be  represented  by  an  integral,  taken  within  certain 
limits,  and  as  analysis  affords  the  means  of  ascertaining 
either  accurately,  or  at  least  by  approximation,  the  value 
of  any  proposed  integral,  such  ezpre^ions  may  }^  fre* 

4c 
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quendy  of  great  utility.  The  following  method,  due  to 
Euler,  applies  to  a  very  large  class  of  seriesy  comprising  all 
which  proceed  according  to  the  powers  of  some  quantity/, 
affected  with  coefficients,  consisting  of  factors  in  arithmeti- 
cal progression,  either  in  the  numerator  or  denominatot. 
To  begin  with  a  simple  instance,  let 

Multiplying  both  sides  by  x,  we  find 

/*  /'  /♦ 

//nl.^+S.g   +3.^    +  &c. 

whence 

^iIi}  =  K/  +  2-/*+S/*  +  &c. 
at 

and  thus  the  denominators  are  taken  away  by  diflferentiatioD. 
Again,  if  we  consider  that/i:/'~^  di^f^  we  shall  readi« 
ly  see,  that  the  numerators,  1,  2,  &c.  may  be  taken  away 
by  integration ;  thus, 

^^  ^l.dt-h^tdt  +  St^dt-i^&c. 

and 


consequently, 

=  K^  +  iogO-^+j:^)- 

Now,  by  the  supposition,  /  vanishes  when  f  cso,  and  there* 
fore  C+ 1  =0,  or  C=  -  1 ;  whence 

_log(l-^/)  1 

More  generaUy,  suppose 
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If  we  multiply  both  sides  h^  pf  and  then  difierentiatej  it 
becomes 

p .  £<£f2  =(.+®  .£^f /-+...  (.+*fi)  .£r+ff r +-', 

in  wluch  the  factor  <     7      *  ^"  ^®  general  term,  will  go 
a+px  ' 

out,  if  we  take^sj^andjiirsa,  or  ras  ^,   when    it   be- 

b 

comes 

To  take  away  the  factor  »  +  /Sx  we  must  multiply  this 
again  hy pfdt^  and  integrate,  which  gives 

-  +  r+l  .+r+r 

in.  which,  if  we  makejt;fi=:  1,  or/i=B  ->  jt^aa  |  +  r,  or 
r=  -  -  T  1  we  shall  have 


2  — • 


and  consequently 

the  integral  being  taken  from  /=so  to  /=:^,  provided  1  +  ? 

be  positive.    Thus,  if  x  be  infinite,  the  sum  to  infinity, 
(  wMch  we  will  call  S )  is 
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and  S-SfOr  the  sum  of  all  the  tenns  after  the.  xth^  b 


413.  If  diere  be  more  factors  in  the  numerators  or  de- 
nominators, tbej  may  be  taken  away  in  the  same  manner : 
for  instahce,  if 

'  ^    ^    ^ 

we  have 

J_ «/ :i-v/ /=/-/•  + &c.  =  -^  . 
dt     dt  14-2  * 


whence 


/dt     p   di 
~t  J  r+7' 


the  integrals  being  taken  between  the  limits  o  and  /•  If  we 
make ' —  =  i  V,  or  /=:^,  the  limits  of  v  will  be  —  o5^  and 
log  i ;  and  thus  we  find 


.4 


between  the  limits  vn—  oo  ,  and  vnlog  /. 

In  the  same  manner  we  may  obtain  an  expression  for 
the  series 

/=  i.  ±  -i  +  i-  ±  &c. 
!•        2»        3» 

which  will  be  found  to  be 

rfti» 


'=/"i^ 


the  integrations  being  all  executed  between  the  same  limits. 
From  these  expressions  may  be  deduced  all  the  properties 
of  the  functions  which  have  these  series  for  their  develope- 


ments,  and  to  which  the  name  of  "  Logarithmic  Transcen- 
dents'* have  been  given  hf  Mr#  Spende^  who,  in  an  excel- 
lent Essay,*  to  which  the  reader  is  referred,  has  treated  the 
subject  with  very  considerable,  success)  an4  discovered  a  va- 
riety of  remarkably  elegant  properties^  wTiicli  they  possess. 

414.    The  series 

1  ./-I  •2/«+  1.  ^.  3/5-8U:. 

which,  however  small  a  valtxe  we  attribute  to  t,  mu'st  always 
diverge  after  a  certain  number  of  terms,  being  proposed, 
we  have 

— ^  =  l.rf^-1.2/rff  +  1  .fi.3/^Jr-&c. 


/ 


yl=<-i.t»  +  i,ai»-8cb. 


and  ditrefore 


or. 


rfx    .     1+/  1 


whence  we  find  (257) 

the  limits  of  the  integral  being  o  and  t.  If  f  =:  1,  or  the 
above  integral  be  taken  from^=:0  to  /=^  1,  We  have  the  ex- 
pression for  the  value  of  the  series 

1-1.2  +  1  .2  .3  ~  &c. 

and  a  similar  method  of  treatment  applies  to  the  series 

*  Essay  on  the  various  brders  of  Logarithmic  TranscemKents, 
1809,  This  work  also  contains  tables  of  their  numerical  values, 
of  some  extent. 
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(a +  *)(«  + 2*)...  (fl  +  x*)     * 

but  this  example  will  suffice  to  indicate  the  jnode  of  pro- 
ceeding in  more  complicated  cases,  observing  that  each  in- 
tegration affords  a  means  of  taking  away  a  factor  from  the 
numerator,  and  each  difierentiation  from  the  denominator 
of  the  general  term.  These  series,  in  which  the  number 
of  factors  increases  from  term  to  term,  have  been  desig- 
^nated  by  Euler,  under  the  name  of  hfpergeometrical  series* 
Their  summation  is  by  these  means  always  reducible  to  the 
integration  of  a  difierential  equation,  and  the  subsequent 
evaluation  of  an  integral  between  given  limits. 

415.  Now  it  very  frequently  happens,  that  the  value  of 
an  intejgral  between  certain  limits,  is  assignable,  although 
its  general  expression  cannot  be  .obtained*  For  instance, 
the  integral 

S^TT?    ''"'*'   oryifv.log(l+0 

^« 
taken  from  vs  —  co  to  v=o  is  equal  to  -— .    Iniiac^  this 

^12 

integral,  as  we  have  seen,  is  nothing  more  than  the  expres- 
sion for 

1   -     ^     4.   i    ^  A      -"^ 
1»        55    "^   3*        **^'  "  T2  • 

^nd,  had  we  arrived  at  this  result  by  any  other  means,  it 
would  have  afforded  us  a  legitimate  summation  of  the  above 
series.    Exactly  in  the  same  manner,  we  have 

as  appeaifs  from  the  expression  in  (410)  for  the  seriee 
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the  integrals  beiag  taken  from  v  s=  —  oo  to  vso. 

The  theory  of  these  definite  integrals,  and  their  applied^ 
tion  to  a  multitude  of  important  objects,  forms  one  of  the 
most  interesting,  but  at  the  same  time  the  most  abstruse 
branches  of  Analysis.  In  many  cases  the  forms  they  assume 
are  peculiarly  simple.     Thus,  if  the  integrals  comprised 

in  the  form  r^^^^^^(173)  be  taken  between  the  limits 
f =0,  ifss  1,  the  arc  A  becomes  - ,  and  we  have 

VTTP"*^  2  ^i>'  4/   VT=1^         1.3 

vTZTi*     2.4  w    •/  VTITP  "^1.3.5' 

'     &c.    ,  &c. 

and,  in  general 


j!^*dx    _   1  .3.  5  ...  (2  1?-- 1)     •»\ 


•/  vT^*        2.4.6... (s«) 

/arV-^rfx  _  2.4  .  6  ...(2/i-g) 
vTT^x*  1.3  .5  ...  (2/»-l) 

In  like  manner,  if  the  integral  (154) 

dx 


/, 


be  taken  between  the  limits  x  =  o  and  x  s  ao ,  since 
(4W="''    nT?573-;»...~p.  vaniihatbotbthe 
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--— ^  betiHreeii  the  same  linuts,  is  equal  t0 

?,  we  sUdI  liikl,  by  die  expressions  given  in  that  article^ 

/dx       ^   1.3/5  >.,  (gfi-3)      rxx 

416.*  Definite  integrals  furnish   also   the  means  of 
representing  portions  of  the  series 

'  ^  dx    I         dx*    \.^  ^^ 

beginning  widi  any  term.    The  following  is  D'Alei&bert's 

process  for  obtaining  this  result,  by  which  he  at  the  same 
time  demonstrates  Taylor's  theorem  (Recherches  ittr  d^e^ 
rens  points  imporians  du  systeme  du  Monde^  torn.  I,  p.  50.) 

Let  u  be  the  value  of  u,  which  results  from  the  change 
of  X  to  x+h ;  supposing  then 

aiid,  differentiating  with  respect  to  h,  which  does  hot  enter 
into  u,  we  get 

,  whence  P=    /  -rrdJif 
w/    d  h 


dh 


dh. 


Again,  let 


ak      dx^^' 


and  differentiating  once  more,  wfdt  respect  to  k,  we  have 
^,  =  ^.  whence  e=/'^.dA, 

♦  Traoslated  from  the  French  cditioD. 
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Again,  making 

we  find 

^=   -^,  whence  ii=y^dA, 

d¥  "^  d^^  J  d»'    * 

"+rfx  1  ^  /?  1.2  ^JJJ  dh^'^'^' 

Continuing  this  process^  we  should  arriTe  at  the  follow- 
ing equation :     * 

J           du  h    .  d^u     A* 
IT  Sfi4-  —    -  4-   ■         -^- 


^   J?^  1,2. ..(«-!)  ^J   7F   "^^^ 


the  integrals  being  taken  so  as  to  vanish  when  Asso. 

d*  t/ 
If  we  suppose,  for  brevit/s.sakei  ^-ju  =*  ^#   ^^  '^▼c 

.■«..'.(.-.)p-/^'»-  ^^^^/a*" 
+  <—■><— '>*'~'/H«-^«-atc.t  i 

1.2  3 

and  it  is  easy  to  see  that  we  may  substitute,  instead  of  the 
abore  aeries,  the  expression 

4d 
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..^■.■'(.-.)/""-*^-'<- 

takeh  from  the  limit  Asso,  pipvided  that  after  the  integral- 
don,  we  change  ttoiy  for,  if  we  develope  this  expression, 
and  after  transferring  from  under  the  sign y* the  powers  of 
/,  which  multiply  its  successivje  terms,  make  /=:*,  we  arri?e 
at  the  above  series. 

Hence  it  follows,  that 

.  ^.  A  _i.  ^*  '^    ^ 
^  dx  1  ^dx»  1.2 


d'-^u       k'-^ 


+T:rriF=Tj7^<-''^-^ 


rfar»-i  1.2...(«-1) 

proyided«HO&  take  tl^e  integral^  so  as  to  vanish  when  A*  =  o, 
and  then  change  /  to  k. 

In  this  formula  we  may  change  -^—   into  -—-  (21); 

air  dJr 

and  if,  under  the  integral  sign,'  we  make /--A>=s  ^^>  ^ 
hzzt  (1  -  z),  we  shall  have 


dh 


.-,.^/j^(,-*)..-..*=-/0,.-.i.. 


The  limits  of  the  integral  being  zr=:\i  Z'=jo\  we  may  take 
away  the  negative  sign  by  reversing  the  order  of  the  limits, 
that  is  to  say,  by  taking  the  integral  from  z=o  to  zsl. 
Lastly^  if  we  transfer  f"  from  under  the  integral  sign,  and 
write  ^for  tf  th^  last  term  of  the  above  formula  will  be- 
come 


1.2 


...  {n-\)J    daf 


This  latjertheorem  is  due  to  Lagrange,  who  gave  it  in 
a  diflFejrent  manner  in  his."  Tkeorie  des  Fmctions  Jnafytiqius,*' 
Nos.  47,  &c.  H«  employs  it  to  prove,  that  we  can  always 
render  the  sum  of    all  the    terms   of  Taylor's  Series, 


/ 
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commencing  with  any  given  term,    less  than  the  term 
immediately  preceding  them.     If  M  and  m  denote  the 

greatest  and  least  of  the  values  which  - — ,  has  in  the 

interval  from  j:*  to  r  +  A,  we  may  easily  convince  ourselves 
that 

*^2— -»rfj?</3fz*-irf;r,  and  >  f  mt^'-^dz, 

provided  the  differential  coefficient  --- —  do  not  change  its 

ox" 

sign  or  become  infinite  in  this  interval  (21 1).    These  last 

Ji/K  tn 

integrals  between  the  given  limits  are  —  and  —  ;  and  by 

n  n 

A" 
taking  h  small  enough,  the  quantity  M  may  be 

rendered  as    small  as  we    please,    in  comparison  with 

1.2..,  (if-ir 


N^  O  T  E  S. 


Note  (A). 


A.  LI  MI  T)  according  to  the  notions  of  the  ancients,  it 
some  fixed  quantity,  to  which  another  of  variable  nagiii- 
tude  can  never  become,  equal,  though  in  the  course  of  its 
variation  it  n^ay  approach  nearer  to  it  than  any  difference 
that  fizn  be  assigned ;  always  supposing  that  the  change 
which  the  vapabl^  quantity  undergoes,  is  one  of  continued 
increase,  or  continued  diminution.  In  this  sense^  v^  may 
consider  the  area  of  a  circle  as  the  limit  of  the  areas  of  the 
circumscribed  and  inscribed  polygons ;  for  by  bcreasing 
the  number  of  sides  of  these  figures,  their  difference  may 
be  made  less  than  any  assigned  area,  however  small ;  and 
since  the  circle  is  necessarily  less  than  the  first,  and  greater 
than  the  second,  it  must  differ  from  either  of  them  by  a 
quantity  less  than  that  by  which  they  differ  from  each  other: 
it  will  thus  answer  all  the  conditions  of  a  limit,  'which  are 
included  in  the  definition  we  have  just  given. 

We  must  not,  however,  conceive,  that  a  limit,  though 
defined  to  be  a  fixed  quantity,  is  therefore  essentially  con- 
stant and  invariable :  we  consider  it  as  determinate,  with 
reference  to  the  variable  quantity  only,  which  is  affected 
by  causes,  of  which  the  limit  is  independent. 

The  consideration  of  limit  was  first  introduced  by  the 
ancient  geometers,  in  order  to  discover  such  properties  of 
incommensurable  quantities,  and  of  circles  and  other 
curves,  as  were  beyond  the  reach  of  direct  investigation : 
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of  which  descriptioii  are  all  the  properties  of  circles^  ^Akh 
are  not  dependent  upon  their  intersection  with  straight 
lines.  In  all  enquiries  of  this  kind,  they  made  use  of  their 
Method  of  Exhaustions,  one  of  the  most  refined  inrentions 
of  antiquity ;  and  though  its  processes  are  more  laborious  and 
less  comprehensive  than  those  of  many  methods  of  later 
invention,  in  the  conclusive  accuracy  of  its  reasonings  and 
in  the  clearness  of  its  evidence,  it  is  probably  superior  to 
them  all.  Thus,  in  order  to  demonstrate  that  different 
circles  are  ta  each  other ^ in  the  duplicate  ratio  of  tlidr 
tadii^*  they  hnagiAed  regular  polygons  to  be  in$cr3>ed  m 
them,  eadh  consisting  of  the  same  number  of  sides ;  and 
•ince  the  inreas  of  these  polygons  are  to,  e^ch  dAxet  as  the 
tqvares  of  the  radii  of  the  respecttt^  cirdes^  and  as  tile 
aamie  proportion  omst  faiHd  ako,  wheA  tfie  nuin^et  of  sitAes 
is  00  much  increased^  thtft  fib^  diferenees  of  fte  cittles  aikd 
lAseribed  figtmes  may  become  less  A^  any  {halt  cad  be 
assi^ed ;  they  infeited  from  ahafogy,  diat  Ht^  pfopdttidh 
tabsisting  betw^eA  the  areas  of  the  polygons,  hiust  pr^tiil 
^ewiflfe  between  the  circles  themselves :  but  ttiis  was  n6t 
«ttfieient )  it  was  nec^ss^y  to  demonstrate  rigtirously,  that 
this  nittst  be  the  case }  which  was  efiietrted  by  shewing, 
that  any  slippositiott  to  the  contrary,  must  necessarily  lead  to 
an  absurdity.  They  proceeded  ih  a  similar  tray,  iA  their 
S»resf5gation8  concemmg  the  surfaces  and  vofumes  Of 
solid  bodies :  they  conceived  bodies  teninnated  by  plane 
luslaCe^  to  be  inscribed  or  circumscribed^  and  by  iocreas- 
iog,  the  number  of  these  plants,  they  demonstrated  rigor- 
Wflly,.  by  a  reduictio  ad  absurdum^  that  the  curve  svrfaces, 
or  volumes  of  the  bodies  in  question^  were  the  true  fimits 
of  the  surfaces  or  volumes  of  the  auxiliary  bodies^  which 
were  thus  introduced :  they  were  then  enabled,  by  the  law 
o^  (Continuity,  which  is  essential,   at  least  in  geometry,  to 

♦  EudJtl,  Book  xii.  prop.  2. 


oilK  nq^tk  of  a  limits  to  transfer  iimpBOfmlies'oCAe  aiixi* 
liary  bodf  lo  the  liflut  itself. 

It  was  in  thi&  mazuier^  that  Archixi^edes  d^nonstrated 
t^^t  tbeoonvez  surface  of  a  right  cone  is  equal  tathe  area* 
of  a.circle>  whose  radius  is  a  mean  psi^oitio^aL  between* 
the  side  of  the  cone,  and  the  radius  o£  the*  circle,  whioh^ 
constitutes  its  base:  that  the  sur£ace  o£a  splkeBeKjqaadnipki 
the  arisa  of  one  of  its  grieat  circles,  and  alaoy  that  ther 
COQV^^  surface  pf;  any  one  of  ita.  zones*  ic  equal  to  the  area 
of  a  r^tangle,  whose  adjacent  sides  are  equal  to  the  cir»* 
cujnference  of  a  great  ciroie  of  the  sphere,  and  the  altitud0 
of  the  zone :  besides  many  other- important  propositions^ 
both  if!  geometry  and  mechanics,  which  it  is  not  necessary 
tq.enumerate  here. 

"V^e  ^rq.  indobt^dlil^ewjise  to  the  same  illustrious  geome- 
ter»  for  th^.fir^t  summation  of;  a  geometric  series,  and  for 
its.^plicatipnf  to  the.quadrature  of  a.parabolic  area :  bothi 
these  investigations  ane.  intimately  connected  with  the  theory 
of<  limits.:  thejK  also  constituted  tl>e  first  examples  of  the 
employiment  of.  series,  in  the  quadrature  of  currilineac 
sj^s^^es,  a  principle  wluch  beir>g.  amplified-  in  the  hands  of' 
later,  geometer^,  Ifd  finally,  through  a.  succession  of  im<p»  . 
portant  discoveries,  to  that  of  the  DifiereQtial  and  Integral 
Calculus  itself. 

The  rigoi»us.T]erification  of  dbe .conditions  of  a. Umit^ 
which  is  required,  by.  the  method  oi  Exhaustions,  must» 
however,,  encumber  every  demonst^ration  in  which  it  is  em* 
pbyed :  eyeju  tl^e  clearness  of  its  evidence,  and  its  visible 
dependence  on  fir^t  principles,  fqrm  but  a  slight  recom« 
mends^tion  to  it,  when  applied  to  propositions  in  the  higher 
departments,  of.  xnathematical  science,  where  the  mind  ia 
unable  to  cQij^pfdh^end  at  one  view  all  the  steps  of  the 
process,  by  which  the  conclusion  is  derived  ;  the  great  ex- 
cellence of  every. method,  indeed,  must  be  the  union  of 
brevity^  with  strictness  of  demonstration :  and  this  vtras  the 
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object  vHich  was  atteippted  to  be  attained  by  various  s 
dern  geometers,  and  in  which  they  fihaUy  succeeded. 

The  first  attempt  of  this  kind  was  made  by  CaTalerius, 
in  his  Geometria  Indivisibilium,  in  which  he  considers 
lines,  planes,  and  solid  bodies,  as  composed  of  an  infinite 
number  of  indivisible  or  infinitely  small  elements :  thus, 
linei  are  supposed  to  be  made  up  of  an  infinite  number  of 
points,  planes  of  an  infinite  number  of  lines,  and  solid  bo- 
dies of  an  infinite  number  of  planes  :  suppositions  which 
are  all  equally  contrary  to  the  first  principles  of  geometry. 
We  shall  probably  best  explain  the  nature  and  spirit  of 
this  method  by  a  simple  example. 

If  we  conceive  a  triangle  to  be  made  up  of  an  infinite 
number  of  lines  drawn  parallel  to  its  base,  these  lines  will 
form  an  arithmetic  series,  of  which  the  first  term  is  equal 
to  zero,  and  the  last  to  the  base ;  and  if  a  perpendicular 
be  conceived  to  be  drawn  from  the  vertex  to  the  base,  the 
lines  of  which  thib  triangle  is  composed,  will  intersect  this 
perpendicular  in  an  infinite  number  of  points,  which  wiU^ 
together  compose  this  linft,  which  may  therefore  be  taken  as 
the  representative  of  their  number.  Now,  the  sum  of  a  series 
of  the  nature  above-mentioned,  is  equal  to  the  product  of 
the  last  term,  and  half  the  number  of  terms,  or  in  other 
words,  the  area  of  the  triangle  is  equal  to  the  rectangle 
conuined  by  the  base,  and  half  the  perpendicular. 

We  may  apply  this  method  likewise,  with  consider* 
able,  though  partial  success,  to  the  quadrature  of  curvilinear 
spaces,  and  the  cubature  of  solid  bodies ;  and  in  nearly  all 
cases,  the  problem  will  reduce  itself  to  the  summadon  of 
sr  series.  We  thus  see  how  nearly,  in  practice  at  least, 
this  method  approaches  to  many  of  the  processes  of  Alge- 
bra, and  of  the  Integral  Calculus,  in  investigations  of  this 
nature. 

Pascal,  who  naade  use  of  this  method  in  the  discovery 
and  demonstration  of   some  properties  of  the   cydoidi 
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end^toured  to  dki^^  that  the  objections  to  it»  were 
merely  verbalt  and  would  be  completely  removed  by  some 
little  additional  explanation  of  its  first  principles :  thus, 
when  we  speak  of  a  plane  as  the  sum  of  an  infinite  num- 
ber of  lines,  we  ought  tacitly  to  suppose,  that  they  seve- 
rally form  rectangles  with  the  equal,  and  infinitely  small 
portions  of  some  given  line ;  and  we  may  explain,  in  a 
similar  manner,  the  expressions  which  assert,  that  a  line  is 
th,e  sumof  an  infinite  number  of  points,  and  a  solid  body  the 
sum  of  an  infinite  number  of  planes.  The  method  of  indivi- 
sibles, IS  reduced,  by  this  statement,  to  the  method  of  infi- 
nitesimals, in  which  areas  are  considered  as  the  sums  of  an 
infinite  number  of  inscribed  rectangles,  and  solid  bodies, 
as  the  sums  of  an  infinite  number  of  inscribed  solids,  of 
infinitely  small  altitude,  and  two  of  whose  surfaces  are 
equal  and  parallel  plane^ :  the  small  areas  and  portions  of 
the  solid  bodies  corresponding  to  each  inscribed  rectangle, 
or  inscribed  solid,  which  these  hypotheses  neglect,  form  a 
series  of  infinitesimals  of  the  second  order,  bearing  no 
assignable  ratio  whatever  to  the  infinitesimal  rectangles 
and  solids,  of  which  the  original  areas  or  bodies  are  con- 
ceived to  be  composed.  We  confine  our  reasonings  to  the 
figures  and  solids  inscribed,  and  assume,  as  a  first  prin- 
ciple, that  all  the  properties  which  can  be  proved  to  belong 
to  them,  may  be  transferred  to  the  original  figures  or  bo- 
dies themselves.  We  consequently  omit  altogether  the 
verification  of  a  limit,  which  formed  one  of  the  most  diffi- 
cult processes  of  the  method  of  Exhaustions. 

The  principles,  of  this  method  were  insensibly  adopted 
by  the  greatest  part  of  the  geometers  of  that  period,  who 
considered  the  want  of  rigour  in  the  dei^onstrations 
founded  upon  diem,  as  fully  compen^ted^  by  their  supe- 
rior facility:  they  verified  their  conclusions,  by  sh^ng 
that  they  were  identical  with  those,  of  the  ancient  geome* 
tersy  when  treating  of  the  same  propositions  i  an  agreement 

4e 


Qew.principle9»  qr  new  methods,  <^  inyestigatipo  i  b^tooff 
principal  a4v?t9iage  reaulting  fim^  the  jntro^uctiop  oiF  il^ 
method,  copsi^ted  in  the  increased  facilities  which  ifL  gqr% 
to  the  appiicatipns  of  Alg^hra  to  the  t^^eorf  of  c^vte^  aad 
p;irticularly,  by  its  forming,  in  the  h^nds  of  heihoifz,  the. 
basis  of  his  reas^onin^  in  the  disoox^icy  and  d^a^nftiaiha, 
of  the  principles  of.  the  Diffepren^  and  I9tegn4  Cakulw. 

Newton  finally  succeeded  in  embodying,  in  his  meAod, 
of  prime  and  ultimate  ratios,  the  accurate  reasoning  of  the 
method  of  Exhaustions,  without  its  proUxity.  He  connders 
quantities  and  their  ratios  as  ultimat^y  equals  which  coo- 
stantiy  approximate  to  each  other,   and  in  any  finite  time 
'  (for  his  principal  object  was  the' application  of  this  method 
to  mechanical  philosophy),  approach  nearer  to  eqaafity, 
than'  any  diiSerence  that  can  be  assigned.    He  then  pro- 
ceeds to  make  use  of  this  principle,  in  the  demonstration  of 
a.  series  ^of  propositions  or  lemmas,  which  are  applicable 
generally  to  all  curves  of  continuous  curvature,  and  to  die 
theory  of  variable  motions,  and  which  likewise  serve  as  first 
principles  in  all  succeeding  investigations. 

It  is  not  our  intention  to  enter  into  a  detailed  explan»> 
tion  of  the  nature  of  the  reasoning  employed  in  these  de- 
monstrations, which  principally  consists  in  exhibiting  to 
the  eye,  as  well  as  to  the  mind,  the  relation  of  quantities 
invisible  and  evanescent  by  means  of  others,  which  are  visi« 
ble  and  finite.  For  the  bene^t,  however,  of  such  of  our 
readers  as  are  not  acquainted  with  the  original  work,  we 
will  give  a  slight  sketch  of  the  process  pursued  in  one  of 
the  most  important  of  the  lemmas,  in  which  it  is  proposed 
to  prove,  that  injdl  curves  of  continuous  curvature/  the 
chord,  the  arc,  and  the  tangent  are  ultimately  equal. 
Assume  two  similar  arcs  (a)  and  {b)y  commencing  from  a 
,  point  of  contact  of  two  similar  curves  {J)  and  (JS) ;  since 
the  arcit  are  similar  and  similarly  situated|  and  commence 


firtet .  St  coiainon  p6tiit»  their  cttfirdt  omtt  le  in  die  same 
^bai^t  Une:  tlieir  tangents  also,  (Ttavn  ftom  die  ^int  of 
cdn^ev  nttst  coiiicide  wtdi  eabh  other ;  let  them  be  deter* 
mmed  hj  secants  draihi  from  the  centres  of  equil  curra- 
tQre,%orfiK>m  'corresponding  pitints  in  tfie  perpendicular 
U  the  taiigent  at  the  point  dF  contact,  and  passing  through 
the  exttvmities  of  the  arcs,  knd  let^e  tangent  (/),'  corre^ 
ponding  to  the  arc  (^),  be  assilmed  as  fiied  and  unchange- 
dbU.  Sup^se  the  arc  (p)  to  be  perpetually  diminished, 
^  either  by  successiVe  bisection,  or  in  any  other  manner :  if 
the  aic  {i)  of  the  same  curve  (£)  be  changed  proportion- 
ally,  its  tangent  will  be  also  changed,  wjiichis  contrary  to 
the  hypothesis  we  have  made:  but  by  supposing  thp 
dimensions  of  the  cunre  (£)  to  be  perpetually  infreased, 
wo  shall  always  be  able  to.  find  some  state  of  it,  in  which 
the  avc  (3)  maybe  anccessively  taken  similar  ^o  the  sup- 
cesmye  values  of  the  arc  (a\  and  have  its  tangent  equal  to 
the  determinate  tangent  (/).  But  whibt  the  arc  (^i)  dimi- 
nishes, the  angle  between  the  chord  and  the  tangent,  dimi- 
nishes also  i  and  by  a  preceding  lemma,  in  its  ultimate 
state,^  it  becomes  evanescent :  the  same  changes  must  like- 
wise take  place  in  the  value  of  the  angle  between  £he 
chord  and  tA*  tangent  of  Ae  arc  (i),  which  in  its  ultimate 
S^ate  must  be  li&ewise  evanescent..  .In  tliis  state,  therefore, 
ike  chord,  the  tangent  (/),  and  the' arc,  which  is  always  ii(- 
tefmediate  to  them,  must  be  coincident  and  equal,  and 
the  samie  must  be  the  case  with  the  chord,  arc,  and  tangent 
of  the  arc  (a\  which  constantly  bear  to  eacjb  other  the  sam^ 
proportion  as  the  corresponding^  lines  in  the  arc  (k)»  We 
must  refer  to  the  other  lemmas,  and  particularly  to  die  9th, 
for  further  examples  of  the  application  of  this  icfiiMd  and 
"  beautiful  artifice. 

/  In  this  mediod  we  spe^k  of  the  primif  as  well  as  of  die 
ukitnate  ratios  of  variable  quantities,  according  as  we  con- 
sider them  as  receding  from,  or  approaching  to,  the  fixed 
and  determinate  quantities  which  are  dieir  proper  limits. 


i^  NOTES. 

The  ezceDeace.of  Newton's  niethod  consisted  indie 
^strict  demonstnitian  of  a  nijmber  of  first  principles,  ^irliidi 
afterwa^ieiitifely  supevseded  the  tedious  yerificationrof  a 
limit  whiohembamssed  the  proof  of  every  new  proposition, 
hy  the  method  df  Exhaustions  i  and  though  in  the  breritj, 
and  even  elegance  of  its  processes^-  it  must  sometimes  yield 
to  the  methods  of  infinitesimals  and  indivisibles,  yet  its  evi- 
dence is  never  weakened  by  the  introduction  of  assumptioiis 
which  are  not  axiomatic,  nor  vitiated  by  Hypotheses  widch 
are  contrary  to  the  first  principles  of  Geometry.* 

•  yVe  have  been  thus  particular  in  our  account  of  limits, 
and  of  the  diiFerent  systems  in  which  their  theory  has 
been  embodied,  not  only  on  account  of  the  ii|iportance  of 
the  subject  itself,  but  more  particalarly  with  reference  to 
different  systems  of  the  Difierential  and  Integral  Calculus, 
of  which  they  formed  the  bases.  The  student  will  find 
some  previous  knowledge  of  these  different  methods,  al- 
most essential  to  his  fully  understanding  the  nature  and 
spirit  of  the  reasoning  employed  in  the  analytical  theories 
derived  from  them;   and  although  the  consideration  of 

*  These  are  the  reasons  assigned  by  Newton,  in  the  Scholium 
to  the  Lemmas,  as  having  induced  him  to  invent  the  method  of 
prime  and  ultimate  ratios  :  **  Praemisi  ver6  haec  lemmata,  at  e(- 
fugerem  tasdjum  deducendi  longas  demonstraiiones,  more  vete- 
rum  geometrarum,  ad  abaurdum.  Contractiores  enim  redduntur 
demonstrationes  per  methodum  indivisibilium.  Sed  <]ooDiam 
cftlrtoi*  est  indivisibilium  hypothesis,  et  propterea  minus  geome- 
tnca  ceoseter;  malui  demonstrationes  rerum  sequentium  ad 
utohnar  qsantitaftum  evanescentium  summas  et  rationes,  pri. 
'mas4tte«  xiascentium,  id  est,  ad  limites  summarum  et  rationum 
deduqere ;  et  propterea  limitum  iliorum  demonstrationes  qua 
pptui  brevitate  pnemittere.  His  enim  idem  prsestatur  qood 
per  methodum  indivisibilium :  et  principiis  demoustratis  jam 
tutiCts  qtemur.''  The  whole  of  this  Scholium  is  well  vrorth 
the  diligent  attention  of  the  student. 
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limits  or  infinitesimals^  in  the  establishmeflt  e(  tbis  cdcu- 
lusj  is  calculated  to  mislead  the  mind  from  its  true  mean- 
ing and  origin,  the  ssime  excelieAci^s  an4  defects  will  be 
found  to  distinguish  the  reasonings  employed  in  these  dif- 
ferent systems,  which  have  already  been  remarked  in  the 
geometrical  methods  from  which  they  severally  originate*     . 

We  will  now  mention  a  felv  results  deducible  algebrai- 
cally, from  our  definition  of  a  limit,  some  of  which  may 
be  found  useful  in  succeeding  investigations.  Suppose  it 
was  required  to  find. the  limit  of  the  ratio  of  the  chord  of 
a  circular  ate  to  its  sine :  if  we  male  x  s  versed  ^lAe,^  we 
have  .  -        *         .    '       ,  

chord   j^i,  ^:/^_  '.^,.  [YJ^'  '.        V    :  ;      • 

but  the  liniit  of.  ^  2  -  x  is  V27  since  it  may  be  made  to 
differ  from  it- by^a  qmntityJess.  thaii/aniy^sigBable}  we 
may  consequently  conclude^  that  the  limit  of  this  ratio  is 

vi    ■"  '     ■  ■  ' 

"T^*  or  1 ;  or  in  other  words, .  that  the  chord  and  the 

sine  are  ultimately  e^ual.  In  all  investigations  .therefore, 
in  which  the  limits  only  of  these  quantities  are  qonsidered,' 
we  may  make  use  indifferently  of  one  or  the  other. 

In  a  similar  manner,  we  find 

sine  ^ X  .  VB^-t 


and 


we -may  readily  prove,  that  the  limit  of  the  first  ratio  14 
zero,  and  of  the  second  infinity;  we  hence  conclude,  that 
in  their  ultimate. state,  the  sine  bears  no  assignable  ratio 
tb  the  cosine,  nor  the  versed  ^ne  to  the  sine. 


cosine               1  - 

'1 

i 

J    ■ 

sine 

X 

-  X 

V^-*  . 

versed  sine 

4/-;     • 
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tangent  i 


sine  1  —  a: 


^A  tangent  i^vJ-x 

chord        (I-  j?)y^ ' 

ratios  which  hatre  respectively  unity  for  their  limit.  1^'iien 
speaking  .of  limits,  therefore^  th6  chbrdj  the  side^  and  the 
tangent  may  be  considered  as  dquil  td  ^ach  Other. 

Let  us  next  endeavour  to  ascertain  the  limit  of  the 
ratio  of  the  arc  and  the  sine  i  for  this  purpose,  we  shall 
assume  as  true  the  principle  o^  Archimedes,  by  which  it 
appears,  that  a  circular  arc  is  greater  than  its  sine,  and  less 
than  its  tangent :  from  tlKXice  we  conclnd6,  that 
tangent  wrc         ^  ^ 

sine  .        sine 

wt  bate  already  proved^  that  the  quotient  1^^-  j  oiay 

be  made  to  differ  from  unity  by  a  quantity  less  than  any 

that  can  be  assigned ;  and  since  the  qiiotieut  1  -^; —   r     is 

iess  than  |  - — ;= —  (   and  greater  than  uhity,  it  mutt  dlll^ 

less  from  unity  than  I  — |^  (  itself,  although  it  can  ne- 
ver actually  become  eqtial  to  it ;  we  may  consequently  con- 
clude, that  unity  is  its  limit.  The  tangent,  chord,  aj^ 
sine  of  an  arc,  and  the  arc  itself,  may  therefore  be  taken 
as  equivalent  quantities,  when  considered  in  their  ultimate 
sute. 

We  will  now  take  a  very  common  example,  which  is 
eohii(ei*ted,  however,  with  some  enquiries  wUcfa  will  siio> 
ceed  it.  Let  it  be  reqtlired  to  find  the  sum,  or  rather  die 
Bmit  of  the  sum  of  the  indefinite  geometric  series^ 


^rlmrt  4v  liWoli  9iQ»m96^  the  iaftne  ratb  of  anjtwo  coah 
iiMVtAfet<ims»iBMippoee4tabel6^tJunumty.  Theamu 
rf  n  temif  of  iIm9  serie«f  d^termiaed  by  tlie  commoa  nte* 

diod,  18  — j*  -*  Y"-*-  >  ^^^  ^^^^  ^^  !^  ^  ptoper  fraction^ 

l^e  second  part  — r  of  thi^  ea^pr^stioii,  ^Kfx^z^^^t^zip^ 

whilst  »  increases,  and  may  b^  made  to  differ  froni  it  less. 
dian  any  assignable  quantity;  we  Hiay  consequently  con- 
clude, tliat  the  limit  of  the  sum  of  the  series^  or  the  sum 

ttselfj  is  equal  to ^ ., 

It;  is  frequently  9^  enquiiry  of  gteat  ifldportaoce  in  aii!H 
lysis,  to  ascertain  whether  ai^i  indefinite  series  of  the  form 

ao+a^x+a^st^+a^x'  +  &c.  (a) 

can  be  made  convergent,  by  assigning  a  determinate  value 
of  JT  $  the  inverse  ratio  of  any  two  consecutive  coefficients, 
being  always  supposed  to  be  finite.  Assuming  r  to  repre- 
sent the  greatest  value  of  this  inverse  ratioj^,  if  we  construct 
thej;eometric  series 

we  shall  have  the  coefficients  a^  r,  Mq  r\  a^f^^-  &c.  sensraUy 
greater  than  those  corresponding  to  them  in  the  origins^ 
series.  There  are  some  cases,  however,. which  form,  in  some 
degree,  exceptions  to  diis  assert4on,  which  are  those  in 

which  r=  -^ ,  and  consequently  tfo^=^u  ^^^  ^^^^  tliose  in 

which  r=  — ,  and  any  given  number  of  the  immediately 

saocieediog  ratios  are  respectively  equal  to  the  first,,  when 
we  have  ^1=^0^1  <»«=flo^>  &c?  *"d  so  on,  till  we  arrive  at 
a  ratio  which  is  less  than  r. 

Since  the  term§  of  the  series  (*)  are  severally  e^l  to 
or  greater  than,  those  corresponding  to  them,,  in  the  series 
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(a),  it^is  oImou»  that  any  value  of  r,  which  n^nilets  Ike  first 
caofexgent,  must  likewise  produce  a  eimilar  etect  in' die 
second,  and  in  a  greater  degree,  ^at  least  from  the  point 
wh^re  its  terms  become  less  than  those  correspondii^  to 
them,  iii  the  limiting  geometric  series.  '  It  is  hardlj  neces- 
sary to  remark,  that  any  value  of  x  which  makes  rxz  pro- 
per fraction,  will  render  both  the  series  convergent^  and 
this  vriU  be  the  case  with  the  original  series,  even  if  r  x  be 
made  equal  to  unity,  although  the  convergency  will  not,  in 
all  cases,  commence  immediately  from  its  first  term. 

Let  us  take,  as  an  example,  the  following  series : 

1+2  .  33 .  «  +  3  •  3« .  JT*  +  4  .  35. o:^  +  &c. 

two  of  whose  consecutive  terms  are  expressible  generally  by 

n  .  33»-^x»-*+(ii+l)  8»-a-; 

the  inverse  ratio  of  two  consecutive  coefficients,  is  expressed 
in  general  by 

«+l      o,. 

and  if  we  make  successively 

iis=l,    «=2,    «  =  3,    Stc. 

II  + 1 
the  quantity  ...: —  .  3^  will  become 
n 

2.3',    I  .    3S  I .  S\  &c. 

and  its  greatest  value,  or  r,   is  obviously  2  •  8%  or  54.    If 

we  substitute  therefore  —  for  r,  in  the  given  series,  it 
54 

will  become  convergent  from  its  first  term. 

The  problem,  however,  is  impossible,  when  the  ratiot 

ai      a^       a^     ^ 

«0         ^1  ^2 

perpetually  increase  in  value ;  of  this  we  have  an  instance 
in  the  series 
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1+1.£.X+1  .«,8.«*+l  .2.8  .4.x»+  &c. 

The  inverse  ratio  of  whose  terms^  which  is  equal  to  {n+2)z9 
increases  perpetually  with  the  unlimited  number  n ;  what- 
.ever  value  therefore  we  assign  to  x,  the  product  (n+2)x 
will  finally  become  equal  to  unity,  and  afterwards  exceed 
it  I  and  the  series  must  from  that  point  become  divergent. 

The  sum  of  the  series  (b)  is  equal  to  — ^2 —   which  has 

l  —  rx 

been  shewn  to  be  always  greater  than  that  of  the  given 

series  (a) :  if  for  x  we  put  — ,  the  quantity    —^2 —  will 

Qr  ^  '     l—rx 

be  found  to  be  equal  to^a^f  or,  in  other  words,  the  first 
term  of  the  geometric  series  will  be  equal  to  the  sum  of  all 
the  rest :  ^e  may  from  this  conclude,  that  the  substitution 
of  the  same  value  of  .r  in  the  series  (a),  will  make  the  first 
term  superior  to  the  sum  of  all  those  which  succeed  it.  If 
it  was  required  to  find  some  determinate  value  of  j:,  which 
would  make  the  sum  o£  the  given  series  {a\  less  than 
^oi-h  we  should  be  able  to  solve  the  problem,  by  assum- 
ing — 22 —  —  tfo+^j  from  which  we  obtain  x^s .— , 

^  l-rx  r(iio  +  a)* 

and  substituting  this  wilue  in  the  series  (a),  its  sum  would 
be  necessarily  less  than  4o-t-^9  ^^  ^^^  of  ^^^  geometric 
series  {b)  corresponding  to  the  same  value  of  x.    We  thus 

see,  that  by  making  x=:  -- — — -,  the  sum  of  the  series  (a) 

^  (^u+*  ) 

will  differ  less  from  its  first  term,  than  the  quantity  I,  how- 
ever small  this  quantity  may  be  assumed. 

It  is  hardly  necessary  to  observe,  that  the  preceding 
observations  are  applicable  afirtkri  to  the  series  (a),  when 
any  number  whatever  of  its  coefficients  become  negative 
or  evanescent. 

We  will  now  proceed  to  the  demonstration  of  a  theorem 

4f 
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of  great  importancef  particularly  in  the  applicstioiia  of  the 
Differential  CalculuS)  when  established  on  its  true  princi- 
ples, to  the  theory  of  curves. 

Let  the  three  expressions 

«o+tfi  *+««  ^'+«s  *•  +  &c,  (I ) 

tfo' + aii+aoX*+asX^  +  &C.  (2) 

a^'+a,''x'+a^V+a,"a^  +  &C.  (S) 

be  so  related  to  each  other,  that  the  values  of  the  second  mag  he 
atu't^s  kss  than  those  of  the  first,  and  greater  than  those  of  the 
third:  if  ^=^\  then  also  must  aj/ssao* 

We  have  already  shewn»  that  it  is  possible  to  determine 
a  value  of  Xf  which  will  make  the  value  of  the  series  (1) 
less  than  ^o+^j  ho\tnever  small  ^  may  be  assumed :  let  its 
true  yalue,  resulting  from  this  substitution  be  a^+dj  and 
let  ad+d',  a^A'd",  be  the  values  of  the  series  (2)  and 
(3)y  under  the  same  circumstances :  since  the  series  them- 
selves are  arranged  in  the  order  of  their  magnitudes,  the 
magnitudes  df  a^+d,  a^'+d'y  OQ+d",  must  also  follow  the 
same  order,  and  the  differences  (ao  +  ^)  —  (a^+d^  and 
K'+^')-K"+'i"),  ora,^a^'+d^d\  znda^- o^'+d'-iT, 
must  be  positive  quantities.  Assume  fl(/'=tfo,  anddo'^rro^-f-A; 
the  difSeiPences  will  thus  be  reduced  to  -^  A-fJ— ^'^  and. 
^^d'-^d"  i  but  since  it  is  possible  to  assign  a  value  to  jr, 
which  will  make  both  d  and  d^  severally  less  tfaaa  any  given 
quantity,  we  must  have  d—d\  under  these  circumstances, 
less  than  A,  and  consequently  the  difference  —  ^+  d-d* 
,  must  be  negative^  a  result  which  is  contrary  to  the  condi- 
tion above  specified :  it  is  obvious  that  this  conclusion  will 
not  be  affected,  by  supposing  d'  negative,  since  the  sum  of 
the  quantities  d  and  d'  may  be  also  made  less  than  a. 
Again,  assume  aQ^a^-^  A  ;  the  differences  upon  this  hy- 
pothesis become  A  +  d—d\  and  —  A  +  d'  --d":  we  may 
prove  as  before,  that  —  A  +d'  -  </"  may  become  a  negative 
quantity,  a  conclusion  which  is  likewise  inconsistent  with 


N09B9*  695 

what  has  been  already  established.  We  are  thus  reduced 
to  the  onlj  remaining  hypothesis^  which  is  that  of  ^0'=  ^0  • 
We  will  give  a  single  instance  of  the  application  of  this 
theorem:  in  the  developement  of  sin  jt  in  terms  of  or  and 
Its  powersj  we  have  direct  means  of  shewing,  that  it  must 
be  of  the  following  form : 

sinar=iio*-  — ^  x^  +     '  ^"^    ,     ,  .  x^  -  &c. ' 
•      1.2.  S  1.2.S.4.5 

it  yet  remains  to  determine  the  constant  quantity  a^ . 

We  have  already  seen,  that  x  <  tan  x,  ^and  >  sin  x : 

but 

sin  X  sinx 

tanx=:^ ^    -7-; =— r".> 

cos*       v^O -*«**> 

and  consequently 

sin  X        ^ 
V'U-sin"*)"^^' 
we*  hence  get 

sin  X  >  x^(\  -sin  -x) , 
sin*j:>jr*    (l-^sinV). 
By  transposition^  we  have 

8in»*(l+if*)>  j:'; 
therefore 


sin  «x  >    _—-.  , 


and 

X 


sm  X  ;> 


We  consequently  have 

sin  ;v  <  flf 

•        1.2.3     ^1.^.3.4.5 
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and  therefore 

sin  X      ^  '  tfo*         ..»  J ?^ 


X 


°       1.2.S  I.e. 3. 4. 6 


We  thus  obtain  three  expressions^  which  answer  the  condi- 
tions expressed  in  the  enunciation  of  the  preceding  theorem  ; 
and  since  the  first  terms  of  the  greatest  and  least  are  iden- 
ticaly  and  equal  to  unity,  we  may  conclude  that  a^,  -die 
first  term  of  the  second,  is  equal  to  unity  also. 

The  series  for  sin  x  will  thus  become 


Note  (B). 

.The  method  which  is  made  u^  of  by  our  author,  in 
the  exposition  and  demonstratioif  of  the  principles  of  the 
Differential  Calculus,  was  first  given  by  D'Alembert,  in  the 
Encyclop^die."*  We  shall  n9t  at  present  stop  to  discuss  its 
merits,  but  shall  proceed  directly  to  shew  in  what  manner 
this  calculus  may  be  established  upon  principles  which  are 
entirely  independent  of  infinitesimals  or  limits.  We  shaD 
afterwards  endeavour  to  explain  the  reason  why  the  same 
conclusions  have  invariably  been  deduced  from  appaiendy 
different  first  principles. 

It  is  hardly  necessary  to  inform  the  reader,  that  we  are 
indebted  for  the  principal  part  of  the  contents  of  this  note^ 
to  the  Calcul  des  Fonctions  of  Lagrange,  and  the  large  tre»» 

•  Art.  DiffifcrcnticL    . 
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dse  by  our  author,  cm  the  Difierential  and  Integral  Cal- 
culus. 

I  Let  f(x)  represent  a  function  of  x^  which  becomes 
f{x+k)  when  x^  its  base,  is  changed  into  x+h :  the  incre- 
ment of  the  function  corresponding  to  the  increment  A  of 
its  base,  or  as  it  is  commonly  called,  the  Jjference  of  the 
function,  will  be /(«+*) -/(x),  which  we  shall  consider 
as  being  always  capable  of  developement^  in  a  series  accord- 
ing to  powers  of  L  Our  neigt  enquiry  must  be  directed  to 
the  form  and  properties  of  this  developement. 
Suppose 

/{X+k):=iU+Ji  A* +^2  h^+A  ^  +  &c.  (a) 

where  Ai^  A^,  A^^  &c«  are  functions  of  x,  which  are  se- 
verally the  coefficients  of  the  different  powers  of  A.    ^ 

In  the  first  place  ux/(x);  for  by  supposing  A  so, 
f{x+k)  becomes/(x),  and  the  series  {a)  is  reduced  to  its 
first  term.  Again,  the  indices  ^i,  a^,  as,  8lc.  must  all  be 
positive }  for  otherwise  all  those  terms  which  involve  nega- 
tive powers  of  k,  must  become  infinite  by  its  evanescence; 
a  supposition  which  would  entirely  destroy  the  essential  ge- 
nerality of  the  funcrion/(ar). 

Since  uzzf^x),  we  will  assume,  for  greater  brevity,  ' 
«'=/(*  + A),  and  «"=/(x+A+i).    We  shaU  also  consi- 
der Ai\  Ji,  As,  &c.  as  the  representatives  of  the  new 
values  of  the  functions  Aj,  Ag,  Js$  &c.  which  result 
from  the  substitution  of  x+h,  in  the  place  of  dt. 

The  function  i/'  may  be  developed  under  two  different 
forms,    according    as   we    consider  'it   as  representing 
/  (x+(  *+*))>  or/  {{x+h)+k).    The  first  hypothesis  wiU 
give, 

and  the  second, 

i/'^t/+A'k^+A^ * V^/* H  &c.  (O  . 
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But  v0e  have  already  seen  (a)^  that 

and  since  Ji\  J^',  A^',  &c.  are  aeresally  functioas  of  x+  i, 
they  wtU  all  admit  of  derelopements  in  series^  according  t0 
poweraof  A:  consequeaitly^. 

A'= ^3+ A  h^+  D,  a' +  A* '  +  &c. 
8ic.  &c. 

The  series  (« ')  may  therefore  be  exhibited  under  the  fol- 
lowing form; 

»+  Jih^+A^h^  +  A^ih^  +  &c. 

^A^k^+Bi^k^  +  B,A*»  k^  +  B^h^k^  +  &c. 

+  ^ai»+CiA*«i»  +  QA'P  +  C3AW*+  &c. 

+A^k^+Dj^k^+D^k^h+Dj^k^+  aic- 
+  &c- 

The  series  (^  and  (^)  are  true,  under  all  circumstances, 
lArfaatever  be  the  relative  values  of  k  and  i :  we  may  assume, 
therefore,  A=A;  and  since  the  series  are  identical,  being 
derelopements  of  the  same  quantity  i^,  the  coefficients  of 
the  powers  of  h  in  the  resulting  form  of  (^,  or 

u  +A^.  &!*'+  A^  .  2*^  aU^3  .  £**  AS 

miist  be  identical  with  those  corresponding  to  them,  in  die 

new  form  of  (i),  which  also  arises  from  this  hypothesis: 
we  shall  find,  by  actual  comparison, 

9,Ais:Ai.2^^  or2  =  2S 
and  therefore  ai  must  be  equal  to  unity. 
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We  hme,  therefere,  in  adl  cases  whatever^ 

/(x  +  *)  =/(x)+^,*+  J^h*+jtJ^  +  &c. 

the  second  term,  involving  tike  first  power  of  k  only.  We 
may  conclude  from  this  alsoj  that  b^,  c^f  di,  Sue.  which  are 
the  indices  of  k  in  the  second  terms  of  the  several  deve* 
lopemeoU  of  ^/^  J^\  4s'i  &c«  are  re^ectiv^  equal  to 
unity. 

We  will  arresty  for  a  short  timci  our  enquiries  concern- 
ing the  other  terms  of  this  developement,  in  order  to  consi- 
der more  particularly  the  second  term^  the  determination 
of  whichy  in  diierent  functton^  constitutes  an  essential 
part  of  the  Difierential  Calculus. 

We  have  just  shewn^   that  the  difference  of  the  functioo 

fix)  is 

A^k.  +  At  * '  +  As  h^  +  &c. 

Analysts  liave  screed  to  call  its  first  term  A^^^hy  the  dif- 
.  ferential  of  the  function^  and  -^i ,  which  is  the  function 
of  X  by  which  h  is  multiplied,  is  denominated  the  different 
tittl  ^oefficieni.  The  student  should  be  very  careful  not  to 
attach  to  these  terms  any  meanii^^  which  is  not  distinctly 
implied  ia  the  definitions  we  have  just  given. 

It  is  usual  to  denote  the  difierence  of  a  function  by  the 
characteristic  A,  aftd  its  differential  by  the  characteristic  d\ 
,  Aus  A  «««'-  u=:^f{x)=^f(x+h)-f(x),  and  du=;zdf(x) 
=:Ai  A.  This  notation  is  perfectly  arbitrary,  and  is  different 
with  different  authors :  we  shall  state  hereafter  the  reasons 
which  have  induced  us  to  make  choice  of  the  above. 

The  process  of  finding  the  differential  of  a  function  is* 
called  differentiation :  we  shall  proceed  to  apply  it  to  a  few 
simple  examples. 

1.  Let  u=^x'j  in  this  case  i/ssx+h^  and  consequently 
AtsAss(2x;   the  difference  and  differential  of  x  and  its 
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increment  h  are  therefore  idendcal  qiiantitiesi  and  may  be 
interchanged  at  pleasure ;  we  shall  follow  the  common  caa- 
torn  o^  replacing  hhjdxx   we  shall  thus  have  geneiallf 

duasjtidXf  and  Ai,  or  the  differential  coefficient s  _^. 

ax 

■'  €.  Let  ussflj:  Aeretore  u'st  a  {x  +  h)zs  ax-k-ai; 
from  which  we  get  A  uzz  ajk  =  adxtidu :  in  this  ezam« 
pie  alsoj  the  difference  and  differential  are  identical. 

3.   Let  uzzx^i  we  have  i/=(x+A)*=x*  +  2xA+il%  and 

Au=2xh+h^]  we  hence  get  d'uiz  2  x  h=:2  x  d  x. 

4.  Xetuszajf'¥ix+ci  iniid$C2sei/^aix+Sf+i(x+i) 
+  c::zax^  +  bx  +  c  +  2  xh  +  bh+P:  we  hence  obuin 
/^u^^xh+bh-^-P^  and  dusi2  xdx+bdx.  We  ought  to 
observe,  that  the  constant  quantity  r,  which  was  connected 
by  addition  with  the  given  function,  disappears  in  the  dif« 
ference  and  differential :  the  sanie  must  be  the  case  vnth  all 
constant  quantities  whatever,  which  are  not  connected  witih 
the  variable  parts  of  functions,  by  multiplication  or  divi* 
sion. 

5.  Let  ussx\  where  n  is  any  integral  or  fractional  num- 
ber; in  this  case i/=5(x  +  A>*=x»  +  ^iA+ilgA^  +  &c.  and 
our  first  enquiry  must  be  directed  to  the  determination  of 
jfi ;   to  eflfect  this,  we  must  put  this  developement^un- 

dcr  a  somewhat  different  form :  since  (r  +  Ay  ssx*C\+^)  , 

we  have  (x+hy  =t  a^{  l  +«,  *  +«,  ("-)*+  &c.|  «  jc* 

X  \x^ 

:4-«iX"""*A+  a2x"""V4+  Sec-  expressions  which  are 
obviously  identical.  The  coefficients  «, ,  ag,  &c.  being  in- 
dependent of  JT,  must  be  functions  of  n,  the  only  quantity 
upon  which  their  value  can  be  dependent.  We  may  as- 
sume, therefore,  «i  ==/(«).  If /i  be' supposed  to  become 
^+ 1,  we  shall  have 
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^      (x-^hT  +  *  => + ^+f{n+ 1) .  jf  *  +  &c.  (ij) 

and  m^Iriplying  the  deyeloplemeiit  of  (r^h)^  hj  x+hf  we 
shall  have  another  expression  for  (t+A)*  +  S  under  a  dif- 
ferent fbrm»-  namelf » 

x^h  +  iu. 

a  comparison  of  those  terms  in  the  identical  detelopements 
(a)  and  (6),,  which  involve  the  first  powers  of  h,  will  give 
us  the  following  equation : 

B7  supposing  ff  ao,  the  second  term  or(x-f:A^*  can  have  no 
existence,  and  con8equeflUy/(/i)  ±s  o :  ttf  fbdowsfirom  this, 
diat  n  must  be  a  fact^  of /(«)  in  all  cases.  Again,  the 
first  power  of  n  aloni  can  enter  into  dils  fiuKition }  for 
otherwise  the  diflrerence/(«+l)  -/(«)  would  be  a  function 
of  n  alsoj  as  may  be  easily  shewni  Vfe  must  have,  there- 
fore/(»)asa  nzzn ;  for  a  must  be  equal  to  unity,  in  vijtue 
of  the  equation/(»+l>— /(ii)x=a(ii+l)— tf »=sAsa]. 

We  thus  obtain 

(r +A)»=>+»ap"^*  +  Sec/ 

and     — -.ssHz*— \ 

dx  • 

6.  Let«f=  x-;-*,  where  11  .i$  an  integral  or  fractional 
number ;  by  a  process  similar  to  the  above>  we  shall  be 
able  to  prove,  thai 

we'  ci>iise^u^titly'  obtain  du  sa  -  nar-*  ~*  dx,  and 
du  —■—1 

We 'will  Dotr  reMin^  tbe  cdnnSendbn  of 'die  form  and 
4o- 
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properties  of  t)ie  remaining  terms  of  the  series  (a),  in  the 
determination  of  which,  the  knowledge  of  the  second  term 
of  the  eaqjansion  of  ( x+h  )  "  will  be  found  of  essential  im- 
portance. 

We  are  thus  enabled  to  exhibit  die  series  (aO  under  the 
following  form : 

m 

&c-     &c. 

By  comparing  the  terms  of  this  series  with  those  of  the 
identical  series  {^)^  (theindicesai>» .^i,  c^,  di^  &c.  being 
severally  replaced  by  unity)i  we  shall  obtain  Ae  foUo^raag 
equations: 

asA^f?'^^krzBj*iJ 

.     &c.  &c. 

In  order  that  the  powers  of  A  in  each  equation  may  be 
identical,  the  following  equations  must  obtain  : 

a^-lssl,  U3-I=*g,    a4— 1^*,,  &c. 

•    *Pit(na'th'ifirSrtof'thfese'wfegtet^^^  and  tJiis^  general 

condusioh'beling  applicable  to  the  Ueveldpemenlls  of  ii/,  A^y 
A^\  &c.  will  give  *£=2,  c^ss^,  ^^^^  Sic 

From  the  second  equation  we  obtain  ^j  ==  *,  +1  ss  S ; 
and  in;  a  similar  niannet^we\  niay  Qondudei  that  ^  =  S> 

CjSsSy    &C. 

From  the  third  equation  we  obtain  a^rr^^+l  ^^»  ^^^  ^J 
a  coatipoatipn  pf  the  sanie  process  and  reasoiMxig,  we  shall 
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getA»s=5,  ^s6,  and  generally  a«s=  19:  b^es4t,  K^^i  ^^^ 
bt^zzni  ^4=4j  ^5=5,  and  c»=ii;  and  soon,  for  the  series 
of  the  indices  of  h,  in  each  successive  developement. 

The  general  form  of  the  series  {a)  will,  therefore,  be 
the  following : 

the  indices  of  A,  in  the  successitre  terms,  formmg  the  series 
of  natural  numbera;. 

Again,  by  referring  to  the  equations  obtained  above, 
we  shall  find 

Now^  since  Ax^  -p   ,  and  Bi  =  ---*,  we  shall  have 
a«r  ax 

^*^2*    dx         §•       -77-  ^I'dx"' 

but  ^  (d  u)y  which  is  called  the  second  difTerehtial  of  u^  is 
usually  written  eP  u,  where  the  index  2  is  symbolical  of  the 

number  of  operations :  we  thus  obtain  Ao^  —  .  -*-- :  a 
•         *^  *     1.2     dx^ 

conclusion,  which  being  extended  to  the  other  develope- 

ments,  gire,  u,  B.= jL  .  ^S   C.^±^  !  ^  .  &c. 
Agsun, 

s*         1.2.3'  TF      1.2.3    ■   — Tpr- 

^     1  «f.(</w)  1  '^ «      u       r  -.u 

^iTaTs  •  -Hr^uTTs  '  7?  *  byafuithcrexten. 

sion  of  the  principle  of  notation  mentioned  above.    We 
from  hence  conclude,  that 
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-         1     ^A^   r-wJL-  '^* 
"•■  iTiTs  5V  *  ^*~  1. 2 .3  HF' 

and  so  on,  for  D, ,  &c. 

Agwn, 

.  _  1     »  _         1  ^A  _  _1 

^•-4*^»-l.a.8.4    *  7P  ■"  1.2.3.4         7?" 

1  </♦« 


'(fe) 


Kg. 3-4        da* 

The  law  of  the  derivation  and  formationof  the  other  coeffi- 
cients is  now  sufficiently  inanifest* 

We  thus  arrive  at  another  form  of  the  series  {a\ 

^='''+77 -i^^-  iTs+j?-  tt:i^i?  •f315^*'- 

known  by  the  name  of  Taylor's  Theorem,  and  which  exhi- 
bits the  whole  theory  of  the  Differential  Calculus. 

This  theorem  might  have  been  deduced  by  a  process 
somewHat  more  simple^  by  a  slight  change  in  the  form  of 
s^es  {a\\  for  by  interc^giffg  t^  quaniitits  h  and  i,  we 
should  have 

and  by  expanding  the  several  binomial^  we  ^et 

+  &c. 

A  comparison  of  this  with  the  series  {,h\  will  gire  us  the 
following  equations: 

Jt^h^      h'=:Bikhp    and ^erd^a^— l^sl^  or«gsS. 
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4s0si \    A=Bi**  A,  and  therefore fl^—lastf^  oro'czS. 

•  —1  • 

J^  04  ft  *.      *= A  * '  *,  and  therefore  j^—  1 « j,,  or  a^  =4. 

We  thus  immedi^itelf  obtain  the  values  of  a,,  ^3,  ^4,  &c. 
from  which  we  find 

4*=: 2  •  A  =  -  .  -7-^,  since  A=*-7-  . 
*  4t     ax  dx 

&c.  8cc. 

We  from  hence  get     - 

^    J.^   /^Vsince^.i)  =  I  '.  lS^=i  .  ^ 
.<,«  \ ^  ^^-)  (since  ^,=  ^.  )«  J.  .  ^i^) 

-  1  4/(J'l/)   _  1  dUi     • 

"■   2.8.4     da^  £.3.4  '  Jar* 

Sic.  Sic. 

We  thus  obtain  the  series  of  Taj^lpr  in  d^  saiqe  form  as 
berare. 

We  make  no  apology  for  giving,  two  different  methods  ^ 
of  deducing  this  theorem^  which  is  unquestionably  the 
most  important  in  the  whole  range  of  Ana^(( ;  we  sfa^ 
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at  present  proceed  to  apply  it  to  tbe  demonstration  of  tbe 
binomial  theorem  of  Newton. 

-  Let;«/=a?* :  then 

ax      1      dx^      1 .2 

+  -T-J   •      ■   ^  ■       +  Sic. 

dx^      1.^.3 

KT  ^  ^ 

Wow  J—  =  «  jr»  - 1  ^  as  has  been  shewn  above ; 

8cc. 
^  consequently 

+  »(«-l)(»-2)a— » — ^ —   +  &c. 
whatever  be  the  value  of  «.* 


*  The  same  method  which  was  used  in  the  determinatioa  of 
the  first  coefficient  of  this  series,  may  be  very  readily  applied 
to  determine  the  other  coefficients  also. 

By  what  has  been  already  demonstrated,  we  may  amune 

( ir  +  A)»=:je'+^i  A+4j  A»  +  &c. 

By  the  same  process  as  that  pursued  in  the  determination  of 
/i(*)*  we  have 


NOTES.  60T 

It  is  evident,  that  the  only  difficulty  we  can  encounter, 
in  -^  developement  of  /( x+h  )  in  all  other  cases,  must 
arise  from  the  determination  of  the  series  of  derivative 


Bqt  we  have  already  proved  /j  (ii)rs:ii :  wb  bav^  therefore 
fz (»+!)=/«(»)  +« •  an<l/8(»+0— /«  W=»:  but  in  genera), 
if/(ii)=^»-4.Bir-*+&c.:   then. 

the  highest  power  of  n  being  less  by  unity  than  in  the  original 
function.  We  may  from  hence  ooncjude,  that  the  highest 
power  of  n  m  ^  (n)  is  the  second.  Also  n  and  fT—  1  are  Actors 
^^fi  W>  'ince  ft  (»)  =  o,  if  n  =o  or  n  =1 ;  consequently 
/j  (»)  =  a  »  (»- 1) #  and  therefore/,  («+l)-/,  (») 

=aii(«+,i)— an(«— 1)  =  2anssn; 

/.(«+0-/s  (»)=/,(«)=  ~^; 

hmee/^  («)  u  of  the  third  dimension. 

Abo  n,  «  —  1,  and  n  —2,  are  factors  of  /,  (n) ;  «ince  this 
function  vanishes  when  aso/nsl,  »s«3:  -  we  hare  therefor* 
/,  (tt)  sr  a  n  («-  IXn— 2) ;  and 

/s(««+0  -/,W  =  «  »•  («-l)  {n+l-«+2}  =  3a  .  »(»-!) 
a "  ^'*-  '^ ,  and  therefore  a=  j— , 

and  A  W  =»  "^'"^^^^""^^ ,  and  so  on,  for  the  other  terms. 
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functions  o^  x,  which  form  the  coeffidents  of  A*    —  . 

j^    2    g>  &c,  in  die  general  series.    We  haye  already 

deteitoin^  &e  law  of  dftiiratioii  in  flie  most  comniofffcinc. 
tions :  we  shall  now  endearour  to  exhibit  it  in  all  other 
algebraical  functions  whaterer!. 

ii    Let  «=/(^  x/i  (jr)  =  V  .  vr,    we,  in  this  case, 
have 

-V      ax       d'x*    i.e^      > 

and  therefore,  by  the  defii^itioo  of  a  differential,  we  ha?e 

^^'^v-^^A+Vi.  v^*  =  tirfvi+virfv,  putting  ^jr 
for*. 

«.  Let«=/(x)x>i(»>xyiW«tf.v,.ti^l  am«e 
^«v, .  vg :  we  thus  have  u^v  z, 

and  therefore  i/iiesvif  s+  ztf  v: 

but  ^8  =:  i/ •  Vx  V|^  s  v^i/vg-f  T«  i/trj  ; 

consequently 

It  is  obvious,  that  the  same  principle  may  be  appfied  to 


I 

the  ditfererttiatidn  of  a  function,  consisting  of  thd  products 
of  any  number  of  functions  whatever. 

3.    Let  c/8  { /(T)  }«=:t>»}  we  hate  hete 
or  thus, 

.         t 

tpd  consequently 

ax 
4.    Let  «=  '{^'       e=  —  ;  since  t#  =sv.t^.— *,  we  niaV 

differentiate  this  function  as  a  product  of  two  others^  and 
du  s^  fi""* .  dv  +  V  .  rfvj""* 

^    dv  ^  vdvi       Vidv  —  vdvi 
or  thus, 

4.H 
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and  therefore 

ntidv'-v'd^i 

J-  ^  ,   ,^ — _- . 

For  the  rules  of  differentiation  deducible  from  dlese 

'  conclusions,  and  for  their  application  to  particular  ezampleSy 

the  reader  is  referred  to  Nos.  11,  12,  IS,  14,   15  and   16 

of  this  work ;  our  only  object  here  being  to  demonstrate 

them,  in  conformity  with  our  definition  c^  a  differential. 

The  inTestigfttion  of  the  difltsrendala  of  log^riAiiBc  aad 

circular  functions  will  be  found  id  Note  (D), 

Enough  has  been  already  said,  to  give  the  reader  an 
insight  into  the  nature  and  objects  of  the  Differential  Cal- 
culus. We  are.  required  to  determine  a  series  of  deriTatnre 
functions,  whose  forms  and  values  are  all  dependent  npoo 
a  primitive  fudictiooy  ^d  which  sure  also  connected  with  it, 
and  witVeach  other  bf  a  deter  minite  law.  We  readily 
discover  its  direst  use»  in  th^  developement  of  functions, 
and  shall^have  hereafter  occasida  to  remark  them  in  nearly 
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enrjr^dMr|iartof  asalfB(89  andanjiimost  eMrydepartimiir; 
of  dke  difoiy  of  cutv«8  and  nacdnound  pkilosophy :  ks  indi' 
r$€t  uset  will  W  fo«nd  to  consist  hr  fnrniebing  ^Kptesairat 
in  Hennsof  tlift  dacuradre  -fiiacisioiis  of  some  pfimiliTe  ixofti 
whidi  is  rehired  to  be  ^tenaiiied,  ekker^simply  by  tbeoH 
seltrei,  /or  combined  with  «aeh  other^  and  with  other  van* 
tbtea,  it)  the  ferm  txf  eqaadoM ;  bong  a  state  prepMatory ' 
to  the  applicatiM  of  ti^e  Imegral  Galciiins,  I17  which  die 
primitive  function  is  elicited  from  the  differendal  express 
siotis  whith  are  ihtii  presented  to  its  operation. 

The  same  general  rules  4)f  differentiation^  and  the  same 
series  for.  the- dovelopement  of  functions^  h^ve  been  de* 
dui^ed  bj  our  author^  by  the  method  of  limits  which  he 
hgs  adQpted.  The  reason  of  this  agreepient  will  be  best 
expbiried  by  a^tatement  of  the  general  principle  of  that 
Q^ethod.  . . 


iritich  gires 

and  since.v4i5  4^  A^^  &c.  which  are  functions  of  j,  must 
be  of  finite,  though  indeterminate  value,  the  sum  of  all  the 
terms  of  this  series^'  after  the  first,  may  become,  by  the 
diminution  of  A,  less  than  any  assigned  quantity  whatever. 
(jSee  pote  A.)    Its  true  limit,  therefore,  which  is  likewise 

l}iat  of  ^^T^  >  13  i^i ;  and  llhiS)  by  cMvention,  il  reprt- 

.entedbymor^^. 
h  ax 

We  thus  see^  .th9|t  ii^t  Xtna  differential^  in  its  repre- 
^oitfltipn  at  least,  is  identical  i#:  the  two  systems;  and 
since  the  I'miit  of  the  ratio  of  the  respective  differences  q/i 
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the  functfon  and  its  base,  10  indepeiidait  of  die  abiol«t» 
'  value  of  h  or  ix,  wf»  may  contider-it  as  finite  in  every  dif- 
ferential eipression  in  which  it  >  appears.  We  shall  find 
also^  that  the  general  principle  being  once  established^  the 
theory  of  limits  will  sometimes  enable  us  to  determine  the 
coefficient  A^  more  readily  than  by  the  actual  devdopemest 
of/Cx+A),  ,an  advantage  which  is  still  more  observable  in 
the  applications  of  this  Calcitlus  to  the  theory  of  cones. 

These  r^^tsons  would,  in  a  great  measure^  defennine 
the  superiority  of  this  system,  if  it  was  true,  as  is  sonle- 
times  m^ntainedi  that  it  is  of  little  importance,  when  the 
rules  of  Analysis  are  once  established,  \rhetfaer  we  clearly 
comprehend  or  not,  the  principle  of  fh^ir  derivation :  but 
\t  will  be  found,  tjiat  in  most  cases,  a  process  of  reason- 
ing similar  to  that  employed  in  deducing  diese  rules,  must 
likewise  direct  their  application,  and  that  whatever  difficulty 
or  obscurity  attends  their  investigation,  will  be  ^ain  txaced 
in  every  theory  which  ^ey  are  employed  to  demonstrate. 


Our  notion,  indeed,  of  a  ratio,  whose  terms  are  < 
cent,  is  necessarily  obscure,  however  rigorously  its  existence 
and  magnitude  may  be  demonsfrated ;  and  its  introduction 
into  all  our  reasonings  in  the  establishment  of  this  Calculus, 
is  calculated  to  throw  a  mystery  over  all  its  operations, 
which  can  only  be  removed  by  our  knowledge  of  its  more 
simple  and  natural  origin.  We  will  not  attempt,  however, 
(0  enumerate  all  the  objections  which  may  be  made  to  this 
system,  and  shall  only  mention  that  which  we  consider 
-aa^isuperable,  its  tendency  to  separate  the  principles  and 
departments  of  the  Pifierential  Calculus  from  those  of 
common  Algebra. 

We  have,  in  the  preceding  Note,  alluded  to  the  method 
of  Infinitisim'ats,  which  formed  thefoundarion  of  the  system 
of  Leibnitz :   its  principles  may  be  briefly  exhibited  as  felt 

*1pv*?  '^ 
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I 

Assume 

/(x+*)-/(*)=  A/W=^i  *+i<£*'+^s*'  +  kc. 
He  considers  A  as  an  infinitesimal  quantit^^  since  -1=^27 

A* 

•p  =  &€.  and  1  is  assumed  to  be  infiniteljf  greater  than  h^ 

we  hare  h  also  infinitely  greater  than  4%  A'  infinitely  greater 
than  ^1  and  so  on:  thus  A,  A%  A',  A^,  &c.  and  consequently 
^1 A^  A^\  AJfy  &€.  form  a  series  of  infinitesimal  quantitieSf 
each  of  which  is  infinitely  greater  than  the  sum  of  all  those 
which  succeed  it. 

He  therefore  assumes 

Upon  the  same  principle  we  have  dA^^qdxp  Jq:srdx9 
d  r^idxy  and  consequently  d^f{x)^qdx^^  iPf{9)mnda^, 
i^f(x)ssx  d'jt^^  and  so  on  i  the  difierent  orders  of  differen- 
tials constituting  so  many  orders  qf  infinitesimals. 

The  difl«rential  being  considered,  aa  a  particular  state 
of  the  difl^rence,  the  rules  of  difierentiation  are  deducible 
with  great  readiness  and  simplicity.  Thus«  let  u^Wi^ 
then  l^+•  A«2r(v-|- Av)  (vi+  Avj)^ 

or 

u+dusz(v+dv)  (vi+dvi)sWi+ntivi+Vidv+dv  .  dvi 
and  du'^.vdvi'^Vidv'^'d^  ,  dvy 

ssvdvi+vidv,  since  dv  •  dv^  may  be  neglected  as  an  infi- 
nitesimal of  an  order  superior  to  that  of  dv  or  dvi. 

The  differentials  of  products  involving  any  number  of 
functions  as  factors,  of  powers  of  functions*  bothTracttonal 
^nd  integral,  and  of  functions  under  fractional  forms*  may* 
without  difiicultyi  be  deduced  from  the  result  ^bore  given. 

Again,  let  uzzAn  *j  then  u+Au  =  sin  ( «+ Ax)*  or  , 
y+dus=sin  {x+d  x)  =  sin  «  •  cos  </x+cos  x  .  ^  dx\  but 
in  the  infinitesimal  system  cosdx^l^  and  ^in  dx^dxy  ^r^ 
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U'i'du  a  sin  ^+cosxdx, 

*  In  a  simUflr -maaner  it  may  be  applied,  to  £nd  the  dK* 
fef  entials  of  the  other  trigonometrical  lines. 

The  rules  o£  differentiation  are  more  easily  -deduced  by 
this  method)  than  by  any  other ;  and  it  also  admits  of  a 
very  ready  application  to  the  more  common  quesdons  con- 
cerning curve  lines :  but  it  Is  otherwise  liable  to  the  saQie 
objections  as  the  system  of  D'Aleihbert,  andto  many  others 
from  which  that  system  is  free;  for  its  .first  principles 
hardly  admityof  demonstration,  and  by  considering  the  suc- 
cessive differentials  as  infinitesimds  of  successive  orders, 
we  are  unable  to  form  any  notion  whatever  of  their  connec- 
tion with  each  otheci  and  with  the  fuoclion  from  ^iduch 
they  are  deprived. 

We  will  now  endeavour  to  give-  som^  account  of  the 
method  of  fluxions,  which  was  for  a  kmg  time  the  nval  of 
die  Differsatial  Calculus  of  Leibokz,  and  which  is  adopted 
even  at  this  day  almost  .uliiversally  by  English  mathemati- 
cians. 

If  we  consider  a  curve  as  generated  by  the  uniform  mo- 
tion of  a  point,  we  may  decompose  the  velocity  of  this 
point  into  two  others,  one  parallel  to  the  axis  of  the  ab- 
scissae, and  the  other  parallel  to  that  of  the  ordinates.  These 
velocities  are  severally  the  Jluxions  of  the  arc,  the  abscissa, 
and  the  ordinate.  It  is  also  evident,  that  unless  the  mov- 
ing jppint  describe  a  straight  line,  the  fluxions  of  the  ab- 
.scissa  and  the  ordinate  must  be  variable  quantities,  and 
'  their  ratio  at  each  instant  of  this  motion,  ifaust  depend 
upon  the  nature  of  the  curve,  or  .the  relation  of  the  co- 
ordinates. We  may  also  suppose  the  mc^ion  in  the  direc- 
tion of  dne  of  the  co-ordinates  to  be  uniform,  and  coi^e- 
quehtly  the  velocities  in  the  direction  of  the  corve  mnd  of 
the  other  co-ordinat^,  must  be  considered  as  variable:  we 
may  also,  as  is  generally  the  case,  confine  our  attentioo  to 


dbe  anetioM  in  tbe  directions  of  the  two  co>ordinateft  oiily» 
onis  €{  theoi  being  alwaja  aupposed  to  be  unifbrni  and 
Mnsum. 

Fhjsdonst  being  considered  as  Telocities^  must  admit  of 
#8timation  in  the  same  manaer  as  these  relpcities  them*' 
sehr^a^  and  most  be  finite  or  not;^  according  to  the  nature 
of  the  ^vantities  of  which  thej  are  the  representatires* 
They  will  not  therefore  be  equal  to  the  quotients,  which 
arise  ihrom  die  division  of  the  actual  incTementsof  th^ 
cutre  of  co-ordinatee,  by  the  time  in  which  the  change  h 
effect^;  but  to  those  which  would  result  from  supposing 
die  increments  suoh  as  would  be  generated  by  the  conti- 
nuance of  that  velocity  with  which  the  change  commenced 
uniformly  throughout  the  whole  time.    The  time  itself  ie 
assumed  as  a  unit ;  and  the  fluxions  may  therefore  be  seve^* 
rally  represented  by  the  whole  incrf  ment  of  that  part  whidi 
it  generated  by  a  uniform  motion  and  by  the  jHietOml  in- 
cvements  of  the  other  two. 

The  fluxions,  which  are  not  constant^  may  be  taken  as 
the  co-ordinates  of  another  curve,  which  will  likewise  have 
their  fluxions,  of  finite  and  estimable  magnitude.  These 
may  again  be  taken  as  the  co-ordinates  of  a  third  curve, 
and  so  on,  so  that  there  will  never  enter  into  considera- 
tion any  quantities  which  are  not  finite. 

The  method  of  fluxions  will  thus  consist  in  finding  the 
relation  that  subsists  between  the  fluxions,  when  we  know 
the  relation  between  ^e  co-ordinates  ^  an4  reciprocally^ 
since  the  relation  between  the  co-ordinates  must  depend 
'  upon  that  of  their  fluxions  at  each  instant  of  time,  it  wiU 
be  another  problem  to  find  the  relation  of  the  co-ordinates, 
when  we  know  that  of  their  fluxions,  either  simply,  or  com- 
bined with  the  co-ordinates  themselves.  This  is  the  object 
of  the  inverse  method  of  fluxions,  which  is  also  called  the 
method*  of  fluents. 

The  method  of  fluxions  is  not  confined  to  the  lines 
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generated  by  the  modon  of  a  point;  it  may  be  extended 
alsoi  by  analogy^  to  the  areas  of  curres  generated  by  the 
uniform  motion  of  ordinates  of  variable  length :  for  if  ve 
assume  tMro  co-ordinatesj  one  to  represent  the  area  gene* 
rated)  and  the  other  some  area  described  upon  the  abscissa 
of  the  given  curve,  by  a  given  and  invariaUe  line  moving 
with  the  same  velocity  as  the  vatisible  ordinate  itself,  their 
changes  will  be  analogous  to  those  of  the  areas.  Suppose 
now,  that  the  increment  of  the  area  of  the  curve  is  so  mo- 
dified, as  to  bear  the  same  ratio  to  the  increment  of  the 
other  area,  that  ihejluxions  of  the  co-ordinates  bear  to 
each  other :  and  since  the  increment  of  the  rectangular^ 
area  varies  as  the  fluxion  of  the  co-ordinate  by  which  it  is 
represented,  since  they  both  increase  in  the  same  ratio  widi 
the  units  of  time,  the  other  modified  increment  will  also  vary 
as  the  fluxion  of  its  representative  co^rcUnate,  and  may 
consequently,  by  analogy,  be  called  thefiifnon  of  the  area 
of  the  curve.  We  may  also,  upon  a  similar  principle, 
speak  of  the  fluxions  of  the  volumes  and  curve  surfaces  of 
solid  bodies ;  of  forces  to  communicate  motion,  and  even  of 
functions  themselves :  for  we  may  always  assume  two  co- 
ordinates, one  to  represent  the  volume,  curve  surface,  force, 
function,  or  other  variable  quantity,  which  b  the  subject  of 
consideration,  and  the  other  some  quantity  of  a  nature  and 
dimension  similar  to  the  former,  the  increase  of  the  second 
co-ordinate  being  always  supposed  proportional  to  the  time. 
We  consequently  must  have  the  cotemporaneous  changes 
of  the  quantities  proportional  to  those  of  the  co-ordinates  ; 
and  their  fluxions  also  must  be  proportional,  according  to 
the  hypothesis  we  have  already  made. 

We  thus  see,  that  if  the  term  fluxion  be  applied  to  the 
actual  increment  of  the  auxiliary  quantity,  the  fluxion  of  the 
variable  quantity  itself  must  be  such  a  modified  state  of  its 
increment  also,  as  will  make  it  a  fourth  term  in  the  propgr* 
tion  alluded  to.    The  denomination  is  thus  transferred  to 
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a  poitmid  imMmaat  af  die  inmMe  quantiiy,  fram  die 
actual  inioa  of  die  oe^ofc&iate,  vhi^  ift  aasumed  as  ita 
cefTQseiiudre. 

The  infdMKl  (^  4wi<^8  i»  mtsmOji^d^cH  fr^m  ik^ 
metboA  '^S  Pcwe  ^  Ukimate  Ratios }  for  a  fluxion  is  the 
ukm^if  vH^^f  the  qMlieiity  which  arises  from  th?  duri* 
aios  of  di#  apace  wUch  fe|^<^ei|iu  the  increment  of  thf 
CQ««f#nete*  1^7  tbe  wWIf  twe  of  the  motion ;  for  diis  fffn^ 
tiwitt  hj  the  dimifiuti^ti  of  the  timey  may  be  made  to  diflier 
fisoivi  die  fliwon  by  a  jquantity  less  than  any  that  ^n  bo 
assigned.  A  fluxioni  therefore^  in  its  analogical  senfe^ 
nsay  be  defined  tp  be  the  iimit  of  die  inorement  of  the  vari- 
ahls  qusmtif^y  upon  which  it  is  dependent,  and  may  be  cpor 
se/^uendy  considered  as  idenucal,  both  in  its  r^resentatiqo 
and  properties^  witb  the  tenn  dijffftntiai,  in  the  system  of 
D'AIendiert. 
•  U  Af(x)^Jih+A¥+Asl^  +  &c. 

represent  the  increment  of  one  of  die  co-ordinates  corres-* 
ponding  to  the  increment  il  of  the  othor;  ihcpi  Aii  and  k 
wall  represent  tbw  flusuoos ^  for  i  is  proportional  to  die 
time  aivi  velDdty  jointly^  and  is  cofiseque^dy  tbe  fluxkm 
of  the  second  coordinate,  when  the  dme  is  assumed  as  a 
unU  I  and  ^i  A  is  the  only  part  of  A/(x),  whose  mggmk 
tttde  increases  in  the  same  proportion  with  h^  or  with  the 
fluxion  of  the  other  co-ordinate ;  and  since  the  proportion  • 
of  the  llttsion$  is  independent  of  k^  we  eridendy  see,  diat 
t^ik  is  the  only  part  of  the  difference  whidi  will  answer 
that  condidon. 

•We  may  readily  extend  this  principle  to  determine 
the  fluxion  of  any  function  whaterer,  by  considering  the 
changes  of  the  function  and  its  base,  as  analogous  to  the 
changes  of  the  coitordinates  $  and  the  first  term  of  the 
increment  will  sdll  be  found  to  correspond  to  the  fluxion. 

We  thus  find,  diat  all  the  different  sjstems  which  we 
hare  esaniin«d,  terminate  in  the  same  general,  principle  or 

4i 
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conclusion,  that  the  difftrential  orjlmcipm  tst  zfutictim  is  the 
first  term  of  the  devehpement  rfits  diftrtme  or  sneremeat* 

The  consideration  of  motion,  which  is  essential  to  dier 
method  of  fluxions,  is  foreign  to  the  spirit  of  pure  Analyas; 
and  the  analogy  by  which  the  name  and  properties  of  a 
fluxion  are'  transferred  to  a  modification  of  the  difference 
of  a  function^  is  strained  and  unnatural.  The  diflerent 
orders  of  fluxions  also  are  involved  in  considerable  obscu* 
rity,  and  we  are  utterly  unable  to  comprehend  the  con- 
nection which  they  respectively  bear  to  their  primitive 
function. 

In  the  brevity  of  its  demonstrations,  and  in  the  faciHty 
of  its  applications,  it  is  unquestionably  inferior  to  all  the 
other  methods }  and  the  mixture  pf  mechanical  and  geo» 
metrical  considerations  upon  which  it  is  founded,  are  little 
calculated  to  assist  us  in  investigating  the  properties  of 
functions  which  are  always  algebraical  in  their  form,  and 
generally  in  their  nature  also. 

But  the  most  important  distinction  between  this  system 
and  the  Difierential  Calculus,  consists  in  a  diflferent  nota- 
tion. The  student  will  best  judge  of  its  merits  by  com- 
paring it  with  the  Differential  notation,  in  a  few  examples. 

iT  We  denote  dx  or  h  hj  i:  in  this  case,  they  may 
be  considered  as  equally  simple. 

2.     Again,  du,  d^u,  d^u,  are  severally  denoted  by 

n 

'»,  u,  u,  u;  this  notation  becomes  complicated^  when  the 
number  of  dots  is  considerable. 

.O.     Take  Laplace's  series, 


d 


dj     1         dy          TTi^      ds*  1  . « .  3 

+  &C.  + t    ._■'    •  ,     - +  &c. 


NOTES. 

In  tihe  fluxional  notation  it  will  become 

',.<- 

/2-i\(-T->) 

af 

+  &C.  +             ^  ,_, 

1.2. S  . 

,.,n 
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i.^.y 


+  &C. 


The  notation  for  cases  of  this  kind  is  deficient,  both  in 
symmetry  and  simplicity. 

4.  The  difficulty  of  denoting  the  operations  of  finding 
the  different  orders  of  fluxions  is  very  great,  when  fom 
we  put  the  function  itself,  which  it  represents. 

Thus, 

1.  d  .fix)  IS  denoted  by  [f{x ))  •  or/U)  * 


S.  d* —  s  by  /  -^J_V  or  — s 


4.  rf*.  (!-*«)- by((l-JrT)or(]-««r  ■ 

5.  d*%mx        —  by  (  sin  jr)  •  or  sin  x 

6.  d  Aogx        by  ( log  x)  •  or  log  x 

T.  d  .tf  — —  by  (fl')  '  ox  tf^* 

We  have  taken  examples  of  the  most  simple  and  com- 
mon kind,  in  order  that  we  may  not  be  accused  of  misre- 
presenting the  real  merits  of  the  question:  by  taking 
functions  of  a  more  complicated  nature,  the  aukwardness 
of  the  fiuxional  notation  will  become  more  and  more  mani- 
festj  particularly  when  the  order  of  the  fluxion  is  consider- 
able.   But  the  best  argument  of  its  utter  insufficiency  in 
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most  cases  of  tliii  sftfetM,  is  dcrilnsd  ham  die  pnddas  of 

flazioiiista  themselTeS)  who  usually  denote  the  operatioa  by 
a  Terbal  statement^  or  by  prefi)dng  some  abbrenatioa  of  die 
word  fluxion. 

5.  The  beautifijd  theorem  of  Lagfailge,  so  important 
in  the  theory  of  Finite  Differences, 

,  A^u,  =  ^#^  -  1^  \^       (App.  Art.  $87.) 

thd  many  others  connected  with  it,  are  incapable  of  repr^ 
sentation  by  the  fluxional  notation. 

But  this  note  has  abeady  exoeeded  ita  proper  bovadst 
and  we  must  come  to  a  conclusion :  the  diflerential  nota- 
tion is  equally  cont^enient  fot  representing  bdlh  opefidon 
and  Quantity;  its  symbols  are  distinct,  attd  nerer  idM- 
guous;  it  is  sy'mteetiical  in  ail  cases,  and  it  coMintMs 
equally  simple,  Caterer  be  the  order,  of,  theVfiftfeotial, 
or  the  nature  of  the  funcdon  to  which  it  is  s4ppUed }  whilst 
that  of  fluxions  is  deficient  in  nearly  all  die  essential  par- 
dculars  which  we  bare  jtist  enumerated,  alid  ih  the  iepre- 
aentadoa  of  many  important  theorems  it  absolutely  fails. 


Nqtb  (C). 
The  series  of  Maclaurin, 

i  J  •  X  1 .  s  •  9 

which  is  made  use  of  by  our  author  in  the  invesdgadon  of 
the  more  general  series  of  Taylor,  may  more  naturally  be 

derived  from  the  latter, 
i^or,  since 

or, 
/(*+*)«/(,)+yi(x)*  +  /.(,)  JL+7,(,)^+»c 


/i  (*)f  A  (»)>  /s  (^)»  *«•  •ereraUy  rcpteeentiiig 

Jlr     1/4:*    rfjT*  * 
Let  XKO }  an  hypothesis  which  gires 

/(»)»/(o)+/i(o)*   4/,(o)~+/s(o)j-^^+&c. 

where  /  (0),  /^  (0%  /,  (o),  &c.  severally  represent  Ae  tz- 
lues  of /(x),/i(x), /,(*),  Sic.  when  ;t  becomes  equal  td 
]  Mdiing.    ChaDgiiig  A  into  t,  we  get 

/tr)-/(o)+A(o)|+/,(o)^  +,  (o)  --^  +  &c. 

orrepIaciag/(o),/i(o)^/a(o)|&c-  by  ir«»  Ui,  iTti  Sic.  wp 
haTe 

It  is  evident  that  this  series  will  furnish  the  means  of  deve- 
loping any  function  of  s  whatever,  in  terms  of  ascending 
integer  powers  qf  x,  and  constant  coefficientSi  if  the  func- 
tion Itself  be  capable  of  such  a  form ;  but  if/  (x)  be  of  such 
a  nature,  as  to  involve  in  its  developenient  negative  or  frac- 
tional powers  of  x^  it  will  then  be  fettnd^  dut  tfen  dieorem 
will  fail  m  effecting  it. 

The  supposition  of  x  having  a  particular  value^  which 
is  necessary  to  deduce  this  theorem  from  the  more  general 
one  of  Taylor,  deprives  it  of  that  generality  which  is  essen- 
tial to  the  latter :  it  is  on  this  account  that-  its  application 
fs  not  general.  We  will;givfe  some  instances  of  its  hiSxm, 
when  w^  coin^e  to  note  (H). 
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Note  (D). 

,    The  diflFerential  of  ifis  Jiafdx,  where  A  is  equal  to 
the  series 

1  2  S  ' 

for  this  is  shewn  by  our  author  to  be  the  first  term  of  the 
difference  «*(«*—  1). 

The  differential  of  a  logarithm  is  deducible  from  that  of 
^.    (See  No.  26.) 

The  general  series  of  Taylor  furnishes  us  with  a  means 
of  developing  ^i  even  without  a  previous  knowledge  of  its 
differential.  The  constant  A^  however^  which  it  in- 
volves* will  remain  indeterminate. 

Thus,  let  «•  =/(jr)  and  ^  =:/(y)  =  u ;  then  o^xa' 
:=  fl*  •*■  "=  /(jT  +y) :  we  hence  obtain 

Consequently,  by  dividing  by/(  jr )  ori^,  we  have 

^    dj^        1^.1.2.3 

and  since  ^  cannot  enter  into  a  developement  oif(x\  the 

,  -    J?      **  jp* 

several  coefficients  of  --  ,  — -  »  ,   &c.    must  be 

1      1.2      1«2.3 

constant  quantities:  we  must  have,  therefore,  £iL  =^4, 

a  constant  quantity,  and  -^-.=:i^a»';    also 
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i'^^^A       ^^  A         A       ^^  A%     % 

dt  dtf 

fl^A-.^^A-.Aa^A^^'. 
dy^  dy 

d*  u 

-r—r  ^^  «  »  a'ld  80  on : 

hence 

;j-^—  =>^i  :7-x—  =^%  and 
My\u  dy.u 

^nd  therefore 

1.2  1. 2  .S 

If  J?=— J,  we  shall  have 

1  11 

tf2=:)  +  i4.  —-+—-—    +  &c.  =  /,  where  /  is  that 
1»2      1«2,S 

value  of  ^1  which  makes  A^sX.     We  thus  get  e^  ^a\  and 

consequently*  ^  =  log  ii  to  base  e^   or  it  is  equal  to  the 

Napierian  logarithm  of  a.      Since  ^sa's  N,  we  have  log 

N  to  base  azz,Ax-=zA  x  log  ^to  base  e.    Thus  logarithms 

of  the  same  number,  corresponding  to  the  different  bases, 

e  and  a^  are  connected  with  each  other  by  the  constant 

quantity  A. 

We  thus  see,  that  it  is  unnecessary  to  embarrass  our 

calculations  with  logarithms  calculated  to  different  bases, 

since  they  admit  of  so  ready  a  changfs  from  one  system  to 

another.    We  shall  find  it  convenient  to  choose  e  for  our 

base ;  and  whenever  the  contrary  is  not  specified,  log  u  or 

1  u  may  be  considered  as  calculated  to  that  system. 

*  The  reader  will  find  no  difficulty  in  demonstrating  the 

following  logarithmic  series : 


6d4f  Nont. 


^      :     -.  } 


&C. 


The  uses  of  the  first  two  series  may  be  seen  in  Lagrange 
Calculdei  Fonctiofu,  sec.  4.  The  third  is  remarkable  for  the 
elegance  of  iu  form^^and  wiH  be  found  useful  m  tbe  course 
of  this  NoKi  in  the  demonstration  of  a  verj  curious 
theorem. 

The  drvelopements  of  cos  x  and  sinx  may  also  be 
etfaetadt  by  means  of  Taylor's  tbeerem,  without  a  previous 
knowledge  of  their  differentials.  The  constants  also  whidi 
are  severally  found  in  themi  will  require  a  separate  deter- 
mination^ 

Let  cos  x^f{3£)y  and  therefore  cos  jr,  cos  (y+x)  and 
cos  (y — x)  may  be  represented  respectively  by /(y),/(y+x), 
/(y—x):  A  very  common  trigonometricaL  formula  gives 
us  the  equation 

Ako»  representing /(y)  by  » ,  we^faave 

and 

By  adding  these  two  series  together^  and  dividing  theit  sum 

by  «/(y)»  we  get 

^  .     _  ,      </*«  X*      .     rf*«  X*  •   »,^ 
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a  series  into  which  no  function  of  y  can  enter :  the  coeffi- 

cients  ^,  j^  &c.  must  therefore  be  constant 

quantities.    Since/ (x)  or  cos  i*,  must  be  less  than  unity> 

we  m^y  assume !^=:  — a*,  and  therefore  -—-  =:-«*« 

'  u.dy^  ay* 

=  —  0*  cos  y.    We  hence  deduce 
i^^  -fl'.il*'  =  -fl\  ^J'u^f^u^  and  therefore  £jL=4*. 

In' the  same  manner,  we  shall  find 

=  —  ^, =^,  and  so  on ;  consequently 

u.dtf^  u.d}f 

COSXssl-  4-  ^  —  ,.  +  oCc. 

l.iS      1.2,3.4         1.2.3.4.5.6^ 

in  which  a  alone  remains  to  be  determined. 

Assuming  sinx=f(a:),  and  therefore  sln(y  +  r) 
«♦  (y+x),  and  sin  (y-x)=:f  (y-x);  we  readily  deduce 
the  following  equation, 

4f  (x)-x  /(y)=?  (y+x)-f  (jf- X).. 

Developing  f  (y+x)  and  ^  (y— x),  and  dividing  the  dif- 
ference of  the  resulting  series  by  2/(y),  we  shall  get 

dv       X       d}v  i^ 

"^^^^'irTy^ivrF^'TTr^ 

u.dy^  •  1.2.3.4.3^ 
where  v  represents  9  (y).    We  may  conclude,  for  the 

same  reason  as  before,  that  — -r-  - — -j-z  $  &«•  ^^  ^eve- 

u  .dy  « .  ojr 

ndly  oototaot  quantities* 
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Assume  — ?-  =*,  and  consequently  -r-  =*«=*  cos« ; 
tiidy     .  ;*         ^  dy 

hence  also— r-^=*  .— -^  =  -/i*  *  .  cos  v;  and  therefioie 

, — jIL=  — a*  i :  in  the  same. manner >«re  shall  find    ■  ,\ 
' u*d^  \    '       '  u  -Bjr 

=+^^^9  and  so  on,  for  the  other  coefficients. 
VTe  consequently  obtain 


1.2.3^  1.2.3.4.5 


I 


We  have  already  shewn  in  what  manner  h  may  be  deter* 

mined  to  be  equal  to  unity  (See  note  A).    We  may  also 

prove,  that  a^=  1,  in  virtue  of  the  equation 

cos  Af*  +  sin  a;*=l  ; 

or  more  readily  thus ; 

d .  sin  V      ,  \.       ja  *      '  J 

smce  — ~ =1^  cosj:  =  cosjr,  wehavea  sm  xscosxax; 

ax. 

also,  cos  X  =2  sin  (-— ^)  y  and  therefore  d.ca^n 

=  d.sin  (5-r)=cos(  \-^^d.(^Z^x) 

=  sin  *  .  —  d  x=  —  sin  X  d* ;  consequently 

d*  cos  ^         d  ,  sin  x  a  j  -.L-.«..r.^ 

—       -  = s=  -cos  x=5— <»*.  cosx:  and  theretoR 

d  X  d  X 

a*=l. 

Wetbudget 

smx  =  X +   2 &c. 

l.e.3  1.2.a^4t5 

cosir^l-^    +   i-_.    -    5- +to. 

1.2         l.a.3.4         1.2.3.4.5.6^ 

The  reader  must  already  hate  remarked,  tint  the  cUf- 
ferential  coefficients  of  #^  are  severally  equal  to  eadi  iHii^* 


and  to  the  original  function  ;^  property  by  whic|irthe 
derelopement  of  ^  is  very  easily  effected.  Thus^  as- 
suming 

ax 

and  equating  the  corresponding  terms  of  these  identical 

.  stnefliy.  ifse.find  .     :  .  .. 

'  1  I  ' 

«i=  If  ^«-T-5 »  ^3  =  -  •      a  >  '&c:  &c. 

therefore^    - 

The  differential  coefficients  of  sin  x  and  cos  x,  which  are 
of  an  even  order,  also  reproduce  their  original  functions, 
though  with  signs  alternately  negative  and  positive :  thUs 

d'^  sin  X  .         d*  sin  x  d^  sin  a:  .        «, 

-^__=-8in*,_2-j-  =  8mx,   -j-5_=-.m*,&c. 

This  property  likewise  fumishesr  a  very  ready  means  of 
developing  sin  x  and  cos  x* 
For,  assuming 

sin  a;  =5  ill  x+a^  x^+Os  x^+a^  x*  +  &c. 
''  we  have  ,  .  ~  *". 

a^ sin ;r  .  _  ^         .  <«    a  i  a.    .i  a. 

— -r---  =  —  sm  x=1.2  .  a2'¥^»S  aiX'»^3.4f  •  ^4  x^ 
ax* 

:   \  +4.5.  flaX*  +&C. 

=;  — H,  X— 40  A?*  — flj  X^ -fl4  X*— &C. 

we  thus  get    .     .  «- • 
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and  consequemlyi  U  Oi'si'l, 

**  x^ 

1.2.3     l.£.S.4.5 

In  the  satoe  manner  it  may  be  applied  to  the  defdope* 
ment  of  cos  x^ 

Also,  .f  u,^,  -j^,&c. 

were  severally  equal  to  each  other,  tbe  derelopement  of  m 
might  easily  be  e£Fected :  we  should  find 

1.2.S.W         1.2...  2  » 
or 

uzza, *'^,      +  .,  ''*^" &c. 

'      1.2.S.«         1.2.9...2W 

if 

were  alternately  negative  and  positive. 

We  have  here  assumed  in  some  degree  the  form  of  the 
developement,  particularly  with  respect  to  the  first  term: 
if  we  had  supposed  the  first  term  to  be  a^^^i  we  should 
have  had 

,,-,_^.     ^-^-^-     +     ^.x"-«-"     ^^^ 

m.  (m+ 1  )..•(!»+«)      tn.  Cw+  l)..,(i»+2»> 
and 

m  (iif+l)»..Cm+«)         HI  (m+l)-..(,iw+2i») 

for  the  second  hypothesis. 

We  shall  find  no  difficulty  ii)i  deducing  the  following 
expressions  for  sin  x  and  cos  Xy  which  furnish  the  means 
of  demonstrating  many  curious  and  important  theorems. 


2  1.21.2.8.4^ 


2  V-i  1.2.3       1.2.^14.5  , 

We  hence  find  -    ^ 

^  ^"^sscoBx+^Z^  Sin  Xy  and  /-"'  ^"^^=:*coe  x-  V^igin  x. 

AUOf  by  putting  /?  j:  for  x,  weT>btsun 

€^  ^  "--^zicos  n  jr+V-  1  .  siniijr, 
and 

^-^»'^"^i=cos  iix- VlTi ,  sin  If  a:'. 

Sbce  ^^"^=(^'^^%  and /-• '^^K^-'^'^^ 
me  get  the  following  remarkable  eqtotions : 

(cos  T+V^^l  .  sin  r)»«c08  /I  x+v^—  l  .  siniix 
(cosx— V  — 1  .  8inar)*=co8  /ir  — V  — l  sin  nx, 
which  were  first  discovered  by  Demoivrte. 
Again,  since 
^^^^"^^1=  cos  x+V-i.sin  xsscos  x(l+^~  .  tan  x), 
we  have 
log ^"^ "^^^as  X  vCTis:  log  cos  x+log  (l+v^~.  tan x) 

tan  ^x      y — -  tan  ^x    tan  *x  ,  p, 

ilogco8cr+v-n..tanx  +  -— -4/- i-j- -_p  +  &c. 

The  foUowmg  equation  must  be  true : 

^ y  -^-.  /.  tan  'x    ,    tan  ^^  ,    i^,^  \ 

^V'TT^rV  ~  ^tan  r —  +  —^  +  Bcc.  J 

and  therefore 

^          tanV     i     tan^x       « 
x  =  tanx —  +    •  ^  ■  —  occ. 

which  is  the  expression  for  the  arc  in  terms  of  the  tangent. 

Again,  since 
logii=«-ii-*-^— ^ + 3 4— » 
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t  _ 

if  we  put  ^^  — » in  tie  pbce  of  u,  and  divide  die  whole 


by  2  V  —  i,  we  sliaU  have 


X 


+  5  •       -  -  „    ,      -i  -  8cc. 

an  expression  for  x,  in  terms  of  the'  sines  of  xi  and  its  mot 
tiples,  which  was  fifist  given  by  Suler* 

By  taking  the  auccesaiye  differential  coefficients  of  this 
equation^  we  shall  obtain 

i=co8  X— cos  2X  +  C0S  8  X— cos  4  X  +  8cc. 

os:-sinx  +  2  sin  2x-S  sm  3x+4  sin  i-x— &c. 

0=  — cos  x  +  fi» cos  2  X— 3* cos  2  x+4^  cos  4  x-  &c- 

and  generally 

oascos  X-  2^  cos  2  x+3**  cos  S  X— 4**  cos  4  x+&c. 

ossin  x-2^"  +  ^  sm  2  X  +  3'"  +  ^  sin  3  x- 4"»  +  *  sin 4x+  &c 

If  in  the  first  of  these  eipressions,  we  make  x=o,  we 
get 

o  =  1  -  2?*  +  3*»-.  4*»  +  &c. 

If  in  the  second,  wep«it  x:=  ^  >  W^  have 

But  the  harrow  limits  of  this  Note  will  not  allow  as  to 
jequmerat^  all  the  other  curious  and  elegant  results,  ^irfiidi 
are  deducible  from  these  exponential  formula  for  the  sine 
and  cosine.  >We  shall  proceed  to  consider  the  develops 
ment  of  the  tangent  in  terms  of  tbe.arc^  which  is  alluded 
to  by  our  author. 


We  may  make  use  of  the  series  6f  Maicbiithi  for  this 
purpose.    Thus, 
ti=:tan  x  ^ 

^  =  _i_  =  l+ian»x=l+«»,  -  ' 

dx        cos  x^ 

^  t=2  1^  (1  +3  «0=:2+2  ,  4  .  11^2  .  3  .  i^, 
oj'    .    ax        ,  • 

d^u  du 

dx*    i     dx 

CB  2  .  2  i  4  If +  2  /  4  .  5  fi'  +  2  .  S  .  4 .  »*, 

^  -  i^  (2.2.4  +  2.3  .4,6«»+2.8.4.5.«*) 

O  X^  u  X 

=2.2.  4+2  .4.  17  .  w'  +  3  .  4* .  5  «*+2  .  3  .  4  .5tt«, 

&C.  ,  .  ' 

consequently/  ;. 

t/o=o,  t7i=l,  tr^so,  173=2,  1/4=0,  1/5=16,  8cc. 
and  therefore 

tanj:=j:-{ — r-—  +   — - — _ -l  &c. 

1.2.3         1.2.3.4.5^ 

There  is  nothing  in  this  result  which  can  enable  us  to 
determine  the  law  of  the  formation  of  the  other  terms,  and 
the  process  by  ^hich  we  deduced  it,  is  tedious  and  embar- 
rassing, particularly  when  applied  to  find  terms  beyond  the 
third.  The  following  method  is  much  moie  simple,  and 
^U  also  aflford  us  the  means  of  assigning  the  law  which 
connects  each  teprm  with  all  those  which  precede  it. 

X*  x^  ^ 

T  — .  4-  ■  -*&C« 

_Sihy_       i;2".y^l.g.3.4.5 

""  COSX  X*  ^  o 

1,2^1.2.3.4  ^ 
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for  it  is  ob?iottS9  that  tbe  even  powers  of  x  cannot  enter 
into  this  series  ;  consequendy 

'-rrs^ixlx-.  -»ic.=<-,.-H.-'+..'«+««.)x 

1.2      1.2  1.2 

.3.4        ^      .  1.2.S.4 


1.2.3.4 


.a 


-  See.    -.        ■   *"* — -a*'+»-8u:. 
1.2.S.4.5.6 

+  8cc. 

Comparing  the  coefficients  of  the  same  powers  of  x  in 
these  two  identical  series,  we  shall  get 
fl,  =  1 

^  _^ i_ 

»~1.2         1.2.3 

«»     _  «!  +    1 

"s^lTi         1.2.3.4  1.2.3.4.5 


•T-Y72  "~   1  .2.3,4         1.2.3.4.5.6  1.2.3.4.5.6.7 

and  generally 

*«»  +  »~T72"     1.2.3.4     1.2.8.4.6Xi     1.2.3.4.6.6.7.8^^ 

±     .     '  T  — - 

l.«!...  2fi       1*2.3...  (2  «+l) 

We  hence  get 

2  16  872      ^, 
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It  18  evidenti  that  the  same  method  may  be  appHed  to 
the  developement  of  cot  x,  atid  the  remaining  trigonome* 
trical  lines. 


Note  (E). 

We  will  here  give  the  theorem  of  Lagrange^  which  1$ 
so  important  in  the  derdopement  of  functions^  and  in  the 
reversion  of  series. 

Let  uaf(y),  zady:=LZ+x  f  (y),  where  z  is  considered 
as  independent  of  the  rariation  of  x.  The  theorem  of 
Maclaurin  will  give  us 

pur  next  object  is  the  determination  of  the  form  of  the  co» 
efficients  Uq,  U^,  L\,  &c. 

We  shall  assume  To,  Ti,  T^^  8cc.  to  represent  the  va^ 
liifs  of  «r,  -^  ,  --*t ,  8tc.  when  r=ro:  we  shall  also  put 

f  f^)=v,  f  (»)=/>,  /(«)=Q»  and  t^  «  q. 
In  the  first  place^ 
ymz  +  xv, 

dx  dx 


1^  ■     dx 

dx"         d^ 

Sec.    «    &c. 

41. 
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Again, 

«  =  9_(y\ 

dv   _  dv     dy 

dx         dy'  Jx* 

d*v_d'v    dv*    1  dv    d'y 
</i»     dy'  '  dx*  "^ dy    dx'* 

d*v     d*v     dy'.Sd'v    dydhf 

</w    d*jr 

dx'     dy*     dx*       dy*-  '    die" 

?P*</:t» 

&c.     =     &c. 

Consequently, 

ro=x. 

rj=y(z)=/>,  - 

'■.--?i=^- 

*      ^     dz^  dz       dz^     dz        dz^     dz* 


&C.      a      &C.  . 

Also, 

dx      dtf     dx 

f^_^    d^  I  du    d*y  ^ 
dx^    dy^'  dx^^ dy^  df' 


^u  _^u     dif"  ^Sd^u    dy d\ y  ,du    d^y 


8cc.     =     &c 
We  hence  deduce 


m 

-     ■  «'  '     ! 

We  consequently  have 

ViTfy    ij       j^  1.2    •       iz»        1.2.3^ 

or«  lepladng  Qt  ;>  aiid^by  the  quantities  which  they  seve- 
rally represent,  we  have 

If  we  suppose  x*^  i,  the  series  becomes 

«=/(.)  +  , (,)^  +  i j-££_.._L+&c.    (2) 

« which  is  the  celebrated  theorem^  first  given  by  Lagrange,  in 
the  Memoiris  de^  F Academic  de  Berlin^  for  the  year  1768. 
He  has  considered  ^t  great  length  its  different  properties 
and  applications,  in  his  Traitl  dc  la  Risdution  dcs  Equations 
Numeriqucs^  Note  xi. 

The  proof  which  we  have  given  of  this  theorem,  though 

'  sufficiently  simple  in  principle,  will  probably  be  a  litde  em- 
barrassing to  a  student  to  whom  this  species  of  reasoning 
cannot  yet  be  supposed  to  be  familiar*  We  shall,  on  this 
account,  offer  no  apology  for  the  introduction  of  a  second. 

dz*  1.2    '    • 


«M 


where  ;,  q^  ;si  8ic.  reprcseat 

ind  vssf  (y).  •     V  - 

Again, 

</  *  1.2  ^  *^ 

'wh^  0,/>x,  j«2,  &e.  are  the  di&nntidl  caeffinen^  of  f  ^ 
Also, 

1  •  Z 

where />'>./>*,  /T,  severally  represent  />*,  ji»^,  ^,  &c.  /,', 
^i",  />/",  &c.  the  first  differential  coefficients  pf  these  i^nan- 
iaXMt,pgtpt,f"t  &c.  the  second  dij%renti»I  coeff dentin 
foA  «o  on. 

+  '{?>/'} 


*    i.£**3'.4  i  »*^+*  ^*P"  "+*  9*^  "^-^  ^^f*^  \ 

Supposing  oreOi  in  the  qaantitit8-4P,  ^,  ^j  Cco.  wlik4>w 

enter  into  di9.fieveiul  coefficients  of  the  series,  or  in  other 

.,3rprd«j  cQnsidering  v,  v\  ti^Sdc.  aa  semajly  €Vial^/7^|i\ 

y,  8cc.  '     • ''. 

^re  hence  get  i 
t(,=ft/+3  ?«fi>+3  ?./»,/''= —j^  * j^ 


i:«« 


*('>*,^> 


8tc.     =     8cc.        • 

If  we  suppose  «=/(y),  andy=/(«+»^^>  tbe 
fame  scries,  0»Hr<i///  muttmdu%  w^  be  ibipd  tP  ^  tzne. 

Vat,  v /{»)'=/ {/ («+« * ^)) } =^ (»+* * <y>) 


6^  «om. 


^  ^)=^  {/(«+*«  (y))  =^  (z+*  ^jO) 

and  it  will  easily  be  found,  by  a  continuation  of  the  same 
.pBMcessM |>efc|]re, .tint' .  ii  .-•,<■ 

:■:■.■..-       .    a:  t         ■        ' ^^^ifi±^ 


which  wa8  given  by  Laplacci  in  the  Minwiref  di  tu 
its  Sdencix,  for  1777. 

The  extensive  uses  of  this  important  theorem  will  be 
readily  discovered,  by<  applying  it  tp  a  f^  eiamplea. 

1.   Suppose  it  was  required  to  deduce  an  expiessiott 
for  y,  when  we  hzte  «-9ffj^+yy*=o  5  in  this  case  «= jT 

=:/(y),   andj^zz  ?  +  |^-=^  +  0(y). 
We  hefnce  obtain'j.in  the  series  (I), 

.  ,   .T^efofe,; 

«=:y»'i:z"+«z"+*— *.?  +  !»(«+«  w-1)  ;:•+'*-».  — 
/  •      1  '  1 .2 

1    •  *    •   •* 

and  substituting  the  values  of  z  and  x,  we  get 


^""?  ^^+~e=~^ 1.«        — ^?r-+*c-J 

If  Hi,  A29  ^>  &c/  be  supposed  to  be  the  loots  oMie 
given  equation  «  — |3y+y^=:o,  we  shaD  have  m  values  of 
y*i  <cotresponding,to'the  different  toots;  Th^  develdpement 
jiist  giveiif  however,  admits  but  of  one  value,  which*  will' 
be  found  in  all  cases  to  correspond  to  the  least  root.of-'.the 
equation.,  .This  property  may  be  readily  verified  in  the 
equation  01— jSy+yy*=o^ 

For,  in  this  case» 


/;{- 


(l-l 
\       2 


4»y  l.l  (4ay)»         1.1.  S 


1.2  i2»        e*         1.2. 3. 2» 


.        (4«7)» 

27,   *  ^  ^  |S«  '» 

and  taking  the  inferior  sign,  we  shall  find    - 

and  the  same  value  of  y  will  be  found  from  the  develope- 
ment  given  above,  by  making  m=:2  and  nz^X-  This  pro- 
perty of  the  general  formula  is  demonstrated  by  Lagrange, 
in  the  Memoir  and 'Note  referred  to  before. -In  tl^e  course 
of  this  investigation,  he  has  also  proved  the  following  pro- 
perty of  liis  theorem,  .equally  remarkable  for  its  elegance 
and  extensive  utility.  If  a^,  a<^  a„  &c>  be  the  roots  of 
the  equation  z^y+p  Cy)«Oy  then  the  sumof  the.reci|>ro- 
cals  of  the  nth  powers  of  these  roots  will  be  found  to  be 
equal  to  the  sum  of  all  those  terms  of  the  developement  of 
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jf*-%  whicItitiVolTd  the  degatrrepoweta  of  j :   the  tenet 

itself  ibf  tfaii  case  being 

^  iUl  gm-  the  denxmstration  of  this  important  propertf» 
inibe  shbrteat  and  simplest  form  that  it  seems  to  admit  oC 
Sinc& 

'  ^^^-ih¥<P(f)^7ifli-»y{iH-'9) (».-,), 

by  taking  the  logarithms  of  each  member  of  the  e<tiiado&, 
and  differentiating,  we  shall  get 

representing  1 ^Hi  hjf{y\  and  the  sums  of  the  reci- 

procals  of  the  first,  second,  third,  &c.  powers  of  the  roots 
by  /.i9  /-.S9  <^~3»  &€<  we  shall  find 

»/-.i+/-«jr+/«,y"+&c.    +/— *"-^+/«._iy+ata 

Assume 

/(*)=^o+Ay+^t/+8tc.   +^.y+&c. 

&C.*     ar     8CC. 

Alsb, 

-J^    si    +    4     +     4      +»<^      +    -81.  +  8U3L 

K^—jfr     zr      x^     1.2  z*     .  i.a       «■"•"* 
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Collecting  togedier  diose  terms  of  the  developement  of 

•^-il ,  wUdi  mvQire  if,  laA  tepresentii^  dieir  vsm  br 
/.Z(|L\  we  Shalt  fiad 

/.  .m  =^^+:^+4s£+  8CC.+  iii! 

^  A^^  Aj  Z+At  X'+Jt  i*+iUi.  +  Jn!f. 

—     .  ;     i^+t  ^ 

=  -Jt  +  i  **»  ^    n+r  "*  'cstfcte'^  to  TOch  tetnu  as  in- 
folye  negative  powers  of  z  only. 
In  the  same  manner  we  shall  find 

=*  "-4r$T^^^*^^*^^?°«'^e^^  The 

same  process  will  give  ns 

=  -  -i  rf./(^*Ji> .  y-,  > result  which  wiUbeimmedi- 
ately  verified  by  the  actual  differentiation  of  the  series 

whichisecyialto-^-^|ifl. 
Afain, 

and  consequentjly 

4m 
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(«+iO^H^c    »C«+l)c,,^.&c...c.z• 
=    • r-s-  "^   •     TXT —  •*  » 

a  result  likewise  admitting  of  very  easy  verification. 
A. continuation  of  this  process  will  give  us 

But/(z.)=l  -^^=1  -/»»  ^(2)=?.  and  -r+r=?i 
a  Z  * 

and  therefore 
/_._!=  {?-f/'i  + j-^  (d.qp-d.  qpp,)  +  — ^^  X 

But  i-  rf  .  j/»  =  f  jpi+P  Ji 
at 

Z.dz*       ^^      dz.yzdz      ./    dz 
(d.qppi  +  idp^qi) 

sTd?     ^^        dz*     \Zdz        *V    rf« 

-  I 

By  substituting  these  values,  and  reducing,  we  finallj 

get  :■,>■: 

s..-.^U+P,.^j^d.fq.^..^^.i^:f,.^A 


NOTES.  '643 

Butyi=-  -^^9  and  consequently,  replacing  jp  by  its 

▼alue,  we  get  /^^ -i 

»   -    5      J     _(«  +  !)  9(z)  ^(n+l)     .     0(z)»      1     . 

putting  «  in  the  place  of  n  + 1,  we  have 

We  will  now  apply  this  result  to  a  few  examples.    In^ 
the  equation* -gj^+y^^-io,  we  have  alteaidy  determined 
^Miexpnessionfory'j  and  by  changing  its  sign,  we  shall 
have  I 

""  ^    "**    ^  >  ^y  ^^  theoreip  which  we  have  just  demon- 
Mr^ed.  .:•  ■    ;t 

If  asl,  andys],  we  have  ''* 

This  hst  result  is  applicable  to  the  developement  of 
cos  «.  ^  in  terms  of  cos  A,  and  itspoWers-  fdf  if  we  assume 

•2  coar^=fl,+  --,  ^e  must  also  have  2w8  «  ^sa'a  "-t  J. 
(See  Woodhouse's  Trigonometry,  page  41;,;  where  a,  and 
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hence  get,  by  substituting  ^  cobA  for  fi,  ia.  tl^  eipraaslM 
just  give?, 

+   l!^^(2cos^)— *-&€. 

the  Series  being  supposed  to  terminate,  when  the  powers  of 
2  cos  ^  become  negative. 

The  reader  tnay  see  this  te^t  verified  by  referring  to 
the  Appendix  of  Mr.  Wbodhouse's  Tfc^gononetiy,  page  216^ 
where  the  same  condu^ioa  is  deduced  by  the  succeswe 
application  of  the  getteml  seriea  to  die  dtw.i>pcniert  «f 

tfi*  and  — . 
^* 
But  the  series  (4)  is  not  merely  applicable  to  the  deter- 
mination of  /^»^  or  the  sum  of  the  reciprocals  of  the  sth 

powers  of  the  roots  of  an  equation :  by  substituting  -  for  5, 

and  applying  the  series  to  the  resulting  translbrmed  equa- 
tton,  we  shall  obtain  an  expression  for  /»,  or  the  sum  of  Mh 
powers  of  the  roots. 

Thus  the  equation  m—By+yy^sso,  being  transformed 
into  atf^—Bg-^y^ih  ^^  sball  get,  by  the  application  of 
this  theoreni. 


«r 


*'.--^\'-'^*'-^"^-'^\ 


Again,  suppose  the  general  equation 
to.  be  transposed  into 


the  roots  of  which  are  the  reciprocals  of  the  toots  of  thA 
former.    Comparing  this  equation  with  z—y  +  i>{y)ssOt 
■    We  iret 

z=:i  ,and^(y)«4-  0'«-/»,y  +  8tc.) 
Px  V\ 

and 

Now-'sii," 


1.2,.d2 


+>.' 


•^^»     U— ^»-&c.) 
>«—  +  «-  &c.) 


1.2 

-_■  »(«— *)(«-^)-»-»-6.    fr- 
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Consequently, 


-^  1.2    ^  j 

1X3         ^'J 

which  isWsuring's  theorem)  given  in  his  MedxtationesAlg^^ 
[  braice,  Cap. )  • 

If,  in  the  general  series  (S),  we  suppose  y(z)  s  z,  and 

therefore  -4^  =  1,  we  shall  have 
dz 

u=v^z^<P(zH  iil^  +  -^llii£L+8ca         (5) 

2^  formula  of  great  use  in  the  reversion  of  series. 
Thus,  if  '  . 

a  y* 

,  we  have  z  =-2>  and0(y)=— *--  (y  +  Sy  +  &c.) 
and  therefore 

by  performing  the  operations  indicated,  we  shall  get 

y=z-  ~^-  -  -_  -  -- —  Sic. 

&         &         8 

+  8lc. 
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It  would  ettetid  this  Note  to  too  great  a  length  to  go 
through  the  demonstration  of  the  general  property  of  the 
series  mentioned  above,  by  which  it  appears  that  the  ta- 
lue  of  ,y,  which  is  given  by  this  developement,  is  that  of  the 
least  root  of  the  given  equation.  Our  principal  object  in 
this  Note  was  to  shew  the  great  use  of  this  theorem  in  the 
developement  of  functions ;  but  the  curious  student  will  - 
•not  fail  to  keep  in  mind  that  it  is  capable  of  many  other 
applications,  besides  those  we  have  mentioned  ;  one  of  the 
most  important  of  which  consists  in  its  furnishing  the  means 
of  approximating  to  the  least  roots  of  equations. 


Note  (F). 

Our  autlior  has  given  an  instaB.ce,  in  which,  f>y  assigning 
a  particular  val^e  of  «r,  a  fractional  power  of  dx  orh  appears 
in  the  expression  for  the  difference  of  a  function.  In  cases 
of  this  kind,  the  series  of  Taylor  is  said  to  be  defective':  we 
will  endeavour  to  give  the  theory  of  this  apparent  failure. 

In  the  first  place,    suppose /(^r)  =- — L2-.,  where 

m  is  a. whole  number,  and  yiheTeF'(x)  neither  becomes  infi« 
nke  nor  nothing,  by  supposing  xasa.    If  x  becomes  x+A, 

we  h'ave/(x^^—       2    iLmf  or  apposing  x^a,f(a-k'k) 

«  -^^    .  We  thus  see,  that  the  developement  o(f(i+h), 

for  this  particular  value  of  x,  will  involve  negative  powers 
of  h ;  consequently,  whenever  the  assignation  of  a  particu- 
lar value  of  X  makes  a  function  infinite,  we  may  conclude 
that  the  developement  of/(fl+A),  for  this  case,  will  involve 
negative  powers  of  A,  and  conversely.     Again,  let/(x>be 

supposed  to  involve  a  radical,  such  as  (x-^af,  which  dis- 
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appears  bytuppoBipg  xn€f»    Then  /{x-hk)  miKt  intolfe 

(x—a+k^,  which  becomes  ^  when  x^zai  this  is  a  case 
in  which  Tayloi^s  series  fails  to  ^ve  the  derelopement  of 
tl^e  ftoctionyCx+A)  corresponding  to  a  particuhr  value  of 
r«  But  there  will  be  i^o  f^Iure,  when  a  radical  disappears 
under  these  circumstances,  mierely  in  consequence  of  the 
evanescence  of  a  quantity  b j  which  it  is  multiplied  Thus^ 
suppose  a  given  function  of  x  should  involve  the  product  of 
.a  radically  aua4  some  such  qu^ptj  as  (x-*^}*|  in  wluch  tlxt 
radical  does  npt  vanish  by  mfilflng  x=^a^  It  is  obviouSy 
that  this  radical  will  be  multiplied  by  (x — a+A}"  in  the 
fuhction/(r  +  A),  or  by  **^  when/(x + A)  becomes/Ca+iK). 
We  consequently  see,  that  this  hypothesis  will  make  the 
radical  disappear  in  all  the  diffsrential  coefficients  before 
the  fnth :  but  it  will  be  again  found  in  all  the  others,  and 
Ae  series  of  Taylor  will  give  the  true  developement  of 
/(j:+ij,  corresponding  to  this  particular  value  of  x. 

The  foUowijsg  stajbement  will  serve  as  an  illustntioii  <d 
thepn;cedingobs^rvailjons:  suppose 

f(x^h)=iA^k^  +  A^h""  +  4^^  +  &c- 

to  be  the  dbvelopement  corresponding  to  the  hypothesis  of 
xmm^  mishickthe  indices ^i,  tf^,  «3»  l(c.  areanaaged 
|a  the  «nd0s  of  ihek  magwtu^^  ft  is  ^dcsnt,  that  if  ^i  fct 

9ega^ive^tbe  texm  4x  ^^  inll  become  infinite!  when  h  =0^ 
and  therefore  also/(x}  itself  must  be  infinite,  correspond- 
ing to  thin  partic\ilax;  value  of  x.  Again,  difierentiatiiig 
f(x+hy  as  a  functionof  A,  we  shall  have 

fcc.      ' 
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Now  it  is  evident,  that  if  ^it  ^f  a^f  8cc.  bis  integer  and 
positive  numbers,  .the  x:oefficients  Ai^  A^'^  A^^  See.  will 
admit  of  accurate  determination,  by  making  A:ro  and  x^a^ 
until  We  nieet  *with'  a  fractional  index.^  Suppose  a.  to  be  a 
proper  fraction,  and  let  n  be  the  least  whole  number  which 
is  greatier.than  m\  \t\»  obvious,  that  - 

the  index  a«— ft  is  therefore  negative,  and  consequently 

■  - '  is  infinite,  when  Azzoimd  x^a. 

afr 

We  thus  are  enabled  to  discover/  by  the  order  of  the 

differential  coefficient  olf{x)y  which  becomes  infinite,  be- 

twi^m.wbat'whole^niifBb^  Ae  fractioiud  index  is  situated. 

To  determine  th&truefonnof  ihe  ilevelopementy  when 

th^  8exie&:5}f,  Tl^\Qx,i»^^^^^.j^^ 

./{x-^Ji^  by  the^^cofomon  ^gebraso^U  ix^tho^    puttH«||^4n 

.')die  place  of  X.  ,'         ,.•    .|,   ^  ^  ,,. 

An  example  or  two  will  form,  the  best  commentary  upon 
'the  preceding 'statement.  ' '^     ' 

is  required,  w^n  ;v,^ii.      .;  j ,,    ,  •  .  ..  ,;^^.    -      r 

In  ibis  case  •  -  ^  *       ;;     *  '\y\   \ ': 

We  consequently  haTe/-maki)ag  xita, 

„/(.)-..,    and  !^=^: 

the  develojpemenrof /(fl  +  *)  must  ifiv61ve  a  l^erm  A^h^^ 
where  Oi  is4>etween  o  and  1. 

We  may  readily  verify  this  remark,  by  observing  tbat 

'  4k' 
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Again,  let 

/(*)= V;+  (,_«)» log  (*-a), 

--^  =  ^-^  +2(x-fl)log(x-«)+*-«, 
and  making  a:=a,  we  have 


The  developement  of- /(0+ A)  must  therefore  inTOlft  a 
'  fractional  power  of  A/bebv^een  1  and  £. 

We  will  add  a  few  remarks  concerning  impficit  functions. 
Suppose  y=/(ar),  in  which  a  radical  disappears  by  makii^ 
azza,  but  which  is  found  again  in  the  difierehtial  coeffi* 

cients;  consequently  -j^  must  have  more  values  than  jr  or 
dx 


/(jr){|is^f,  aftd  therefpre  will  not  be  expressible  bj  a 
pie  function  of  x  and^,  which  does  not  involve  explidtlj 
this  radical.  Again,  if  in  the  equatbn  p*Bsf{T)  we  exter- 
minate thisradicalj  die  resulting  equation  iAiay  be  repie- 

sented  ^y  '      ^ 

the  differential,  of  which  will  give  us 

dy 

^cfx+^d^.;=0;orj^«^5£.. 

•  •  '  *  * 

Now  this  expression  must  be  defective,  when  xzr^,  imkss 

—  and  ^    vanish  simultaneously  \  for  it  is  evident,  that 
dy       .€x 
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^  can  have  no  nuA^  ▼aliieaftbih  this  equation^  than  y 

itsdf^  except  br  supposing  --^  ss  2  ,  when  it  will  be  ne- 

'  dx      o 

cessary  to  resort  to  the  second  idsfferential  of  »tso,  in  order 
to  discover  its  true  values.  By  differentiating,  therefore^ 
for  a  second  tin\e,  we  g^t 


which  becomes,  since  -r-  =s  Oj 
ax 


dx*     dxdtf'  dx     dy     dx^    dy     d  x* 

.        du 
,  since  -p-  =s  c 
ax 

d^u^2d*u     dy  ^d^u      j^^,^ 
JTI*     dxdy*  dx      dy"-  *  rfx* 

Ml  fr< 
Thus,  let 


^dy    dx      dy"- 

«f  __ 
dx 

/(jr)^jp+(jr—fl)  ^x-*. 


an  equation  from  wliich  two  values  of  -^  may  be  deduced. 


By  making  j=<i^  vc  get     - 

df(x)  

/(«)ssif,  apd -^—  rsl+v'tf-*,  the  radical  re*appearing 

in  the  differential  coeffident    /  v^^ ,  and  thereby  restoring 

AX 

the  number  of  values  which  is  essential  to  the  consecutive 
state  of  the  function /(x). 

But  if  we  make/(x)  =  y,  and  exterminate  .the  radical, 
we  shall  get  the  implicit  function 

(y-x)*-(x— fl)»(x— *)s^    ' 
from  which,  by  differentiating,  we  deduce 
^  ^  ,     g(x-.)(x-ft)+(x-ay^o    ^^^  ,  ^ 

rfx  «(y-x)  o' 

and  therefore  ^sor* 
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The  $ecimd  difiefential  of  the  cqoatkm  gives  fat 

and  if  f  s^sy^  we  shall  ^t 

the  same  result  as  before. 

If  the  same  value  of  j,  which  destroys  the  numerator 

and  denominator  of  the  expression  for  --^ ,  deduced  from 

the  first  differential.of  u,  likewise  destroy  these  terms  in 
the  expression  deduced  from  the  second  i  we  must  dien 
proceed  to  the  third  differential^  which»'in  conseqaence  of 

the  evanescence  of  the  terms  which  involve  -—{  and-— . , 

dy""         dy' 

will  furnish  us  with  a  cubic  equation  for  the  determinatioa 

of  j^ .    We  must  ptoceed^  in  the  same  manner^  when 

the  third  and  higher  differentials  fail  in  giving  us  the  re- 
quisite vahies.  This  evidently  depends  upon  die  nature 
of  the  radical  which  disappears,  which  must  be  replaced 
by  the  degree  of  the  equatidn  iipon  which  die  detennina* 
tion  of  this  differential  coefficient  depends. 

But  the  same  value  of  x  which  destroys  the  radical  in  jr, 

may  make  it  disappear  in  -ff-j  though  not  in  ^--^  \   in  this 
dx  'dx* 

case  the  number  of  values  of  v  and  ~r^  will  be  the  same, 

'^         dx 

but  less  than  those  of  rr-^^.  .  If  therefore  we  exterminate 
dx* 

the  radical  in  the  equadonyss/(j:},  the  ^  value  of  --^ 
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which  is  deduced  from  it,  will  be  found  =  ?,  aoA  it  will 

o 

be  necessary  to.  proceed  to  the  diflerential  equations  of  a 
higher  order,  in  order  to  determine  its  different  values. 

Thus,  if 

Making  ;r=:ii,  we  have 

^=^,  ^y^\,  and^:;=2V(''-*). 
But  if  we  reduce  the  equation  to  a  rational  form 

we  deduce,  by  differ^tiating, 

from  which  we  get  ~  ==-,  when  xss<i=y. 
Again,  the  second  differential  gives  us 

^"''^S   "^    (/|-'iy=6(*-a/(r-*)+4(*'-)«. 

This  givesj^  when  xs^,  • 

{^-iy=:o,ax.d§^=l. 
..  ,  .     \dx       /  dx 

In  order  to  determine  the  value  of  _^ ,  we  must  pro* 
'  ceed  to  the  fourth  difibrential,  which  gives 

+  12  (*-*).   • 
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Making  jr=a,  y^a^  and  ^  =1,  we  get 


?^=U  (.-.), 


and  therefore 


the  same  result  as  before. 

The  reader  will  meet  with  many  examples  to  illas- 
trate  this  theory,  when  he  comes  to  the  investigation 
of  the'  singular  points  of  curve  lineSj  the  determination 
of  which  presupposes  a  failure^  if  so  it  may  be  termed, 
in  the  general  series  of  Taylor. 

We  are  indebted  for  nearly  the  whole  of  this  Note  to 
Legon  8.  of  die  Calcui  des  Fonctions  of  Lagrange. 


Note  (G). 

Our  object  in  this  Note,  is  the  af^lication  of  the  Dif- 
ferential  Calculus  to  the  theory  of  curves,  without  intio- 
ducing  the  consideration  of  limits. 

In  the  curves  represented  in  Fig.  Ij  we  suppose  jiP^x, 
.  and  PMssy  =/(a;).  Assume  jiP  ^  j=*  -  *,  and  JF^ =»+*r 
and  let  PiMu  P—  i  -^^i  be  the  ordinates  corresponding  to 
the  points  P^  and^  P^^:  drawAf  «i(2  and  MQ^  parallel  to 
AP :  join  Mi  and  M,  M  and  M^^y  and  let  them  be  pro- 
duced to  meet  the  axis  of  the  abscissae  in  the  points  ^  and 
5^1 ;  and  suppose  Jl^Jto  be  the  tangent  to  the  curve,  at 
the  point  M.  The  reader  will  find  no  difficulty  in  supplying 
the  several  lines  which  are  not  drawn  in  die  figures  le* 
ferred  to. 

We  shall  adopt  the  common  definition  of  a  tangent,  wluch 

considers  it  as  a  line  which  meets  the  curve  at  the  point  Jf, 

but  does  not  cut  it  when  produced  on  either  side  of  diis 

.  point,.at  least  within  assignable  limits.  Its  position  at  < 


point  most  depend  upon  tbcnsitoce  of  liie  cane,-  and -con- 
sequently its  sttb-tangent^r,  bf  yrhich  its  position  is  deter* 
mined,  must  be  expressible  ;equaU]r  wttb  the  ordinate  jr,  by 
some  functipn  of  the  other  .co-ordinate  x.  We  shall  now 
proceed  to  shew  in  what  manner  this  function  is  deducible 
in  all  cases,  from  the  gives.  e<(uatioD  of  the  curre.  We 
readily  discover  that 

.  .      .    .nf..,«<«     I     dxf      l.«    dx*      l.,a.S 

We- hence  iJb'tain  "  '^ 

ps,=PM.^J^  >=:■  ■ .  .y* — - — +&C. 

Mitt,  £<£  ^   +  <^*      i* 
dxl        dx^'  .1.2  , 

-••21^  +  ^,  A +;,,*»+  &C.  ' 

-.•  .'\\,irS( }.    ■"   ■■:  ■■'I'-tr.--  :  '.  ;  •;.■.•.••-■      •     - 
.,  oc:'.:  '..oq ;....-. ,'■     ;   .  '^';:-'i  ;,rf«».,-,U2,- 

'^y A.        ......     >  ■■.••'•     •• 

But  it  necessarily  follows,  fipom  our  definition  of  a 
tangent,  that  it  is  intermediate'  in  position  to  the  secants 
Ml  MS  I  and  MM^^  5_,;  it$  subtangent  PT  must 
consequently  be  less  than  one  of  the  subsecants,  and  greater 
than  the  other;  and  the  three  ezpre^ions.for  P5i,  PT, 
and  PS— I  are  thus  arranged  in  the  order  of  their  magni- 
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tvdes :  and  mte  this  order  is  not  affected  hj  any  Tam- 
tkm  of  the  valae  of  h,  and.the  first  terms  of  the  first  and 
but  of  these  expressions  are  identical,  we  may  conclude^ 
from  iiie  general  principle  demonstrated  in  Note  (A),  that 


The  reader  will  have.^o  difficulty, in  proring  that 

du  •  "     * 

,tan  0  ^^9  if  ^  be  asstaiM  to  represlent  the  angle  of 

inclination  6t  the  tangent  ^tM  to-tfae  axb  pf  the  ab^cissi^ 
Our  author  has  shewn  thaitthe  equation  of  the  tangent  to 
the  curyet]|t  Af  is         -*  \       , 

'  '      ■      d'¥  y        i     ^ 

where  ^  and  iW  are  the  co-or<Unater  of  any  point  of  the 
tangent  to  the  curve  at  M .  Jf  ^x  -  x  be  taken  equal  to  k, 
we  have 

and  consequently  ^  *  =  QiN^  if  -Ni  be  that  point  of  the 

tangent  which  is  determined  by  the  production  of  PiMi. 

Our  definition  of  a  tangent  in  some  degree  implies,  that 
it  is  the  only  one  which.can  be  drawn  to  the  curve  at  the 
point  M.  We  shall  find  no  difficulty,  however,  in  proving 
this  to  hd  the  case  ;  for  if  y^  and  x^  be  supposed  to  be  the 
qo-ordinates  to  a  pomt  of  the  s^ond  tangent,  correspond- 
ing to  the  point  Af  of  the  curve,  we  shall  find 

v'=v+-^  ii^     il+&c 
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Nowyi  is,  by  hypotfaesisi  intennediate  in  value  toy  and  . 
y ;  the  <|uantitie8  y  -y,  y^  — ^,  ,y  -y  are  therefore  arranged 
in  the  order  of  tl^eir  magnitudes,  -and  by  the  general  prin- 

ciple  made  use  of  above,  a  h^^^ .  A.  and  therefore  ^r=  -^  • 
^  .  ax  dx 

This  se^onH  tai^^t  must  therefore  coincide  with  the  other. 
Wi^  thus  8ee»  that  if  two  curves  have  k  cdholon  i^oint, 

they  win  likewise  have  a  commqn  tangent,  when  -7^  =  r— ^i 

yj  and  Xj  beipg  the  co-ordinates  of  the  second  curve.  We 
^a)I  also' find  no  difficulty  iii  shewing,  that  ho  currte  what- 
ever cart  be  drawn  through' the  piint  of  contact,  between  a 
curve  ai)'d  its  tangent,  unless  this  condition  holds  good ; 
fdr  $U]^toosing  it  possible,  we  should  have  ; 


and  since  ^j==y  aiidjt'  -y,  J5i*-y,  ijr  -ry»  are  iy  ^he  order  of 
magnitude,.,>re  naay  conclude^  as  .before,  ^at^  =  -^  • 
We  win  proceed  a  little  further :  suppose  that  in  two 

curves  at  a  common  pomt,   r^  «  ^  and  —-i.  =  ~.i: 
*^  dx       dXi         dx''        dx^ 

they  have  therefore  a  common  tangent,  and  the  second  con- 
dition will  shew,  that  no  curve  whatever  can  be  drawn 
^£f«^^^j  them  through  this  point  of  contact,  the  second  diffe- 
rential coefficient  of  whose  ordinate  is  not  identical  with  the 
same  differential  coefficient  in  the  other  curves  *,  for  since 

.40 
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/  '^7''^?;^  V^  dj*  T72  ^  J^\  Tr^  +  *^- 

fwd  «iac;ei  u|^i»  this  hypoth^^%iy,  j^,  ^/,  arc  anwged 
in  the  order  of  magnitude,* and y=^iy^yi»  we  readily  in^ 

'  fer  not  only  that  -i?=^  ;  but  also  that  -7-^=  -£ . 

'    /      .       ■      ^  .••       •  .*:•'.       '••':." 

It  15  erid^t,  that  thct  8aiijjE|  prpcess^  may  ^be^  applied  to 

proTe,.th^  fctllqwit^  general  ppQposition.    U  two  conrca 

hs^^e  a  con^n:ioa  point,  -a^d  an^  number  of  the  diflTerential 

coeificients  oif  their  (vrdinates  y  s^n()  ^  .be.  supposed  to  be  f»* 

spectively  equal  to  each  otlier^  then  no  ciirve  can  be  drawn 

bitnoetn  them,'jtbr9uglLth2iuL.pqiiA  o£  jfqplsc|y  unleii  ^ 

same  number  of  the  differential  coefficients  of  its  ordinate 

be  severally  equal.tojWe  0/  the.-cii&ijit^  of^  cither  of  tbe 

other  cunres.  (SeeNos4  94mnd67.Ji 

The  osculating  circle,  or  circl^  oi  cu];v^ture,  may  be  de> 
^ned  to  be  a  circle  which  has' a  cannmbil  point  with  die 

curve,  diii  in  Which  4^*«=-r*  and  *^^^M\  the  gcne- 
tfx,     dx  dxx     dx*  • 

ral  equation,  of  the  dtclk  beiii^tepreSeirfiU'^bjr 
Coosequemly,  .  .^ 


dxi         d  X 


'     W«  sMI  4ai  nr  (AiScttltf  in  4(etftn|Uiag^  eipreiirions 

fot y^ifx—Sy  Xj— a, in  t^rms of  ^  and  -^,  by  means  of 

ax  dsr 

these  three  equations.  For  the  equation  and  properties  of 
the  erolute,  the  reader  is  referred  to  our  author^  Nbs.  98^ 
and96.  ^         ' 

The  other  properties  of  the  circle  of  curvature,  which 
are  implied  if^  U»e  different  defimticms  which  are  given  of 
k|  forn^  very  easy  oprolUries  to  the  theory  id  conta^ 
which  we  have  just  been  considering. 

We  may  consider  the  arcs  and  areas  of  curves  as  func- 
tions of  one  of  the  co-ordinates,  equally  with  the  subtan- 
gent,  radius  of  the  circle  of  curvati|r«»  and  other  line«»,the 
expressions  for  which  we  have  just  determined ;  and  al- 
though the  Differetltial  Csdculus  does  no^  enable  us  to 
assign  the  functions  tp  which  they  are  severally  equals  yet 
it  fomishes  us  with  their  diff^tentials,  from  which  they 
can>  in  most  cases,  be  determined  by  the  processes  taught 
in  the  Integral  Calculus. 

Thus,  if  /  =:/  (x),  whese  /  is  the  length  cif  the  curve 
CM  J  Fig.  5,  we  shall  have  l^sssMC/M.  From  the  prin- 
ciple of  Archimedes  we  may  concludej  that 

MOM  <  AfN+NM'  and  >  MM'; 
but 

-*v'.(l+|^+ft**+J'.*'  +  «^-        . 

■' «W('+ (^»- ft;. T^ +*-)■)■ ,  ; 
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The  geiwttl  priaeijile  ••  fte^tt^iillT  «•*•  W«<rf»  SW* 
as 

and  therefore 


:*=*v/0+^)» 


Again,  let  u^f{x\  where  »  represents  the  area  ef  the 
curve,  Fig.  6;  In  this  case  A«,  or  PMWP'>  FMQJP't 
and  <  PJVJIf F}  but 

PNM'F'^PP'uP'M' 


.,*+^ 


ax 


We  consequently  have 

J—  4=  ^  A»  and  therefore  du^y  dx* 


Note  (H). 

The  different  properties  of  the  cycloid  maybe  deduced 
with  great  simplicity^  by  considering  its  co-ordinates  as 
sererally  functions  of  the  arc  of  the  generating  circle^ 
which  has  been  in  contact  with  the  base. 

Thus  if  6  be  the  arc  M  Q,  which  is  equal  to  ^Q,  Fig.«» 
we  shall  have  xs0— sin  6,  and^s  l-^cotBi  or  if  we  sop- 
pose  the  abscissae  to  commence  from  the  veitex  JT  of  the 
cycloidj  and  to  be  reckoned  upon  the  axia  JT/,  we  shall  also 
geti»i=Ji:/^PAf=2-^=l+Cosa,andyi=P/=-i/--rfP 
sv^xasir-tf+stntf.  Aasuming  ^asv— Oaarc  QAf,  theie 
equations  will  become  x^s  1— cot  ^>  and  yi^z^^ua  f. 
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We  hovQ  siippoaed  the  ladias  of  tile  gentntu^  cifcle 
to  be  equal  to  unity,  If  it  be  equal  to  ^^  we  shall  hay^ 
ip«tf  C^— sin  0\  zndy^a  (1  -cos  ^),  or  j:,=<i  (I  —cos  ^) 
wad'^ista  (04.8in  ^).  The  second  equation  to  the  cycloid 
is  sometimes  more  convenient  than  the  firsts  though  they 
both  admit  of  a  yetj  re^dy  application  to  the  solution  of  the 
difierent  problems  which  have  been  considered  in  a  dif* 
ferent  way  by  our  author* 

Thus, 
dj^  -  rf(l-cos^  ^      sintf      ^  MN  _  PM 
dx    ■"  difi-^siney  *   1-cos^  *    NQ  PT*    '' 

We  hence  deduce  immediately  the  value  of  the  sub* 
tangent  PT'*  this  conclusion  likewise  suggests  the  geome- 
trical construction  by  which  it  is  determined.  We  need 
not  explain  the  method  of  applying  these  equations  to  the 
determination  of  the  normaland  subnormal^  in  which  the 
reader  can  experience  no  difiBculty. 

The  ordinary  formula  will  require  no  modification^ 
as  long  as  the  first  differentials  only  of  x  and  ^  are  involved  i 
but  when  x  is  considered  as  the  function  oi  some  third 
variable,  the  expressions  which  involve  die  second  and 
higher  differential  coefficients,  must  be  altered  in  a  manner 
which  is  explained  by  our  audior,  in  No.  1 16.  Thus  the 
expression  for  the  length  of  the  radius  of  curvature,  will 
become 

dyd^x-^did^y 

.  where  y  and  x  are  considered  as  functions  of  some  thir^l 
-quantity,  such  as  ^,  in  the  case  before  us.    We  shall  hie 
«asily  able  to  determine  y  for  the  point  M  pf  the  cycloid, 
^by  sttbstitui^ifig  fordx^  dy^  d*m,  and^y,  the  values  de- 
.  duced  from  the  differentiation  of  the  trigonometrical  values 
of  X  and  y.    It  will  be  found  to  be  equal  to  twice  the  nor- 
mal MQ,  a  piopcrty  which  furnishes  us  with  a  very  ready 


/ 

/ 


md  timfi^  nediod  of  determining  Ae  equatitfn  of  die 
CTolute.  Referring  to  Fig.  29,  we  find  AE^A  P+2 1^ 
s^  -I*  sin  0;  and  also  EM^  NQ=:  l--*co8  tf.  If  the  pmm 
]M'  of  the  evoliite  be  referred  to  a  line  drawn  from  the 
point  A^  perpendicular  to  A  /,  and  if  t^  and  jfj  be  coaa» 
dered  as  the  co-ordinates  of  that  pointy  we  "AaXL  haw 
flrii«e  £Jif  a»l— -cos^,  and\yts^i?3:  94-ttn  ^,  an  e^wrioa 
to  a  cycloid,  whose  vertex  is  Ay  artd  whose  feaerttfaigcirolt 
is  equal  to  that  of  the  original  cycloid. 

We  may  conceive  a  cycioid,  in  which  x^^X^  cos(?, 
and  ^itzm^-f  sin^9  considering  die  axis  of  the  curve  at 
the  axis  of  the  abscissae.  This  cycloid  will  be  generated 
by  the  combined  motion  of  a  point  in  a  circle,  and  a  vni- 
Torm  motion  of  the  circle  itself,  parallel  to  the  base.  The 
properties  of  this  curve  were  first  considered  by  WalEsi 
who  denominated  it  the  protracted  or  contracted  cycloid^ 
according  as  m  was  greater  or  less  than  unity. 

The  trigonometrical  values  of  x  and^,  will  famiah  ex- 
^pressions  for  the  differentials  of  the  arc,  area,  &c.  of  a 
cycloid,  from  i^hich  the  Integral  Calculus  will  enable  w 
to  deduce^  if  not  more  readily,  at  least  more  elegantly, 
the  several  primitive  functions  to  which  th^  correspond. 

We  will  add  a  word  or  two.  concerning  the  QumdratrUf 
a  curve  formerly  celebrated  for  its  apparent  connection 
with  the  quadrature  of  the  circle,  and  which  likewise  admits 
of  trigonometrical  expressions  iox  its  co-ordinates,  whose 
mutual  relation  is  not  assignable  algebraically.  Let  BC 
be  the  quadrant  of  a  circle,  whose  center  is  A  ;  and  sup- 
pose the  radius  SA  to  revolve  uniformly  Unough  die  whole 
^adrant,  in  the  same  time  m  which  a  line  perpendiodir 
to  AB  moves  uniformly  from  B  to  A*  The  curve  traced 
out  by  the  intersections  dl  the  perpendicular  line,  woA  re- 
volving radius,  is  called  die  Quadratrix.  If  x  and  y  be  the 
co-ordinates  to  any  point  M  of  this  curve,  x  being  reekoned 
from  die  pomt  B,  and  if  f  be  the  angle  described  by  dbe 
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nd&il#  at  4iRt  pouife  we  shatt  eMf  he.ahktefiho^  that 
jTss -p^,  aqdy  =s(  1 J.tan.^,     . 

We  ihall  rtot  investigate ih^  different  properties  of  this 
b'litrij,  ill  wHich  the  student  lyill  'experience.  lio  particular 

dlMcul^y.     W'cwlll  nierely  dajlliii  attentioii  to  the  value 

V       J    .■*•.'  ^      :  .-.T  •  J  .T-.v  J.'  ^j:  -        'I  I  -r;   •     •       : 

icommon  formulae  are  inimediately  applicable,  withouf,any 
l^ififvf6drfntoaW&flbn.'  •  - - 

,  H  tf  ^  assuned  to  repr^ 8c^  th^  roibui  vector^M,  we 
VeMilf  gePii5i(t^rfJ decH^i Yt  -i.^'Vsec  fc^  Theciir^e 

\tthiit  triliffiriareA:inta'di0^cUf0i!of  ispiraih^  iaiiiirliich  tte 
dniatto*  Iseiprioaie  fixed:)  pointy  ■  callqd'tiie  poW  or-fdcui, 
•Ujcifiul  hi)«eiB§:Suiist»mef  die  angle  4edcttkred^by  the 
radios. vectOD/^m  ia  given  :poeition. 

:  f  ,We  .<^att1|«^#bletode4iKe»  thovgh  oot.flQ^cadflyaB 
.in^tbec^se  ;)SM.giveni  the  pplKv  equations  to  ^'ddiffbrent 
ieoniC!9<MPni^  from  tie  g^4|i  i^iiatibhe  subsistiagH  ke- 
.iv^ea  3theiA  eo-orditiate^ .  Thb v  V^  the  parabblai ; .  n ,  ^    . 


'.*...      '  ,-^a 


.i^i , 


r  .  ^     .     •'^F,— 


,** 


*'°a. 


where  a  is  the  distance  between  the  focus  aqd  vertex,  and 
e  the  anglebitweep  the  radiur  vector  and  the  axis. 

In  the  ellipse^ 


u^  — . —  , 

1  -  ^  cos  0 


-y  9114  in  the  hjpt^dKda^ 
in  both  of  which  equations  a  represents  the  semi-axis  major, 


1  -  r  cos  6 
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ai  the  eccentridtj,  and  0  the  angle  l>et  ween  die  n£ai 
vector  and  that  part  of  the  axis  which  is  formed  by  the 
production  of  the  line  joining  the  Vertex  and  the  focns. 
These  polar  equations  to  the^Cohic^ Sections^  will  be  ibund 
of  most  extensive  use  in  .almost  every  department  of  die 
Mathematical  Sciences,  and  particularly  in  Physical  Astro- 
nomy ;  and  the  student  will  be  amply  recompensed  for  any 
labourjie  may  devote*  Jn  ocdeic  to  render  htnudf  funiluar 
with  their  different  applications. 

The  nature  and  generation  of  those  spirals,  in  whidi 
uasf{6)ssa  .  6*,  n  being  any  posidve  or  negadve  number 
whatever,  have  been  explained  by  our  author/  who  has  in* 
,vestigated  their  properties  by  means  of  trigonometrical 
values  of  rectangular  co-ordinates  referred  to  an  assumed 
-axis.  This  method  is  betK  general  and  simple :  for  the 
greater  satisfacdoii,  howler,-  of  the  readei^-  we  will  heie 
shew  in  what  manner  this  comnion  diSkreatial  fomabB 
may  be  direcdy  deduced  irom  their  polar  vquadons. 

-  -  In  a  spiral  curve,  such  as  is  representM^m  Fig.  SI,  let 
'AMif  AMy  JM^ii  be  three  distances,  making  equal  an* 
glesr  A  or  ^  0  with  each  other.  l)raw  M(li  and  M^i  Q 
perpendiculars  to  A  Mi  and  AMf  and  let  MThe  the  tan- 
gent at  M,  and  ^  Jthe  subtangent:  join  Mi  and  Af,  M 
and  M_i,  and  produce  them  to  5iand  S^i*  Then,  aiace 
^=/*(^  we  readily  get  the  following  expressions : ' 

Aiur  du   ,,    d*u       A*         . 

^Af_,=«-^  A+  J-.  .  _.  -  &c. 


Of  U^V       .    o- 
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^rom  ^imilsur  triaDgle$i  W^  afeo  get 

at) 
»y  the  genml  prioctple,  of  irfwk  we  haw  made  Jiroh 
extenrive  use  in  the  pfeo^f^  Nche^  ^  mxf  eondwdc, 

that      .  '  I 


Tfce  tnggUOBitkical  t«»goiit'«f  the  mi|^  JMT  »  evi- 

.     ,       AT   _  adP 
dently  =  21f  -  7^ - 

Th«}  saitie  piincipie  mayfeeTSfyeasUy  applied  to  the 
detennin»tk»ri  of  the  differenliA  of  those  functions  of  d, 
which  are^e^«rally  e^iwl  to  tke  length'  of  the  spiral  are 
and  it$"aiw,  both  bcbg  estimated  from  Ae  giTen  poeitioa 

4  p 
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of  the  radius  vector:    If  s  and  v  be  taken  to  Tepresenc 
thenij  we  shall  fiiid 


ds:=s/(u'd0*+du^),  znddv= 


2 


If  we  suppose  another  cunre  to  pass  through  die 
point  Mf  and  to  be  referred  to  the  same  focus  J^  we  shaD 
hare 

,/=«+A«=«  +  __  A  +  _  .  _+8u:. 

and 

«,  =«,+  A«.=«.+ J-21.A  +^  .  j*l+&c. 

where  »i=:^  (^y  Is  the  polar  equation  to  the  second  ewe. 

Nowy  let  tf  si^i :  they  must  hare,  therefore^  a  common 
point  M* 
Agaiuj  let 

4^  «-i^SandthWore-f^  ==   -^.r 
dS         de  udB         u^dB 

they  must  consequentlyhave  a  common  tangent  at  M. 

V,  likewise,  ^^  cs  '^rr^f  we  may  easily  prore,  that  ne 

spiral  cunre  can  be  drawn  thi^u^  M  Jbetweea  them,  m 
which  this  conditton  does  not  hold. 

The  same  theory  of  contents  which  has  been  demon- 
strated of  curves,  referred  to  rectangular  co-ordinates  in 
the  preceding  Note,  is  likewise  applicable  to  spiral  curves, 
in  which  any  number  of  llue  differential  coeffidoits  of  those 
functions  of  B^^  which  are  equal  to  the  pohur  distances  in 
each,  are  respectively  equal  to  each  other. 

Let  the  curve  of  contact  be  a  circlci  and  suppose 
let  F  be  the  center  of  the  circle,  and  suppose  ilf  Fssy^ 
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A  Fsim,  and  die  angle  A  MF^^.    The  triangle  A  FM 
furnishes  the  following  equation : 

•»  =  «i«4-/-  2  y  tfi  .  cos  0.  (1) 

By  the  hypothesis,  j|  =  -j^ ,  and  since  Wi  =  «,  we 

have  — iL  s  — ^1  the  tangent  at  Jf  is  therefore  com- 
mon to  the  circle  and  the  curve  :  but 

we  hence  get 


cot0=tan  . -4  Jfr  =  ^ 


.  u^de 

Differentiating  the  equation  (1),  we  get 

Osfli  l/t^j— 7  {uid.cos  0+cos  ^  •  Ji/x}    (^)  > 

md  therefore y=  _, '^^^^^ 

111  0  •  cos  <p  +  cos  (p  .dui 

(du^^+Ui^d0^)T 


=  odu^dO-^u^dOd^Ui+u^^de^' 
Butii,=i.,  j^=  j^,  and  ^^  =  ^,. 
By  substituting  these  values,  we  get 

(d  u'+u^dB'^)^ 


Y  — 


Qdu'de-udod^u  +  u'de^ 

If  jF-B  be  drawn  perpendicular  to  A  -ftf,  we  shall  find 

2du^''ud^u+udff* 
which  is  the  expression  for  half  the  chord  of  the  circle  of 
curvature,  which  passes  through  the  pole  of  the  spiral. 

.  J^nglish  aMtbematicians  very  often  define  spiral  curves, 
by  an  equation  between  the  polar  distance  and  the  per- 
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pendicular  upon  ^  tangent.  Aisumbg  p  to  Kpie» 
sent  the  perpendicular,  we  ahaU  be  aUe  toaiteign  the  leb^ 
tion  of  f  and  u,  by  eliminating  0  between  the  two  eqiia- 
tionSf 

The  reader  will  find  no  difficuky  in  Teqfjiog  the  fol* 
lowing  expressions : 

dp  dp 


Note  (I).   Page  830. 

Our  author  has  explained  the  method  of  integrating  all 
differential  functipns  of  one  variable,  which  are  compre- 

Pdx 
hended  in  the  formula     ^  ■■  :> ,  ^ — ,  where  P  is  any 

rational  function  of  x ;  the  integrals  in  all  cases  being 
either  algebraic  f  unctions,  or  involving  with  an  algebraical 
part,  either  logarithmic  or  circular  transcendents. 

The  term  transcendent  is  applied  to  all  differential  ex- 
pressions which  do  not  admit  of  complete  integration ;  bat 
in  the  case  of  the  formula  just  mentioned,  this  difficulty  is 
nearly  overcome,  since  approximate  values  of  the  transcend* 
ents  to  which  its  integral  is  reducible,  may  be  obtained  to 
any  degree  of  accuracy  from  the  logarithmic  and  trigono- 
metrical tables.  It  is  upon  this  principle,  that  we  consider 
a  differential  function  as  susceptible  of  integration,  when 
it  can  be  made  to  depend  upon  transcendents  whoes  values 
are  tabulated,  or  are  othermse  determinable  by  approxi* 
mation. 


Pdx 

'  The  integral  of  the  v«xjr  compvefiensiTe  formuk    -    ■■/ 

aigebTaical  part^  and  to  transcendents  of  the  fonns 

n^ere  Rizi^a^0x*+yx*:  our  firmQipal  9ttentipn  ought, 
therefore,  to  be  paid  to  the  consideration  of  the  properties, 
of  these  transcendental  functions,  and  to  the  ii^v^tigalioo 
of  methods  of  approximating  to  their  values  and  of  com- 
paring them  with  each  other. 

Legendre,  in  a  Memoir  presented  to  the  Acaderme  des 
Sciences^  in  179€»  which  he  subseguentlj  embodied  and  ex- 
panded in  his  Exereues  de  Calcul  Intigral^  has  shewn  that 
this  integral  may  he  always  reduced  to  an  algebraical  part, 

^nd  to  transcendents  of  the  form/(il+ J5  sin  «0)  ~ ,  and 

.      T  ■  •  where  A  =s^  (l  —tf*  sin  *^),  e  being  less 

than  unity.  The  first  of.  these  is  always  expressible  by 
means  of  elliptic  arcs^  and  the  second  bears  sudi  analogy 
to  the  former,  that  it  may  be  considered  as  a  transcendent 
of  t^e  same'prder  and  species.  It  is  on  this  account  that 
he  has  given  them  the  name  of  Elliptic  Transcendents. 

We  shall  nQt  ^tt^pt  to  give  an  a%sti;act  of  the  admixar 
ble  work  of  this  illustrious  Geometer,  which  would  involve 
4iscu^sion8  in  some  degree  inconsistent  witj^  the  nature  of 
ap  elementary  Treatise  l.k^  that  of  {i^x  aythor'Sp  'Vh9 
EngHsIi  reader  will  find  a  translation  of  the  Mepipirj  i|i 
jihe  New  Series  .pf  the  Matkeniatical  Rfip^sitgf^. 

;  iittl?  ift  Jinpwn  f:oriceniing  the  integration  of  4iff» 
jre^tial  i^fUlUff ,  tmore  eoittplicated  tl»o  the  pfecedtiq^. 
IiM»ixt  ipibv  /fpmt  Woik^ JiM^en  soipe few  imtanoes 


/- 
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which  are  reducible  to  it ;  but  they  are  netcher  very  g^ 
ral  nor  very  important.  Particular  formulae  have  been  in- 
tegrated by  ingenious^anflfformafttonSy  or  reduced  to  otfaeca 
which  are  capable  of  integration.  We  shall  give  two  or 
three  of  these  from  the  same  work,  -as  examples  of  the  ar- 
tifices employed  to  effect  these  redu(;tions. 

The  differential  function  Pdx  ( x  +  ^  ( I  +x») )♦ ,  in 
which  P  is  a  functibn  of  x  and  v^l  +x\  may  he  rational- 
ized.    For  this  purpose,  make 

this  gives 

y=    ■       -»  ax:zit 1/      ,^ 

Again^  the  formulae 

dr  9^-^dx 

(l-x-)V2l^l*         (l-0;/2;r--l   ' 

may  be  ratbnalizedi  by  making  in  the  first, 

u  aaV  2j^-^j  and  in  the  second,  i^«!?/£x*-l- 

'  X  ^ 

the  one  will  become 't zJt  and  the  other ^^^ =--  • 

1  —  «*"  1  —  IT* 

Mr.  Bromhead,  in  a  very  original  and  ingenious  paper, 
published  in  the  PhUosopJdad  Transactions^  for  1816,  on  die 
Fluents  of  Irrational  Functions^  has  given  general  methods 
of  rationalizing  differential  functions  of  this  nature,  which 
comprehend  an  immense  variety  of  forms,  which  have  hi* 
theito  been  considered  as  incapable  of  reduction.  We 
shaU  not  attempt  to  enumerate  the  very  curioue  retubs 
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which  he  has  obtained,  nor  to  explain  the  principle  upon 
wUch  he  has  deduced  them,  since  the  onginal  paper  iuelf 
is  accessible  to  all  our  readers. 


Note  (K). 

'  Our  aisdi0r.has  shewn  the  method  of  integrating  the 
general  formula  dx  sin  z*  cos  2",  where  m  and  n  are  anj 
whole  numbers  whatever,  whether  positive  or  negative.  We 
will  mention  a  few  other  circular  functions,  some  of  which 
are  of  considerable  importance,  whose  integrals  are  assign- 
able either  Completelyi  or  at  least  by  means  of  converging 
series. 

i.    Let  the  differential  function  be  f^ —  ;  if  we 

0+^COS  X 

make  cos  x  <n ^ ,  the  differential  will  be  transformed 

l+ii* 
into 

rirrrrz Tr-*-   ^^  consequently  have,  when  a  -<  i, 

=  -^  log^y't^t^V^H^^^^+V^^^-'V^'-^^^^^^e  +const 

=  "T^x  »^  l^^^'^+^+'^^'^^^^^'-^'n  +  const, 
y/[lr^a^)     ^  «  a+*cos;f  ' 

If«>*, 

/ — ;  z  i  / n~i  ~  —7 rr  ^"^^  I  tan  =  31- ^  u  j-r  const. 

(«+*)+(«-*)«*      v^Cfl*-**)  \  \/{a  +  h)    /     ^"- 

—      /  4    i^x  *r<^  (tan=2i- p^ — ; )+ const. 

v/C^*-*^)         V         ^^tf+^V,l+cosx)  / 

^   '/..^    A^'v  arc(tan=_— a: :)+ const.. 


67?  vonsi 

since  tan  2  -4  =^ ^^^  ^.  :  expressing  tte  arc  ty  its  co- 
sine^ we  shall  get 

zz,  -— —  arc  I  cos  =  — I — ,  ■         1+ const. 

fl+*  cos  X     v^(fl*-*^)        V  fl  +  *  cos  x/^ 

2.    The  diffetenty    ^^^-^^^  triaf  tte  tfiiifciittibly 
a  +  icosjT 

transformed  into  — j— ,  by  malcing  «=:cos  x ;  and  tte  dif- 

fl  +  *COSX  '         ^ 

dx  adx 


6        b  (^a  +  b  C09  x)  * 

The  integrals  of  both  of  these  forms  are  yery  easQy  as- 
signed. .    . 

3.     Let  us  take  the  very  general  form  if^^t+h^^: 

assume,  as  in  No.  154, 

y»<f  j(fli4-*iCosj:)^       A  sift  j:  pix{B^€  cos  x) 

(fl  +  icosjr)"  ""iir  +4cosa)»-i  */  (tf  +  *cosx)»^*  ' 

where  ^,  B,    C  are  constant  and  hideterotfnate  coeffi- 
cients.   By  difFerentiating,  we  shall  get  the  e(]Uation 

4ri  +  *i  cos  x=:^  COST  (fl  +  *  cosx)+(/i-  1)  Ahw?x 

+  (B  +  Ccosx)(a  +  *co8x); 

from  which  we  shall  be  able  to  determine 

A  continuation  of  this  process  will  conduct  us,  when 
ff  is  a  w^Ie  number,  to  an  ultimate  integral  of  the  form 
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f  — y^   »  ^®  method  of  asaigning  whose  rafue 

has  been  ezpkuiied  in  the  preceding  article. 

If  we  suppose  ii^  =  1,  and  »i  «50,  we  shall  have 
^,x  _         -  *  sin  jr 


/ 


{a+  b  co^  ^)»  (ij-l)  («*-«*)  («  +  *  cos  r)  — » 

This  method,  however,  fails  in  efiecting  the  integration 
of  this  formula,  when  n  is  a  fractional  or  negative  num* 
ber,  in  which  case  we  must  have  recourse  to  series.  The 
following  method,  which  depends  upon  the^developement 
of  («-f-^cos2-)%  will  enable  as  to  integrate  the  diffe- 
rential expression  d x  {a+b  co^x)*^  for  all  values  of  n 
whatever. 

'    The  function  {a+b  cos  x)"  may,  in  the  first  place,  be 
put  under  the  form  ii*  (1  +r  cos  j)",  where 

#rs  ^  .     Assume  ^i;  1 4-/  cos  ;c,  and  suppose 
a 

^"=(1  +r  cos x)"=fl^+ tfi  cos *+fl« cos 2x-\-a^CQ%3 x-f &c. 

Taking  the  logarithms  of  each  member  of  this  equation^ 
and  then  difEerentiating,  we  shall  get 

gfcosx    ^  tfi  sinjcH-gtfa  sin  2  J+S  tfjsin  Sx  +&c* 
1 + f  cos  X  ""  Oq+^i  <^*  *+^«  cos  2  x+tf,  cos  S  X  4-  ifcc. 

Exterminating  the  denominators,  transposing  all  the  terms 
to  one  side  of  the  equation,  and  substituting  for  all  pro- 
ducts of  the  form  sin  k  cos  m  x,  and  cos  x  sin  m  x,  the  equi-* 
valent  expressions  |  sin  (iw+l)  x-^sin  (iw— l)x,  and 
J  sin(«  +  l)x  +  isin(iii-l)x,  we  shall  get 
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b  Sill 


^2 


^na^e 


1 


a.i 


+0^1^ 


3 

'2 


sin  2x-f-d03 
,4 


2  ^ 


sin  S  K+A  a^ 


smix-h&c. 


We  heuce  deduct 

The  determination  of  the  coefficients  of  this  series  is 
consequently  dependent  upon  that  of  the  two  first  of  them. 
Ho  and  a^^  to  which  our  attention  must  now  be  directed. 

Since 


xl-^ne  cos  X  + 


1.2 


e\o^^x 


1.2 .3  ^ 

If  we  develope  cos*;!?,  cosV,  cosV,  &c.  into  series,  in- 
▼olring  the  cosines  of  the  multiples  of  x»  by  means  of  the 
formulae  given  in  No.  199,  we  shall  readily  discover  that 


2.2 


2.2    .4.4 


I    2        ,         2.2. 


>,(^>l>(^-.2n^-^3Ui»-4^  I 

2.2,4.4.6.(1  ^-t-«c-^ 

If  ii„  and  flj  can  be  determined  from  these  series,  li» 
devclopemont  of  ^^^  will  be  very  easily  effepted,  as  well  as 
the  integration  of  the  formula  \^*  dx. 
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Euler^  in  his  Instituti$nes  Calculi  Integraluy^oU h  Cap'.  6^ 
has  given  several  methods  of  approximating  to  the  vahie  of 
00  for  different  values  of  n  and  ^;  and  also  of  determining 
-from  it  the  other  coefficients  of  the  series.    He  has  also 
given  a  method  of  deducing,  bj  means  of  the  Differential 
Calculus,  the  coefficients  of  \^  ""*""*  from  thoseof  >/r— % 
a  proposition  of  the  greatest  importance,  since  it  allows  us 
to  chuse  that  value  of  n  v^hich  furnishes  the  readiest  deter- 
mination of  ^0,  at  least  amongst  those  values  of  it  which 
diifer.  from  the  one  which  h  theimmtdiate  subject  of  con- 
sideration  by  whole  numbers.     We  feel  less  regret  at 
.being  compelled  to  omit  these  investigations,  since  it  gives 
us  an  opportunity  of  referring  our  readers  to  a  work  which 
first  reduced  the  principles  and  results  of  the  Integral  Cal- 
culus to  system  and  order,  and  which  is  invaluable  to  a 
student,  not  less  from  the  profundity  and  variety  of  its 
-researches,  than  frotm  the  singular  simplicity  and  elegance 
.with  which  the  most  difficult  theories  are  illustrated  and 
explained. 

tlie  form  in  which  (a+t  cos  x)*  generally  presents  itself 
in  Physicat  Astronomy,  is  that  of 

1  1 

or  of 


(r*  +  rj*  -  2  tTi  cos  xy  (r'  +  r^*-  2  rr^  cos  w)^ 

where  r  and  r^  denote  the  distances  of  two  planets  from 
the  sun,  and  x  the  angle  between  them }  at  least  this  is 
the  case  in  which  e  is  little  different  from  unity,  and  is 
consequently  the  only  one  which  presents  any  considerable 
difficulty.  ' 

Lagrange,  in  the  Menuires  de  tAcadimie  dt  Berlin^  for 

1781,  by  substituting ^ —  for  cos  j,  and 

by  multiplying  together  the  developements  of 

(T'-r^ir v"=T)»  and  {r-^r^ e^^  ^"^"j 
or  the  factors  of 
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(r»-#r,  (/^^'^  +  i-'<r=l)  +  ri*) %  has  dedte^  series 
for  die  determination  of  a^  and  a^y  wHich  ate  rapidly  con- 

•     vergent  wben  as  —  ^|  and  the  theorem  of  EiAer»  wUck 
z 

we  have  mentioned  above^  will  enable  us  easily  to  deter- 
mine the  values  of  these  coefficients  in  the  ^TPn^m  case> 

a 

in  which  «=:>-  ^  • 
2    . 

Mr.  Ivory,  in  a  very  ing«<ii6us  pa^^er^  in  ih6  B£nihrgt 
Transaetiont  for  l798»  has  imptoVid  npOn  ihe  process  of 
Lagrange,  and  has  deduced  Series  for^^  and  tfi»  witen 

li  a  —  2 ,  which  converge  with  very  great  r^idityi  even  b 

the  most  unfavourable  case  that  can  he  supposed. 

Mr*  Wallacej  in  a  paper  in  the  same  Tnmsactmis  lior 
ISO^y  has  also  considered  this  sabject^  and  has  givfai  a 

method  of  determming  a^  and  a^^  when  us—   ^ ,  which 

depends  upon  the  rectification  of  the  ellipse.  We  particu- 
larly recommend  both  these  papers  to  the  attention  of  our 
readers,  which  are  remarkable  for  their  elegance,  and  not 
less  so  for  the  discovery  of  very  important  series  for  as- 
sighing  the  lengths  of  the  'periin^ters  of  ellipses  of  all 
eccentricities. 

4.  The  following  method  of  integrating  dxlog(l+^  cos  x) 
is  taken  from  ihe  same  wox\  of  Euler,  which  we  have 
mentioned  above :  since 

I       ,        . e^  cos^x   ,  ^  cos'x       • 

log  ^==^  cos  X—  — - —  +  — occ. 

we  may  also  assume 

log  >^=  -00+^1  cos  x-tfg  cos  2  x+  tfj  cos  8  x— &c. 
we  readily  seej  that 


considering  r  as  a  variable  quantity,  and  diffbrentitting,  we 
stall  get 

dt         2  a. 4  2.4  .6 


v'd-'*) 


-li 


consequently  ia^—  -    .  ^    ■■  <-  — ♦  ani  Integtatii^ 
«„=  log  (iTiAlU^)  -  log  e  4;  conit. 

=iog(^.;:^iAiz^), 

the  constant  being  s  log  ^^  as  wiU  be  readily  seen,  if  we 
make  etkOy  and  thetefore  ^o==^- 

Again,  since  %  !  •  r 

«  a  a. 4    3        2.4.6      5   ^ 

and  therefore 

—  1,  we  get  .  •  ' 


v'o-*^ 


rfaj-  -    ^^^       _i4^ ,  and  by  iatq^nting,  we  obtain 

e  €  \  e  ^ 

the  constant  disappearing,  when  ezzo. 

The  other  coefficients  are  determined  in  the  same  man^ 


ner  as  diose  of  (l+fc6s30\  wlucfawe  lunre  considered 
above:  for,  by  differentiating  log  ^,  we  shaU  get 


I  +e  cos  X 

from  which  we  shall  easily  discover^  that 

and  substituting  for  a^i  8cc.  its  value,  we  find 

making,  for  greater  brevity,     "^  ^^  ^^/  =  m,  we  shaD 
have 

log  (1+^  cos  X)=:  —log  +  -  W  COS  X IW*  COS  2  X 

+  -  iw'  COS  S  J?  —  7  «*  COS  4  x4-  &c. 

and  consequently 

/dxlog  (\  +e  cos  x)  c=  -  X  logii? 

o  o  2  2 

+-  m  sinx-  -i»^5in2x+-m*sindjr m^sia4x+&c 

1.4  9  Id 

If  ^s:i|  and  therefore  m:=:l,  we  have 
log  (1+cos  x)=3 -log 2+  ?  cos  x-~|cos  2 x+  fcosSx-Jcc. 

=log  ^2  cos»|)  =log  2  +  2  log  cos  | . 

»  2  2'  2 

log(l—  cosx)  :=  — log2 — cosx — cos2x — cos  S  x 

1,2  3 

=:log  (2  sin*  |)  =  log  2+2  log  sin  ^ . 
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We  hence  get,  by  taking  the  difference  of  these  series, 

log  tan^s— 2  cos  r— -cos  8x—  ^  cos  5  x-8ic. 

6.  The  integration  of  the  differentials  ^'  dx  sin  3^^  and 
€^dx  cos  X",  may  be  obtained  without  the  aid  of  the  ex« 
ponendal  formulae  for  the  sine  and  cosine,  'by  a  process 
similar  to  that  made  use  of  in  Nos,  170  and  203 :  we  thus 
obtain  the  following  equations  of  reduction : 

(1)  f^dx  sin  x-=  ^V«fa^'-\(''«m^->'CO»T) 

•'  A^  +  «* 

(2)  fe-dx  cos  :r-=^"  cos  ^->  cos  x^n  sin  x) 


Note  (L). 

The  same  principle  which  was  applied  in  Note(G),  to  the 
determination  of  the  differentials  of  the  arcs  and  areas  of 
curvesi  may  also  be  applied  to  find  the  differentials  of 
the  volumes  and  curve  surfaces  of  solids  of  revolution. 

Let  »s=/(x)  be  the  volume  generated  by  the  revolu- 
tion AMP,  Fig.  46,  round  the  axis  A  P.  If  h^PP', 
then  A  »  is  the  volume  generated  by  the  revolution  of  the 
area  PMM'P',  which  is  intermediate  in  value  to  the  vo- 
lumes generated  by  the  areas  PS  MF  and  PMRF.  Re- 
presenting one  of  these  quantities  by  D,  and  the  other  by 
Di,  we  shall  have 

D^ityf.FAf'xPP^wh  (y+  ^  h+  fitc.)* 
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consequentlf,  from  the  relation  subsisting  between  (he 
cuantities  D^  Au,  and  Di,  we  m^j  conclude  that 

4^  .  i=sv  V*  A«  and  therefore  </v  s  V  y  if  jr. 

Agam,  let  tfi=:/i  (x)  represent  the  curve  surface  of  die ' 
solid  body  generated  bj  me  revolution  of  A  M  P:  dien 
A«f  the  surface  generated  by  the  revolution  of  the  aic 
MO  Ml  9  will  be  greater  than  die  surface  generated  by 
the  revolution  of  the  chord  MM^  and  less  than  that  gene- 
rated by  the  revolution  of  the  tangent  M  N,  and  die 
line  NM'i  the  lines  MN,  and  NM^  which  are  not  b  the 
figure  referred  to,  may  be  very  easily  supplied.  Denoting 
these  quantities  by  D  and  D^,  we  shall  have 

D=T .  MM.  (PM+rM) 

;=  2  »  y  A  ^  (l  +  ^) +/**•+ 8tc. 

ax         «  X*   1 . 2 
A»»  .  ifN  .  (PMi-Fifn-w .  {FN*- Fin 

coiueqaendy,  aslieforei 
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and  therefore 


NoTR  (M). 

The  prop6dition  which  id  here  made  use  of  by  our 
f^uthorj  be^ng  Ettje  known  to  English  readers,  we  sha^l  en* 
di9a?our  to  explain  the  method  by  which  it  is  demonstrated. 
If  i4  be  the  area  of  any  figure  traced  out  upon  a  given 
^lane,  then  tht  area  of  its  orthographical  projection  upon 
any  other  plane^  making  with  the  former  an  angle  B,  will 
be  equal  to  A  cos  6.  This  theorem,  which  in  all  cases  ad- 
mits of  a  very  simple  demonstration,  can  present  no  diffi- 
culty when  the  figure  is  a  parallelogram,  one  of  whose 
sides  is  coincident  with  the  line  of  the  common  intersection 
of  |Jb^  jll^es. 

4gaiP»  from  J,  the  common  point  of  intersection  of 
.three  planes,  each  of  which  is  perpendicular  to  the  other 
twO|  f}raw  AM  perpendicular  to  a  plane  which  intersects 
them  in  the  lines  QQi,  QiQif  Qz Q :  from  M  draw  Jf  N, 
M N^f  MN^f  perpendiculars  upon  QQm  QiQ^*  C'Q*  ^^^ 
MP^  MP^y  AjPof  perpendiculars  upon  the  planes  ^QQi, 
AQiQji9  A  QiQ^  znd  join  AN^  AlSI^,  AN^^,  which  like- . 
wise  pass  through  P,  Pj,  P^:  then  AP,  APi,  ^P,,  or 
theiV  equals,  MP^  MPi%  MP^  will  form  the  adjacent 
edges  of  a  rectangular  parallelopiped,  whose  diagonal  is 
AM^  and  therefore  JAPzzM  P^+M  P*+MP^\  Let 
e,  dj,  e«,  be  the  angles  ^iViJf,  AN^M^  AN<^^  or  the 
angles  which  the  intersecting  plane  makes  with  the  co- 
ordinate planes.  The  angles  AMP,  AMP^^  AMP^^  are 
respectively  equal  to  ?,^ii    ^i,    and  therefore  MPzz 

4  R 
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AM .  cos  a,  MP^^AM  .  cos  e„  MP^^iAM .  cos  «,| 

and  consequently  3fP*+JlfPi*+^P,*=iiM»   (cos*** 
+COS*  ^f+cos*  e^)=zAAr- ;  or  cos*  ^+cos*  0^  +  cos*  fl^sr  1. 

Now  if  ^  be  tl\e  area  of  the  parallelogram  MJTTZt 
fig.  49,  and  B^  B^y  Qo^  he  the  angles,  which  it  fonns  re- 
spectively with  the  three  co-ordinate  planes }  then  ^  cos  ^9 
J  cos  ^1,  J  cos  ^2  will  be  the  areas  of  its  respective  pro- 
jections upon  them,  and  consequently -<4  =^  (-4*  cos*  ^ 
^A  cos"  Ox+A  cos""  B,>)i  since  cos*  B  +  cos*  ^^  +  cos*  B^^  1. 

It  is  hardly  necessary  to  inform  the  reader,  that  when 
we  speak  of  the  square  of  an  area  as  equal  to  the  sum  of 
the  squares  of  its  projections  upon  the  three  co-ordinate 
planes,  we  have  reference,  in  all  cases,  to  the  relation  sub- 
sisting between  the  squares  of  lines  or  numbers,  by  which 
these  areas  are  supposed  to  be  represented. 


Note  (N). 

The  classification  of  differential  equations  by  their  order, 
is  founded  on  the  most  important  of  their  properties,  those 
relating  to  the  arbitrary  constants  which  complete  their  in- 
tegrals. The  nitmberof  these  constants  being  equal  to 
the  exponent  of  the  order  (272),  afibrds  a  natunl  and 
strongly-marked  line  of  separation  between  equations  of 
diflFerent  orders.  The  subdivision  of  equations  of  the  same 
order  into  classes,  according,  to  the  degree  to  which  the 
dependent  variable,  or  its  diflFerential  coefficients  rise,  pos- 
sesses no  such  advantage ;  but,  on  the  contrary,  is  pro- 
ductive of  the  utmost  confusion.  .Our  author  has  noticed 
diis  circumstance  in  the  preface  to  his  great  work  on  the 
Differential  and  Integral  Calculus ;  and  takes,  as  an  in- 
stance, the  equation  of  Clairaut  ( 270 ) ;  y  -  jmr  =  /  (  p), 
which  is  integrable  by  the  same  process,  whatever  be  the 
form  of  the  function  /.    The  distribution  of  equations  of 
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the  same  order  into  classes,  is  a  point  of  very  considerable 
importance,  as  well  as  obscurity,  since  it  would  furnish  us 
with  a  general  mode  of  classing  transcendents,  whose  pro- 
perties are  almost  universally  expressible  by  means  of  such 
equations,  in  a  simple  manner  (46).  An  example  will 
illustrate  our  meaning.    The  transcendent 

—  —  —   + &c. 

which  we  will  denote  by  ^  (.l+i)}  gives,  by  differentiation, 

apc  12 

whence 

«(l+x)=  rii.log(l+*). 

This  equation,  therefore,  includes  all  the  properties  of 
the  above  transcendent,  and  they  may  all  be  derived  from 

it.    Thus,  if  for  x  we  write  -*  ^  we  have 

X 

whence 

=  i(>ogx)*+C. 
Now,  when  x—\y  thi«  becomes 


,♦(„=€=«  (l-i  +  i-tcc.).^, 


SO  that 


«(l+:r)  +  ^(l+i)  =  i(Iogx)'+^' 


which  is  one  of  the  principal  properties  of  the  function  in 
question.     Again^  if  for  x  we  write  a-^l,  we  get 


whence 
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and  in  this,  for* writing  -  , 

=  f(logx)*+C; 
and  making  ;tf  r:  1 ,  \^e  find  C so )  so  that 

0(x)+0(i)=i(logj)». 

.  Unfortunately,  however,  such  is  the  difficulty  of  the 
subject,  no  tfysfem  of  classification  has.  been  proposed, 
which  ^iU,eiMib)e  iis  to  include  in  one  class  all  transcend* 
ents  essentially  of  the  same  nature,  or  reducible  to  one  an- 
other, to  the  eiclusiofi  of  all  such  as  are  fundamentally 
different.  Meanwhile  the  manner  in  which  the  arbitrary 
constants  enter  into  the  integral,  affords  a  convenient  me* 
thod  of  arranging  such  equations  as  are  integrable.  Hie 
equation  of  the  fiDSt  degree,  for  instance, 

where  P,  Q, ...  ilf,  N,  are  functions  of  x,  has  its  integral 
always  of  the  form  (284), 

To  confine  ourselves,  however,  to  the  first  order,  we  wiD 
first  consider  the  manner  in  which  the  arbitrary  constant  is 
combined  with  the  variable  x,  in  the  integral  of  aHy  h(»no- 
geneous  equation.  The  general  form  of  all  equations  of 
this  class  is 


^       d  X 


■/(O 
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Thus,  the  equation  xdt/^yits=dx  . Vi?+y,  in  the 
text  (page  323),  is  the  same  with 

If  we  take  ^  :su,  we  have 

dy  du   .  -"     ' 

dx         dx 
which,  substituted  in  the  proposed,  gives 

whence  'm  •* 

and  lotr  c  X  s:  f   -r . 

Now  this,  when  the  integration  is  performed^  beitig 
a  cettatn  function  of  i/,   if  we  find  u  from  this  •  equation^   , 
in  terms  of  log  c  x,  we  shall  have 

»=^  =»  i''(log^x)  , 

X 

and  instead  of  log  c,  writing  simply  rj  since  the  constant  is 
arbitrary, 

y=x.i^(^+logx), 

which  is  the  general  form  of  the  integral  of  every  homo- 
geneous equation. 

This  process  extends,  of  course  to  every  conceivable 
form  of  the  function/,  although  in  the  text  no  examples 
are  given  of  other  than  algebraic  ones.  Suppose,  for  in- 
stance, we  had 

xrfy-^rfx=cy  (logy— log  x)rfx. 
This,  reduced  to  the  above  £orm,  gives 
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and  consequently 

/(»)-«=5«.  log«; 
whence 

whence 

e 

If  the  equation  proposed  were 

we  should  have  . 

dx         X       \y  xj 

=  »+ ^^— S 

If 

consequently 

whence 

(l+«)(ir+logx)=;f», 
or, 

z 

In  this  instance,  the  form  of  the  functioii  we  have  de- 
noted by  jFis  transcendental.    It  is  the  inverse  Jumiion  of 

— ,        (399). 
1  -♦-« 

If  we  eliminate  c  between  the  equation 

and  its  differential,  --i-,  orp=:c,  we  find  the  equatkm 
d  X 

of  0270), 

yzsxp+fip). 
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Had  we  assumed,  for  the  form  of  the  integral, 

P,  Q,  and  R  being  functions  of  x,  we  should  have  obtained 
the  equation 

P^%  Q%  and  R'  denoting  the  difFerential  coefficients  of  P, 
Qy  R*  The  nature  of  the  solution  is  not  altered  by  using 
instead  of  c  any  function  of  c^  as  for  instance,  by  supposin^g 

y  «(/!+*  r)x+/(r) 

,=(^+^)x+/(r),&c. 

for,  since  c  is  arbitrary,  ^+^  ^^7  be  conceived  equiva* 
lent  to  one  arbitrary  constant  /;  and  hence,  finding  c  in 
terms  of  r,  and  substituting  in /(f),  it  becomes  a  function 
of  r ,  such  as  F  {c\  and  the  form  of  the  integral 

differs  from  the  former  only  in  the  nature  of  the  function 
•  represented  byi^,  and  therefore  comes  under  the  same  class, 
which  we  suppose  to  include  all  possible  forms  of  the 
function  /. 

The  next  general  form  of  the  integral  in  the  order  of 
its  simplicity,  is 

which,  however,  leads  to  a  very  complicated  class  of  dif- 
ferential equations,  unless  certain  relations  subsist  between 
P,  g,  jR,  5.    One  of  these  is,  when  S=:  1,  and 

P+Qf+/2r»=^f±l*; 

for,  in  this  case,  we  have 
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and  cons^quentlf     . 

I^ep^h/e.eqviation 

o=l+«(^±y)+0(a:±2/i)+y(y±/,»J(»d3«p) 
be  proposed,  and  we  find 

'..      -:    J  .     T^         i.+y(xd:a^)    ' 

wh'ic^Ts  (if  ihe  above  form,  taking  a^  7  I,  and  assominf 
for  tha'ftjrm  of  the  function/ 

/(x)-=-izif. 

•  -r  y  X 

.    It^  integral  is  therefore 

The  equatiQa    -  •  .    • 

^=P.+(f+e)-+/(c), 

treated  in  the  same  wayi  by  the  eliminatipn  pf  c,  Jeads  to 
the  diflTerential  equation 

P'and  Q' denoting  the  differential  coefficients  of  Pand  Q. 

This  is  an  equation  of  considerable,  generality.    If  Q  =:  f 

ft 

Iff  "4*1 
we  have  n  0'*=  1,  and  taking  «= — i-   , 

'      ^=p+(^-i>'r +>+/((/'-P'r-  -^) , 

the  integral  being 

m-Vl 

If,  in  this,  we  still  farther  suppose  Pszo^  yre  shall  get 
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in  equation  generally  tntegrable. 

The  equation  y^  p  x+f(p)  is  remarkabte,  as  we  have 
before  seen  (270),  for  the  facility  with  which  its  particular 
eolations  present  themselves  by  differentiation :  those  of 
Tarious  oth^r  equations  may  be  obtained  in  the  same  man^ 
ner.    Taking,  for  instance,  the  equation 

If  we  make  2  ap—r^u,  we  find  yzz  ap^'{-f{ft\  and  dif- 
ferentiating, 

ax      ^         ^    ax  "^  ax 

in  wluch,  if  for  2  a  ^  ^€  write  1  +  /^ ,  its  equal,  we  get 

or, 

It  we  put  --—  rso,  we  get  umc,  »=  — ^  ,  and  of 
a  X  '  %a 

'  coursers  ~I^+/(tf),  the  complete  integral  j.  but  if  we 

make  the  oAer  factor  vanish,  yn  have 
p+f(u)^o 
9^ap^+f{fi) 
mzz^ap-'Xp 

from  which,  eliminating  p  and  u,  an  equation  will  resuk 
between^  and  «r,  differing  essentially  from  the  former,  and 
involving  nxy  arbitrary  cbnstant,  and  therefore  a  particular 
solution.     In  fact^  these  equations  are  equivalent  to  . 

48 
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jrom  wluch  p  is  to  be  diminated.    Now^  if  we  diffierai- 
tiate  the  complete  integrali  r^arding  c  as  yariable^  we 


and  making 
we  hare  also 


/(.)+^  =  0. 


"    c+x 


Eliminating  c  from  these^  we  get 

0=:p+f'{2ap^x), 

which  is  the  same  with  the  second  of  the  above  equations, 
and  thus  it  appears^  that  the  particular  solution  obtained  by 
differentiation,  as  above  explained,  is  identical  with  that 
resulting  from  the  general  theory  of  such  solutions  deli- 
▼ered  in  the  text. 


Note  (O). 


In  a  subject  so  abstruse  as  the  theory  of  partial  diff&« 
rential  equations,  the  beginner  will  find  great  advantage 
from  the  actual  solution  of  particular  cases,  for  which  i 
son  we  subjoin  the  following : 


Ex.  1.  ^_  =  --,  orp=j. 

ax       dy        * 


dz  _  dz 

Since  dzsspdx+qdy,  m4p:^fi  we  have 
d^=,pdx+pdy^p  .  d{x+y\ 
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and  consequently /7=^'  (^+5')>  i>  denoting  the  difFerential 
coefficient  of  <p,  or  its  derived  finction ;  whence 

and  z»0  (*+jd»       '   ~  • 

Ex.  2.  «  -^  +*  •  T^  =0  Of  «/  +  * y^r. 

^x         ay  .  . 

If  we  eliminate  y  by  means  of  the  equation 

dz^pdx-^qdy, 
we  get 

dz^^^dy^p(dx^jdy), 

and  we  must  therefore  h&ve 
and 

whicbf  since  the  form  6i  the  function  denoted  by  0  is 
aifaitirary^  may  also  be  written  thus : 

Ex.  S.  jfx-q=:x%  or 

dx      djf         * 
Since /?=x+  -  >  and  also  p  =  — Tx^' 
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we  haw 

whence 

fiesce  f  w^'  (y  +  log  k\  and 

dz    ,    x*+y*    iar 
X         %xy     dj/ 

^re^  /» from  the  equations 
2jp^     * 


Ex.  4. 


Eliminating,  as  before,  f 


hence  iL  cr  must  be  a  function  dl^T^.  ^fstti  the  fbrat 
^'(^^  0>  and  consequently 

Ex.  5. 

If  we  eliminate  -r^  >  or  ; »  a$  befbr^>  by  the  equtka 
djf 
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we  have 


iz—ndx 


dv    /— — %  •       Mfdx-^xdf 
dz^^  ^a^^y'+P*^ ^- • 

Now  if  we  take  a  new  rariable  S=  f  >  we  have 

y 

JfdjiZJLlXzzydS,  aad«=y  S,  wbich,  being  substituted, 

me  ■ 

Now  z  being  a  function  of  y  and  x,  is  also  a  function  of  jf 
and  S,  and  the  second  member  of  this  equation  must  there- 
fore be  the  complete  differential  of  such  a  function ;  this 
function  will  therefdre  be  by  {2,61), 

The  value  of  S  being  substituted  in  this,  gives,  for  the  in- 
tegral required, 

Tlris  method  of  solation  applies  equally  to  all  At  few 
g(^g  examples,  and  in  general,  to  the  equattoo 

As  another  example,  we  may  tak« 
U.6. 

dy         dt 
Eliminating  j- ,  ot  f  ,  we  get 


i.-^+,(^^^ 
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If  nowwe  tal?^-^=rfS,  or  «^i  -  i  .  „e  gtt 

X  as  — ^^—  I  wd  substituting 

wluch  must  be  a  complete  differential  of  some  function  of 
y  and  S.    This  function  will  theiefOTe  be 

Ex.  7. 

,^8  ,       dz 

Assume  t^e^  e  being  tbe  number  whose  bypeibolic  or 
natural  logarithm,  is  unity,  and  we  hare 

dz      ^    du      di      ^   iu 
ay  ay     dx  dx 

by  substituting  which,  the  ^hole  becomes  diyisible  by  ^, 
and  we  get,  for  determining  cr,  the  equation 

du    ,     du 
•  dy         dx 

which  is  integrable  by  the  method  pursued  in  the  last  two 
examples ;  thus,  eliminating  -— ,  by  means  of  the  equ»> 


tion. 


J        du  J 
du  ^-^     dx 


ry 


y  dy 


>» 
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we  find 

If  now  we  take  xdx  '-jfdy=:dS,  and  5=  ■     j^  ,  we 
IwYe  a:=v^(«  S  +  /),  and  . 

writing  f  (2  S)  instead  of  ^  (5),  since  the  form  of  tp  is  arbi- 
trary.   Thus,  since  z^:^,  we  obtain 

or  changing  again  the  fonn  of  ^  (x*  — y* )  to  log  f  (x^—^ )} 
which  is  allowed^  for  the  reason  before  noticed. 

The  reader  may  Sipply  the  same  process  to  the  equation 
Ex.  8.  .  . 

which  leads  to  the  following  yalue  of  x : 
where 


log  r=y_ 


''■(?) 


and  the 'same  method  will  suffice  for  the  integration  of. 
the  more  general  equation. 
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Ex.  9. 

Let  z  be  regarded  as  a  function  of  «,  and  a  new  vari- 
able Uf  u  being  a  function  of  x  and  jr,  to  be  founds  and  let 

(•^^  represent  the  difierential  coefficient  of  z»  relatrre  to 

x^  on  this  supposition.    (JH&a  will  not  be  the  same  widi 

-^t  for,  u  being  a  function  of  both  x  and y^  the  oomposi- 

tion  of  9,  when  expressed  in  terms  of  u  and  r,  will  differ 
from  that  of  the  same  function  expressed  in  terms  of  jr  and 
x^  and  X  will  be  involved  in  a  different  manner  in  die  two 
expressions).    We  have  then 

dz       dz    du 
dy        du   dy 

dz  _  /rf«\   .  rf«  du 

7i^\T^^^dZini' 

which  being  substituted,  we  find 

\4  x/     du  \dx     X  ay/  * 
Suppose  now  u  so  determined,  that 

dx      X  dy 

which,  treated  in  the  ^ame  manner  as  the  equadon  of  Ex.  4, 
gives 

•='©• 

The  equadon  is  now  reduced  to.the  more  simple  form 
in  which  it  must  be  recollected,  that,  z  is  considered  as  a 
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dz 
functibn  of  u  and  x ;  and  since  -r^  does  not  enter  into  it, 

du 

u  must  be  regarded  as  constant,  and  we  have 

fz^^dzssfs^dx^ 
or. 


S+^'G)' 


but  jPand  f  denoting  arbitrary  functions,  their  combination 
is  equally  so,  and  may  therefore  be  represented  by  one 
character,  ^ ,  so  that 


»i  +  l     ^\xJ     (I -!!);«•-» 


Tliis  yery  elegant  process,  delivered  by  Laplace,  in  the 
Memoirs  of  the  Acaiermf  of  Sciences ^  for  1773,  is  equally  ap-. 
plicable  to  die  equation 

""  *^  '^T  ••^^*^  y>  +  ^(^*  ^'  ^^• 

When  the  term,  independent  of  the  differential  coeffi- 
cients, contains  y  as  well  as  x,  the  operation  will  require 
one  additional  step,  which  was  not  necessary  in  the  above 
example :  it  consists  in  substituting  fory  its  value,  in  terms 
of  u  and  x,  derived  from  the  general  expression  of  m,  so 
as  to  arrive  at  a  final  equation  between  z,  »,  and  x  alone. 
Thus,  suppose  we  have 

Ex.  10. 

If  this  equation  be  treated  in  the  same  way  as  the  last,  we 
shall  arrive  at  the  same  form  of  i/, 

4  T 
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Suppose  this  equation  resolved,  and  a  value  of   *2f  de- 

X 

duced  from  it,  in  terms  of  «,  we  may  denote  this  by  >^  (u\ 
and  we  have 

and  it  is  evident,  that  the  form  of -Ae  function  \^  Is  equally 
arbitrary  with  that  of  ^ :  we  shall  then  get 

(^)=../xH:F^r 

which,  since  duAo^%  not  enter  into  it,  may  be  treated  a$ 
an  equation  of  total  differentials,  between  z  and  x,  of  the 
first  order  and  degree  (257),  and  gives 

,^;f'^T^^  {i^(^)+//^.xrfx^H:?7io"*}' 

since  the  constant  may  be  any  function  of  i/,  which  is  re- 
garded  as  constant  in  the  integration.  Hence  performing 
the  integrations  indicated,  we  get 

in  which,  if  we  replace  \^  {«)  by  its  equal  "^  ,  and  instead 

X 

of  the  arbitrary  function  -FCw),  orFfp  f^\  ,  write  drnply 
^  V    / '  ^^  ^"^  ^*  length 
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£x.  n.    ' 

we  have 

dz=:pdx  +  qdf/=d(px+qi/)  --  {xdp+ydq)y 
and  therefore 

d{px+qy-z)  =  xdp+ydq 

^xdp-y  ^ 
P 

since  y  =  -,  and  dq^  — -P  ^   . 
Z'  P^ 

Now,  the  first  member  being  an  exact  difTerential,  the 
second  must  be  so  likewise ;  so  that  we  must  have 

^-  T  =  'P'  ^P^^ 
P 

and  p  x+qy  -^z^ip  {p\ 

that  is,  px^^-z=z(p  (/?)•, 

P 

by  the  help  of  these  two  equations,  assigning  any  form 

we  please  to  ^,  we  may  eliminate  p,   and  an  ec^uation  will 

result,  expressing  the  relation  between  2,  *,  and  y :  thus, 

if  we  take  f  (/?)=o,  ^'(^)=o, 

i^^  Z' 

whence, 

Z^(l+X^-)V/f 

Ex.  12. 

dz    dz  I , /dz-^ 


dz    dz  il/»^\ 

dx     dy  \d  X  / 
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or,  qsza--  +*/>> 

whence      dz:zpdx+qdy:=:d{px)'^xdp+qdg 

^d{px)^PJl±^dp'^qds, 

and 

dz-^d  {px)'-''^p^dp^q(dtf'-^^j  . 

The  first  member  is  the  complete  differential  of 

so  that  we  must  have 
and 

but  the  proposed  equation  gives 

eliminating  p  from  these  two  equations,  we  obtain  one  ex- 
pressing the  relation  between  Zj  x,  and^. 

Ex.  13.    Let  us  take  the  equation  of  the  second  order, 
^""^rfi*       W/  «     TTd^     dxdy^ 

If  we  assume,  as  in  Ex.  7,  z=s/*,  we  shall  have 
d x^    d  X    dy         dj/ 


dx^ 


-c-:)'-.^ 
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t 

I  Ixjy        dx  dy        dxdy 

to  that  by  this  substitution  our  equation  becomes 

^dx^       dxdy       dy*  ^ 

which,  divided  by  ^**,  takes  the  same  form  as  that  of  No. 
319,  where  ^=1,  JBz:^,  C=*,  r=0}  and  gives,  by  the 
application  of  the  process  there  explained, 

ir=log  4>(»x-y)+iog  >/r  OSar-y), 

m  and  0  being  the  two  roots  of 

»*— fl»+*=0, 

provided  these  be  unequal.    Thus  we  find 


Note  (P). 

The  process  delivered  in  the  text  is  manifestly  appIT- 
cable  to  die  determination  of  the  arbitrary  functions,  what* 
ever  be  their  number,  provided  they  enter  under  the  same 
/orm  as  in  the  equation 

1  =  ilf . 0  (r)+ JV.xKr)  +  0  .  X  (  O  +  8cc. 

in  which  ilf,  N,  O, ...  F,  represent  any  functions  of  or,  y, 
2,  the  conditions  being  similar  to  those  in  the  text.  Instances, 
however,  are  frequent  where  the  arbitrary  functions  enter 
into  the  integrals  of  equations  under  different  fomis,  or 
combined  with  their  differential  coefficients,  in  which  cases 
the  task  of  determining  them  is  of  much  greater  difficulty. 
The  case  where  one  function  only  is  to  be  determined,  but 
whicb  enters  into  the  equations  for  determining  it,  under 
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two  forms,  should  stfch  occurj  miist  be  treated  in  the  man- 
ner explained  in  iS9S\  but  niost  frequently  \re  have  to  de- 
termine more  than  one  arbitrary  function,  by  elimination 
from  equations  into  which  each  enter?,  under  its  own  pe- 
culiar form ;  and  in  this  enquiry  great  and  unexpected 
difficulties  ar6  fotiAd  to  occur.  The  following  cases, 
however,  are  sufficiently  easy. 

1  •  To  determine  tihe  arbitrary  functions  <p  and  ^,  when 

t/and  J^bein'g  functions  of  i',  g,  z,  the  conditions  being 

that 

F(^,  y,z)=ro,  give8/(AP,jf,  2)=:o, 

and  F  U,  jr,  z)  =  o,  givcsr/'  {x,  y,  z)  =  o. 

Make  U^t,  and  from*  the  three  equations 

1/=/,     I^(j^iy,t)^Oy    f{x,^,t)'=io, 

derive  the  vali^s  of  x^  y,  -z^  in  functions  of  /.  If  these  be 
substituted  in  F,  it  will  become  a  function  of  /,  which  we 
will  call  F\  and  denoting  by  Z'  the  f  alue  of  z  in  terms  of 
/,  we  have 

In  nice  Aiatoef,  if  w^  coWSintf  the  equaHion  17=2/  with  the 

btftef  Condhloiis, 

•^(j^3y*«)==o,   /'(x,  y,  s)=6, 
we  shall  get 

Z"  and  P^^'  beiii^.  fcmalA  other  function^  of  t,  and 

z';=HO+>Kn.  . 

f  Svbtraoting  this  ftoon  the  former^  we  get 

;in  which  there  is  but  one  unknown  function  enfeiing  un* 
der  twQ  forms,  and  which  may  therefore  be  treated  by 
Laplace's  method  (398;. 
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Required  the  forms  of  0  and  \|^,  so  that  when 

y=zAx,    z=:Bx,    and  when  ysrar*,     stmbx. 
1.     Put«r-^=:/,    y=i4x,     zsjBz,  and  we  have 


a  —  -4     ,  u-^  A  a—  A 


et-A  ^a  —  A       ' 

In  like  manner,  frojnAe  other  condition  we  get 
whence,  subtracting  ^ 

If  now. we  take.^ 

wc  have  ' 

and  integrating  (381), 
but^  the  equation  {p)  gives 

a  —  a  a  — a      g^ ,. 


whence,  Integrating, 


704  NOTES. 

which  expresses  the  form  of  yfr,  and  ia  like  manner  mij 
that  of  ^  be  determined. 

2.  The  equation 

where  P,  Qt  U,  F,  are  any  given  functions  of  x,  y^  z^  and 
4>,  yfr  are  to  be  determined  by  conditions^  similar  to  the  fore- 
going, presents  no  difficulties  of  a  different  kind  from  those 
of  the  more  simple  case  just  treated.  We  have  only  to 
make 

17=/,    i?(jr,  y,  r)=o*   /(r,y,;5)=o, 

and  P,  Qt  F,  become  functions  of  t,  which  we  will  call 
P',  Q',  F,  and  thus  we  have 

In  like  manner,  the  odier  conditions  afford  a  similar  equa- 
tion 

and  if  ^  (/)  be  eliminated  from  these,  the  resulting  equation 
suffices  to  determine  the  form  of  yf^. 

3.  Let  z^ii>{U+y(r{F)}, 

the  conditions  being  as  before.  This  case,  in  reality,  di£Rers 
only  in  appearance  from  the  last ;  for  if  we  conceive  the 
inverse  operation  of  ^  (or  that  which  exactly  counteracts 
the  operation  denoted  by  ^)  to  be  represented  by  ^i,  we 
shall  have 

taking  therefore  the  function  <pi  of  both  members  of  tbe 
proposed  equation^  we  baVe 

^U+ylr(F), 


and 


i  =  i0,(^)-i^/.(r). 


which  is  of  the  form  before  treated.    Let  the  functions  ^i 


o. 
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and  yff  be  detennined,  and  ^  becomes  known  by  resohing 
the  equation  * 

-..   *i  f  .*(')}=^- 
The  reader  m^y  apply  thji^  genmX  i:ea9onmg  to  the  par- 
ticular eqvatv?ii^       I   •  '^  . 

the.tonditionsfaeiiigj  diat  yih^yioA  x^  as±iBx\  and  when 

The  above  is  the  integrsOi  of  the  following  partial  dif- 
ferential equation, 

dl^'  dy"  dx*  dxdg    '   Id^^dF^y      dx'dy^^'^ 

into  wh^cj^itif  vtOKdifjOf  senuffk;  th^t  the  coiisbmttf  does 
not  eoier^  and  ^lerefore  its  integral,  bfcsidfss  the  t^  aiUU 
truy  f mictions  y^  and  ^  ^contains  an  aibitrary  constant  m^ 
wl^db;  qia  pnjlybe  detcamned  by  asttgnsig  some  particular* 
value  of  Zj  .cm^JipndiDg  to  OBftasa  gtvta  vajbes  of  r  aadry« 
In  odier  words,  determining  some  point  through  which  the 
curve  surface,  expressed  by  the  equation,  must  pass. 

If  dhere  he  ihot^  tihan  tWo  fuHctifdns,  ^s  in  the  equation 

we  must  ha^e  as  ^xuui^.conditiofip  s^-  there .  are  fttiH>tiG||i^j 
and  from  these,  in  the  same  manner  as  above,  we  obtain 
the  equations 

fum  ]v^ah  it  does  ;«ot  tffiear  prnictiai|dfe  lo'«limfawteat 
opqe  ^<0i.ap4  ti^  tbfce  fanna.df  Xi  ^i«*'t  (*^X  X<i^^^ 
ap^  X  <^'%  90  as  to  an^vA  at  a  .final  cqaatidh,  opntaming 
no  other  unknown  function  than  >fr,  aBlA>aocorllmglirth^ 
extent  of- the  process  .^ems  l^itfd'^tythta,  point,  by  an  in- 
surmountable obstacle. 

4u 
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^  Note  (Q). 

The  proposition  contained  m  this  ardde  is  tod  impoiw 
tant  to  be  passed  over  without  demonstrationi  as  it  is  ex- 
tremely easy  of  proof,  and  not  ohly  the  whole  theory  of 
relative  maxima  and  minima  depends  on  it,  bat  the  reader 
will  find  the  same  principle  employed  in  almost  every  other 
application  of  the  Calculus  of  Variations,  and  in  none  more 
f^quently  than  in  the  investigation  of  the  general  laws  of 
mechanical  action  and  equilibrium. 

In  asy  equation 

P+Qn+R  *  +  ace* 

if  the  quantities  tf,  b^  r,..*  be  supposed  absolutely  indetermi- 
nate and  arbitrary,  having  no  necessary  dependence  what- 
'  einer  upon  any  quantities,  sudi  as  jp,  y,  z,  p^  9,  &c.  of  winch 
P,  Q,  R%  &c«  may  happen  to  be  composed,  then  diis  equa- 
tion is  in  fact  equivalent  to  the  several  equations, 

P=o,    J2=o,    Rzzoj  &c. 

fory  since  a,  ^,  c,  &c.  are  independent  of  x^  jr,  &c.  any 
change  we  may  make  in  the  former  can  produce  no  altera- 
tion in  the  values  of  the  latter,  or  the  relations  subasting 
between  them ;  consequently  any  number  of  equations, 

P+<la  +Rh  +  &c.=  o, 

-P+C«'+fi*'+8cc."i6, . 

/*+<2  a"  J^R  r+  8cc.  a  o,  &c/ 

must  hold  good  at  once,  a,  d,  J'^  A,  h\  V^  &c.  being  inde- 
terminate  and  independent.  Suppose  the  number  of  these 
equations  equal  to  that  of  the  quantities  P,  Qt  ^^  ^d  by 
eUminating  aU  but  one  of  them  (suppose  P),  we  arrtveet  an 
equation  of  the  form   . 
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m'wliidi,  once  the  factor  /(a,  8lc.)  may  hate  any  incjeter* 
minate  value  depending  on  those  of  a,  b^  Sec.  we  must  have 
P=£0 ;  and  in  like  manner  it  may  be  shewn,  that  Q^^o,.  &c. 
The  same  conclusion  may  be  at  once  obtained  by  consider* 
ingy  that  if  the  equation 

P+Q^a+Rb+iiC.^o 

be  not  identically^  true,  by  the  vanishing  of  each  separate 
coefficient  P,  J2>  ^'  ^^  ^^  "^  ^^^  ^^  expression  of  a  relation 
subsisting  between  a^  b,  &c.  and  P,  Q,  R,iic.  that  is,  a^ 
b,  &c.  are  not,  as  was  supposed^  independent  of  x,  y,  z,  &c. 

Hence  it  appears,  that  if  any  equations 

P=0,      QasO,      ^=0,    Sec. 

be  proposed,  we  may  include  them  all  in  one,  by  adding  to 
any  one  of  them  the  sum  of  the  rest,  each  multiplied  by 
an  indeterminate  quantity  independent  on  j,  y,  z,  &c.  Sup- 
pose now, 

then  will  the  equation 

o=/i(U+a  U^+b  I7j  +  &c.) 
be  equivalent  to  all  the  separate  equations, 

fi  l/=o,   fh  J7i«o,  &c. 

provided /I,  ^,  8cc.  be  perfectly  arbitrary  and  independent 
on  Xfiff  z,  that  is,  provided  these  quantities  do  not  vary  by. 
the  variation  of  x,  g,  z;  whence  it  follows,  that  Jazio, 
I  A=o,  or  a,  bf  8lc.  are  to  be  regarded  as  arbitrary  constants 
in  the  final  result.  Now,  it  fU  is  to  be  a  Maximum  or 
minimum,  we  have/B  JJeso ;  and  if  at  the  same  time/ t/i 
taken  between  the  saine  limits,  is  restricted  to  a  given  va« 
lue,  its  variation  is  zero,  or/^  17]  s^o,  and  so  on ;  ajnd  from 
wKat  has  been  said,  it  appears  that ' 
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is  equivalent  to  aDtkese  equ^iions^  «n4  tb^efoce  eoibncet 
all  the  conditions  of  the  probldnv* 

Suppose  asa  -^- »  hvs.^^  .$&€•  the  Twiatmis  ^x,  ly^ 

i  Zf  8cc.  l>eing  arbitrary  and  independent^  then  will  the 
equation 

be  equivalent  to  all  the  separate  equations 

PstO,      (2=0,      JJisO,     &C. 

but  if  any  relations  subsist  betv^e^n  ^x^  ty,  tz^  Sec.  and, 
by  means  of  these  relations^  and  the  above  equation,  so 
many  of  the  variations:  ^  x,  &c.  be  eliminated,  diose  which 
remain  m^y  be  regarded  as  arbitrary  and  independent,  and 
their  coefficients  in  the  resulting  equation  must  vanish.  The 
proposition  in  this  form,  simple  aS  it  appears*,  is  the  foun- 
dation of  the  whole  analytical  part  of  the  theory  of  Statics 
and  Dynamics. 

We  have  considered  it  necessary  to^  explain  this  point 
at  some  length,  because  we  Jhave  known  it  regarded  as  a 
difficulty  in  principle,  while  in  reality  it  is  nothing  more 
than  an  artifice  of  analysis,  eriablitig  us  to  dispense  with  the 
consideration  of  relative^  and  confine  our  views  solely  to 
questions  of  absolute  maxima  and  minima.* 

For  examples  of  the  application  of  the  method  of  varia* 
tions  to, the  solution  of  problems  of  maxima  and  minimaf 


^  This  demonstrattoh  of  the  theory  of  relative  masima  taai 
minima  \s  the .  same  in  spirit  with  that  given  by  Lagrange,  ia 
the  22d  Lesson  of  the  Calcul  des  foncHotu^  and  seems  more 
simple,  as  well  as  more  natural  than  the  proof  previously  deli- 
vered by  Euler,  by  resolving  each  integral  into  its  component 
infinitely  small  elements. 
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the  readet  is  referred  to  Mr.  WoodhoqseV  Treatise  wlitpe* 
fimiirkal  PnUems^  in  which  he  will  meet  with  a  gteat 
varied  of  r^ry select  ai^d  intereating  case$»  as  well  as  $ 
more  extended  account^  of  the  method  itself,  than  the  ne* 
cessary  limits  of  this  work  will  admit. 

That  the  equation 

Jx''+y'i//+(rfy'+/d«")«"=o, 

of  (dS7)f  expresses  the  condition  of  the  two  cunres  inter- 
secting each  oth^  at  right  angles^  may  be  shewn  as  follows. 
TM,  fig.  SS,  being  a  tangent  to  any  curve  of  double  pur- 
yature  MX,   the  trigonometrical  tangent  of  the  angle 


TMMmnhe^^l^^^^i^ldJlL,  or  if  we  represent 

hjdz'sspdx  rt-fdy^  the  differential  equation  of  the 
surfacci  in  which  both  curves  lie,  zni  hj  dg^ndx,  thf 

equation  of  the  projection  M'JT,  ^^'  '=   Li±2l .  the 

sine  and  cosine  of  the  ai^le  TMP  will  also  be  respectively 
represented  by 

dx 1  .  d^  n 

^dx'+dy^"  ^T+i^'  ^      Vdx'+dy^    **  v^l+^' 

If  we  now  conceive  another  curve  lying  on  the  same  sur- 
face, having  MTi  for  its  tangent,*  and  represented  by  two 
equations  between  Xj  gx,  and  Zi\  one  of  these  will  be  the 
equation  of  the  surface  * 

dzi^pidx+q^dyf^, 
Pi  and  qi  being,  the  same  functions  of  x  and^i  that/?  and  q 


*  The  lines  MTi\  &c«  relative  to  this  second  curve,  are  not 
represented  in  the  figure,  as  they  are  easy  of  cooception* 
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are  of  or  and  g^  and  ther«forf  at  die  point  JIf,  common  to 
bochcnrres,  ^i!=y»  Zi^^x,  pi^p,  7i=:;«  httHidxi^dgi 
be  the  equation  of  the  projection  AiXi  of  this  carte  on 
the  plane  of  the  x  and  y,  and  we  shall  have^  in  like 
manner, 

tanr/AfJf«^^^^^\  cosr/AfP=:.;:7=^; 
and 

cos  r  M  r,'=co.  (rAf  p-r,'jf  i»)=  vi+r.'Vi4.,,»- 

Now,  if  we  conceive  a  sphere,  whose  center  is  M,  and 
radius  unity,  the  intersections  of  its  surface  with  the  three 
planes  TMM,  T.'MM',  TMT;,  will  form  a  spherical 
triangle,  of  which  if  we  call  the  side^  (in  the  above  order) 
0,  4,  r,  and  the  opposite  angles  A^  J7,  C,  we  have 

also  the  angle  C  measures  the  inclination  of  die  planes 
TMM  and  T^MM  to  each  other,  and  is  therefore  equal 
to  the  angle  TAtT{.  Now  (Woodhoufe's  IVigonometrjj 
1st  edit.  p«  100), 

^       cos  c  ~  cos  a  •  cos  h 

cos  C  =     3 r— r f 

sm  a  .smb 

which,  since  cos  rso,  gives 

os  1  +tan  a  .  tan  3  •  cos  C, 

and  substituting  for  these  quantities  their  values,  above 
.found, 

jgni-f  1 


o=l  + 


ip+qnt)^P'¥qn) 


or,  writing  for/?+y  tu  its  value,  — ,  and  for  ^i^-rp-  $ 
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whence 

dx-^pdt  +  {d3f+qd  z).ni::zo, 

which  (making  the  requisite  change  in  the  notation)  is  ma- 
nifestly the  equation  in  question. 
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